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THE RELATIONS BETWEEN STABILITY 


AND HOMOGENEITY* 


By 

L, BORTKIEWICZ 


The idea of investigating the stability of statistical frequen- 
cies from the standpoint of the theory of probability goes back 
to the French mathematician Bienaym^ From various examples 
taken from social and moral statistics, he was the first to estab- 
lish the fact that, almost without exception, the stability in ques- 
tion was essentially less than the '^classical norm/' that is, less 
than the expectation which is associated with the classical scheme 
of independent trials with a constant underlying probability. In 
order to explain this discrepancy between theory and observa- 
tion, Bienayme used a modification of the traditional procedure 
which was characterized by the assumption that between neigh- 
boring trials m a time ordered sequence a sort of dependence 
existed. Though interesting in itself and among other things 
adopted by Cournot as his own, we shall replace this method in 
what follows by another, originating from Lexis, which has the 
advantage of a wider usefulness, in that it can be applied not only 

*1 r^nslaicd by A R Crathornc Read before the Atnerican Statistical As- 
sociation at Cleveland, Ohio. December 30, 1930, 
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to undulatory but to evolutory sequences.^ 

Let us assume that for a series of successive time inter- 
vals, say years, we have found that some event (accident, death, 
marriage, crime) has happened .... times, 

and that the corresponding number of '"trials/* that is the num- 
bers of persons observed, are 5, , 5a , - . . ^ so that the 

quotients represent 

a time ordered sequence of relative frequencies, Instead of as- 
suming, as the traditional theory demands, that each term of 
this senes corresponded to a common fundamental probability p , 
weighted with accidental errors, Lexis assumed that each value 
was associated with a distinct probability . 

As a result of this, the expected amplitude of the fluctua- 
tions of the values increased, and the greater the varia- 
tions in the the greater the amplitude. Under the sim- 
plifying hypothesis - const, ( - s ), the corresponding 

standard deviation a is defined by 

y-ily, 

k<t 

For the case of a constant p we may write 


( 1 ) RLBzA 

z s 

whei'e f ^denotes "expectation.” In the Lexis procedure with 
a variable , using the notation 


g-/ . pd-p) 

2 S 



z 


Bienayme, m the journal “L’lnstitute,” Vol. 7 (IMl), pages 187-189, and 
in “Journal de la Societe de Statistique de Pans,” I7e (1876), pages 199-204, 
'a theone des chances et des probabilities, Paris', 

1843, Nos. 79 and 117 

'•cr Stabilitat statistischer Rclhen,” In the 
jahrbuch fur Nationalokonomie und Statistik, Vol 32 (1879), pages 60 , . 
reprinted in Abhandlungen zur Theone der BevSlkesungs und Moralstat- 
istik, Jena, 1903, pages 170-212. 
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the corresponding relation 

( 2 ) E (cx’‘) = U>^ 


can be derived.^ 

In the following numerical examples the nunU)ers of obscrva*- 
tions 3/f are never less than some ten thousands, while z -10. 
Hence, as far as these and similar examples are concerned, the 
numerical results are not appreciably altered if, instead of (3), 
we use 


(3) 


E fcr“; 


However, a certain inaccuracy arises, if, in the application 
of formula (3) to the raw data, one has disregarded the funda- 
mental assumption that Sjj is constant and in the expression for 
has replaced s by the arithmetic moan of the z. values 
s,< . If, however, the lattci differ little from one another, such 
a procedure gives rise to no great discrepancy, Lexis called the 
quantities u, and cj in formula (3) the two ‘'fluctuation com- 
ponents," which combine (according to the law of composition of 
forces) to give the expected total fluctuation Tlie quantity u 
gives expression to the effect of the "accidenlal causes" in the 
sense of the theory of probability, and tins -effect grows less and 
less with increasing s until it vanishes for 3 - « . For tins 
reason Lexis called lc the normal component, He also used 
the term “unessential fluctuation componont." On the other hand, 
OJ depends on the variations of the fimdamcntal prohahility. that 
15 on the underlying general conditioiis, and in this seme wn> 
designated by Lexis as the physical comj>oiiciU . We may also 

•One docs not find formula (21 m Ics.s’s work ,]lc was sai„f,rd ai ih,, 

ever ''fProMnsUi rrsnit nl 

ever, this did not alTcct (he essential part of ho, drcirsion 
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call it the essential component, 

The first of the two components u and uJ can be easily 
calculated directly with sufficient approximation. The usual 
method is to substitute for the unknown p in the expression for 
the value y , the arithmetic mean of the frequencies , 
obtaining 

(4) 

As for the second component , it is calculated by the in- 
direct method of substituting cr^ for E { a^) m (3) and then 
IS found from . This method, however, 

assumes that c >u , or what is the same thing, that the dis- 
Persian coefficient, Q = § , is greater than 1. In his older papers, 
Lexis distinguished between subnormal, normal and supernormal 
dispersion, according to whether Q was distinctly less than 1, 
approximately equal to 1, or distinctly greater than 1, and found 
that in social and moral statistics the subnormal dispersion never 
occurred and the normal rarely. Supernormal dispersion was the 
rule. So Lexis based his scheme of a varying underlying prob- 
ability on the case of supernormal dispersion In fact, from 
formula (3), we have 


which says that the variations in the underlying probability lead 
us to expect values of Q greater than unity,' 

Notwithstanding the fact that Q was usually greater than 
unity, Lexis did not consider this a proof that his scheme ade- 


tinder the influence of accidental t . 
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quately described the actual facts. In addition to this he was more 
concerned with the fact that in experience Q showed a tendency 
to decrease with decreasing number of *'trials/^ that is with de- 
creasing 3 . Indeed^ in a series of examples, Lexis had shown 
that a value of Q which was decidedly greater than unity when 
calculated for an entire country^ decreased to nearly 1 when the 
data for the single administration districts of the same country 
were used. Lexis considered such behavior of Q as entirely in 
harmony with his scheme. 

If we write formula (S) in the form 


( 6 ) 


E(Q^)- li-s 


z a>' 


(:z-Op(l-p) 


1 


we see that the excess of Q over and above 1 is in expectation 
directly proportional to s . This was the explanation of the 
decrease of Q with decreasing a , for as Lexis said, we have 
no ground to exjiect that a being large or small had any bearing 
on the value of u> . 

It IS this last point about which the criticism of Lexis’s dis- 
persion theory centers Notwithstanding the endeavors of Lexis 
to fit his theory to statistical reality, we can show that the facts 
were against him as far as his assumption that co is funda- 
mentally independent of s is concerned If this assumption were 
true, then formula (6) tells us distinctly how decreases with 
diminishing s , We learn from experience that as a rule this 
decrease in (? is less than that given by the formula; from which 
It follows that the essential component, ot? , has a tendency to 
increase with decreasing 3 

If we desire to investigate just what happens in reality, a 
certain complication arises, because we are never able to compare 
groups which differ among one another as to s , but not as to 
p (or ^ ). In order to eliminate to some extent the varia- 
tions of p we consider the ratio of <x> to , Let * /S 
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and call /S the relative essential component to distinguish it from 
the absolute essential component cO , Formula (6) then becomes 
the following: 

( 7 ) 

The prcNiuct can be considered as the expected number 
of ^‘successes." For a constant 3 ) we have 

e: (x^) -sp^, Z 'xj » sp 

and, letting ^ j relation is true with sufficient 

approximation for a variable 5 ^ provided the variation is not 
too pronounced. Let Gp*m - Often, as in the examples 
which follow, p IS so small that we can consider ( /^p ) as 

equal to 1, Formula (7) then becomes 

( 2 ) E (Q^) - t -f- f-Tf ^ 

The question as to whether there is a connection between 6 
and (JO IS now changed to an investigation of the relationship 
between tn and ^ , In undertaking such an investigation em- 
pirically, we compare as to the behavior of w and /S a statis- 
tical aggregate considered as a total with its component parts 
considwed as partial aggregates. Let the number of the partial 
^S'&regates be n , and let the corresponding values of rrj and 
^ as well as u , «c> and a be indicated by the subscript i , 
which can also serve as the ordinal number of the partial aggre- 
gate For the total aggregate, let O . The symbols sin, 

' Pt,* I 3'"^ the j , jr , ^ , /5 of the 

I th partial aggregate and the A-th time interval. We also use 
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the notation 


L Z ^i,K ^ ‘^t"Z > 

, K-l 


r 

K-/ 


ae «= 

ur-k L yi.tr > PriZ Pl 


2 

i 

k«/ 

from which we have 


S„- t, s, , 


k*i I 


*» *** , A / 




t 

We have also the following relations’ 


/?7 


I 


U 


2 

l 


2^/ 

je 


s< 



<s 


ft 


w 


/jsre 


E(crf)--uf.col , . 

and using the notation = £ *. wa have furthei 

■?v ' 

/?/■ i I 
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Finally, corresponding to formula (8), we have 


( 9 ) 




We shall now apply these formulas to statistics on the fre- 
quency of suicides in Germany for the decade 1902-1911. The 
numbers of "trials,” fc ^ populations of the 

regions in question; the "successes/' ^ , are the numbers 

of suicides for each year. The relative frequencies, U ^ , are 

found by dividing the numbers of suicides by the corresponding 
populations. Like various other kinds of social phenomena, the 
suicides m pre-war German statistics were grouped according to 
states, the provinces of Prussia, right Rhenish Bavaria and left 
Rhenish Bavaria being included as states. In this way we have 
forty territories of very unequal size, For the decade 1902-1911, 
the mean population of the territories ranged from a maximum 
of 6,587,000 (Rhine Province) to a minimum of 45,000 (Schaum- 
biirg-Lippe). The maximum average number of suicides per 


annum was 1453 (Saxony) and the minimum 7 (Schaumburg- 
Lippe); Corresponding to the purpose of the investigation, the.se 
suicide figures , which can be considered as approximations 
to r77^ , were arranged in descending order, with oc, - 1453 and 
>=^40 = 7. 

For the whole of Germany, we have « 13173, 

21410'* (that is an average number of 214 suicides per 
annum for each million population) The ten values u ^ varv 
b«w=« 204.10- .„d 223 10- These fluct«io„s are mrtedly 
greater than one expects from the classical norm. The calcula 
o. .he dl.persi.„.,„„.i« ,ive, . 3.14, aad. as .he 

of O t 21 ‘"y »< ■<0 valae, 

W,- Thes e values give 203 a, a 075 „ , 

A study of suicides and of homicides in the United Elates. • u 

same genera! results as those shnwn t, r ^"'ted States yields much the 

by the translator.) i" Germany, (Note 
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minimum. Fixing attention on the eight smallest values of » 
we find an average value of 1 02 for , and of the eight values^ 
three are larger and five less than L So in this example the dis- 
persion becomes very nearly 1 by narrowing the observation field. 
But we have still to find out whether decreases with 

oc^ according to the measuVe of decrease that one would ex{>ect 
under the hypothesis that /3^ is fundamentally independent of 
. To decide this question, we let « const, ^ ^ , in- 

cluding =/S > ^ind substitute also for in formula 
(9). We have then on the one hand in expected values 


and on the other hand 
r? 


i 4 <?r = 

i = / 


n P 


from which follows 


^ L (Q^'O 


However, in our example, we find 


iZ 0^=l.56, /^i(Q‘-0~-\.22 

i-l 

and the difference 0.34 cannot be ascribed, to chance for it is three 
times the probable error (the determination of which we cannot 
now take up). We must, then, assume that the average of the 
values , for t = 1 to 40, is greater than /3„ . Why thi.s 
is so we shall see in the following discussion. 

We consider now the mutual relationship between the devia- 
tions 6^ ^, and which refer to two arbitrary territories 

A// and Nj , and we build up according to the formula for a 
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correlation coefficient the expression 


1 / 


^i K ^i,k 


The number of combinations of the subscripts t. and J is 
go there are that many values . Finally we 

construct a weighted arithmetic mean of these values according to 
the formula, 

7 T rrTt mj A '^i.j 
y= W 

’ n n a 

t 

iN j-n-/ 


The expression Y serves to characterize the mutual i elation- 
ship of time ordered series of fundamental probabilities p^j, , 
hence also of relative frequencies , which may be con- 
sidered as approximations to If we give the name 

"syndromy” to such an array of simultaneously distinct fundamen- 
tal probabilities (or relative frequencies), we may call / a 
“coefficient of syndromy,” For V- 1, we shall sfiealc of “isocl- 
romy," for 1 ,?■ V ^ 0, of ‘'homodromy,” for /■=(), of “para- 
dromy," and for y< 0, of “antidromy ” We may include the 
last three cases, namely ■/< 1, undei the name ‘'anisodromy,” 
With the help of / we can exhibit the relation between 
on the one hand and the 77 values A(’Aa ' ’ ' 
the other hand as follows : 
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Since rn^ , we find for y» 1, from (10) 

i-l 


n 



and for 1 



Hence, only in the case of isodromy is the assumption justi- 
fied that the relative essential fluctuation component for the total 
aggregate is as large as that for the partial aggregates. In every 
other case, namely for anisodromy, the relative essential com- 
ponent for the total aggregate falls below the level for the partial 
aggregates more and more as y becomes less and less. 

In the suicide example under consideration we have hom- 
odromy, which is reasonable, since the fluctuations in suicide fre- 
quency in the single states are influenced in part by factors which 
are not local but general for all Germany. Somewhat tedious 
calculations give y= 0.38. At the same time we find 
A = 0.0246 approximately, while the average for , /«! 

to 40 is 0.0392. 

If now we group the 40 states into five groups so that states 

numbered 1 to 8 form the first group, states numbered 9 to 16 

the second, and so on, we find as average values of , 0.03S4. 
0.0358, 0 0485, 0 0528 and 0.0767. The quantities then show 
a tendency to increase as jc, (or ) decreases. 

If, as in this example, the total aggregate is a “natural unit,” 
we should expect to have homodromy in the vast majority of 
cases. On the other hand, we should expect paradromy if the 

total aggregate is an “artificial unit,” that is, one made up by 
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throwing together entirely unrelated groups. As an illustration 
of paradromy we take the array of marriage frequencies for the 
six cities, Barcelona, Birmingham, Boston, Leipzig, Melbourne 
and Rome, for the decade 1899-1908. By marriage frequence 
we mean the ratio of the number married (twice the number of 
marriages) to population. 

For the six cities taken as a whole, with a total population of 
about three million, the marriage frequence varies be- 

tween 18,00 and 19.02 per cent with an average of 18.38 per cent. 
The dispersion coefficient 9^. is 3.17. For the six cities taken 
singly in the above order, each with a population of about half a 
million, the values of (?,- are 2.69, 4,32, 4.17, 2.88, 3.76 and 
2.72, with an average 3 42, somewhat higher than This 

result is a direct contradiction of the statement of I-exis that a 


narrowing field of observation reduces the value of C?», Lexis, 
without giving the matter much thought, worked with the hy- 
pothesis that isodromy, or at least a decided homodromy, always 
existed. In our example, however, we have paradromy, if not 
antidromy, for we find Y to be -0.054. Corresponding to this, 
we have less than each of the values /3, to for 
approximates 0.0167 while /3 . . / - 1 to 6, lies between 0 0334 

and 0.0563, The quadratic mean of these quantities is 0.0450, 

It IS of prime interest to investigate for paradromy the theo- 
retical relation of to the quadratic mean of the values /3 , , 
fit ■ ' 0^ Qo to the quadratic mean of 

■ ■ Qr, ' the case = const. = r/7 . In this 
case, , and if O is substituted for -f in (10) we 

navrA ^ ' 


A" . whence 


At the same time, we 6nd cm the one hand, from (9), the ex- 
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pected value 




'-/ A' 


or 




TV 

V 



^nd on the other hand 


whence 





A m 




-nlfi: 

/w/ 



marriage frequence example, where the quantitiefl i 
^ though not equal, differ very little from one ai>other, we have the 
values already found 


A, =0.0167 and <?-3.17 


to compare with the values 


and 



I 


aO/Q4 



v5. 49 


The differences 0.0167 -0.0184~ -0.0017 and 3.17 - 3 49« -0.33 
are explained partly by the fact that the assumption /77/«cotiBt. 
is not exactly in accord with the facts, and partly because para- 
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dromy is really not present as assumed, but only a weak antidromy. 
This last should, however, be considered as due to chance. The 
artificial character of a total aggregate shows itself in paradromy, 

Of the two quantities Q and /5 , only the latter can be 
considered as a proper measure of the stability of a statistical 
frequency^ — more exactly, of the corresponding fundamental 
probability. And, since on account of formulas (11) and (12), 
the total aggregate can never show a higher value of /3 than 
the average for the partial aggregates (because the upper limit 
for y is 1 ), we obtain a glimpse of the question of the connec- 
tion between stability and homogeneity. 

The idea of homogeneity as we here understand it has refer- 
ence to the result of the decomposition of a statistical aggregate 
according to some attribute or complex of attributes. The aggre- 
gate may consist of s elements, say s human beings and 
the decomposition may yield N sub-aggregates -containing 
® • -S” . . elements Let some event A be observed 

oc times in the total aggregate and x , oc" , . . . times in 
the sub-aggregates. If we find the relative frequencies 



*hen, on account of the two identities, . . - 5 ^ 

and uc ^ jr''+ , . . - jc , we have the relation 

S’(JV ■ 

U- ^ 

^ + * - 

The “general frequency” then appears as the weighted arithmetic 
mean of the ^'special frequencies/' y* j y" , 

The theory of probabilities, with more or less assurance, fur- 
nishes us a criterion for deciding whether or not the deviations 
of the quantities y , y , . , , from ^ are due to chance. 
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If they are not due to chance we say that the total aggregate 
“reacts” to the decomposition in question and that the attribute 
or complex of attributes which governs the decomposition is 
^'relevant.” If they are due to chance, we say that the total aggre- 
gate does not react to the decomposition and that the attribute 
is “indifferent ” 

According to the standpoint of the theory of probability, the 
relative frequencies y y y \ y * ^ . ■ as also the quotients 

. can be considered as approximations of 
distinct probabilities. If we designate the two series of probabil- 
ities thus inferred by p , p' , . . . and . . . 

respectively, we find 


( 13 ) 




and the character of the attribute in question as relevant or in- 
different finds expression in the fact that the "special probabilities" 
/o' , p" , . . . either differ from one another or are all equal 
to p , the "general probability ’’ 

For every ample enough complex of attributes we can imagine 
the decomposition going on and on by applying one attribute of 
the complex after another Finally a point is reached where the 
sub-aggregates no longer react to further decomposition, or, ex- 
pressed otherwise, the supply of relevant attributes is exhausted, 
and the probabilities p' p" , . , which are associated 

with these sub-aggregates are called “elementary probabilities." 
In this case we say that the sub-aggregates themselves are “com- 
pletely homogeneous” with reference to the event A . 

The total aggregate— still in reference to A —is the more 
diversified the more the elementary probabilities p p", 
differ among themselves, that is, the more they differ from p . 
It is reasonable to take as a measure of this diversity the expression 
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& , defined by 


(14) g^'Cp- ' -■ 


Diversity and homogeneity are antithetical notions; the more 
muliN'ersifted the aggregate, the more it is homogeneous, and vice 
versa. 

In order to apply this view of homogeneity, now considered 
for itself, to the procedure and the examples which we have 
brought forward in the discussion of stability, we must disregard 
the time fluctuations of the probabilities in question. That is. 
w-e do not use the quantities but fix attention on the 

probabilities which refer to an individual time interval of 
n partial intervals — ^say a decade. By carrying out repeatedly 
The decomposition according to formula (I3j. the quantities 
Pi ' Po included may be expressed in the form 


/ / H •* 

Pi ‘S, P, 


where , p" . . are elementary probabilities. Cor- 
responding to formula (14), we have 


(15) 




If we designate the proportion of the l th partial aggregate 
to the total aggregate by c, , that is, if we let - c 

we find "'o ' ' 
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and at the same time 


(16) 



The number of suniriiands in (16) is r/ A' , since there are 
j7 partial aggregates and each of these is a totality of A/ sub- 
aggregates. It may easily occur that some of the n N elemen- 
tary probabilities are equal and this is expected in connection 
with elementary probabilities which are associated with similar 
sub-aggregates. But even in the most extreme case, where the 
elementary probabilities are equal without exception, we cannot 
say that the probabilities are all alike, This can occur only 
when the values ’ 5?* ’ ■ ■ • independent of i . 

This highly improbable case is excluded from our discussion. We 
have then 


(17) 


Ct (Pr ^ o 


i^l 


From (IS) and (16), we have the following; 


s: (p:-pA s: 

4 ' Z * f. f-i ^Pi -p„ y 
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SO that, on account of (17) 



S. ^ 


and a fortiori 

n 

' 

(18) 

8 >t 

C* S' 


The total aggregate is then under all circumstances less 
homogeneous than the partial aggregates are on the average 

This statement might possibly correspond to the every-day 
meaning, of the word “homogeneity/' which carries with it no pre- 
cise quantitative idea. Indeed, when we consider that in the case 
of the total aggregate we have to take into account not only the 
lack of homogeneity within the partial aggregates, but also the 
diversity with which the partial aggregates may make up the 
whole, we are inclined to say that the total aggregate is less homo- 
geneous than any of its parts. With that idea, however, we do 
not hit upon the right thing as far as our mathematical criterion 
of homogeneity is concerned. The inequality (18) says only, 
that the average of the values 5, , is leas than 

6^, not that each one is less than 

In our foregoing discussion of stability as measured by the 
relative essential fluctuation component, we found that fqr the 
total aggregate the stability was higher than the average for the 
partial aggregates, except for the case of isodromy, which in prac- 
tice rarely occurs. Hence, there exists between homogeneity and 
stability an antagonistic relation-small homogeneity ■ goes hand 
in hand with great stability. For example, the provinces into 
which a country may be divided will Show, on the average, a 
greater homogeneity and at the same time a lesser stability in 

reference to an event A than will the country taken as a whole. 
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Again, the districts into which the provinces may be divided will 
on the average show a greater homogeneity associated with a 
still smaller stability. We can say that in general the homo- 
geneity increases with the narrowing of the field of observation, 
while the stability decreases. 

Is this to be considered as a warning against the all too popti- 
lar diversification of statistical material which is being more and 
more accepted in research methods? Not m the least. That 
would be an obsolete point of view, as if the problem of statistics 
consisted in a search for most stable values. Rather does the 
opposition between homogeneity and stability give direction to 
business practice, especially to that branch of business which is 
in such close touch with statistics, namely insurance, where sta- 
bility is of prime importance. It has been known for a long 
time that it contributes to the even tenor of the business side 
if the risks are as heterogeneous as possible. It is of advantage 
if the insured persons or things are spread relatively widely ac- 
cording to geographical and other points of view, instead of con- 
centrating on a limited territory or few kinds of risks. 

Accordingly, even if this thesis, that an antagonistic relation 
exists between homogeneity and stability, seems surprising and 
strange, we find on closer consideration that the theory agrees 
with a practice which has instinctively grasped the true situation. 
It is now twelve years since I had tfie first opportunity to explain 
at greater length than here the foregoing developed ideas and 
with the verifying data to present them to my colleagues.^ As 
far as I know, only one of these has taken a definite stand in 
the matter. This is John Maynard Keynes « He makes the 
charge against me, that instead of clearing up a very simple mat- 
ter, I have befogged it with a profusion of mathematical formulas 

’Homogeneitat und Stafiilitat in der Statistik, in the Skandinavisk Aktu-^ 
anetidsknft, 1918, pages 1-81, Upsala, 

*A treatise on probability. London, 1921, pages 403-405. 
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and new technical terms, and he believed that he could show this 
best by an example of my own from the field of insurance. In 
referring to this example, Keynes thought that the distinction 
made by myself in a much earlier publication bet^^een a gen- 
eral probability p and the special probabilities . 

was the one in question, where 


p- 


2 





Keynes further expressed himself as follows: 

‘'If we are basing our calculations on p and do not 
know p, , , etc., then these calculations are more 

likely to be borne out by the result if the instances are 
selected by a method which spreads them over all the 
groups 1, 2, etc., than if they are selected by a method 
which concentrates them on group 1. In other words 
the actuary does not like an undue proportion of his 
cases to be drawn from a group which may be subject to 
a common relevant influence for which he has not allowed. 

If the a priori calculations are based on the average over 
a field which is not homogeneous m all its parts, greater 
stability of result will be obtained if the -nstances are 
drawn from all parts of the non-homogeneous total field, 
than if they are drawn, now from one homogeneous sub- 
field and now from another This is not at all para- 
doxical, Yet I believe, though with hesitation, that this 
15 all that Von Bortkiewicz’s elaborately Supported math- 
ematical conclusion amounts to,” 

ttat a fire .nsuranee co,„p,ay 

impfaprlrV “i"" '»“«>■ i> breta „„ 

+ likely events. Hence 
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two kinds of buildings, dwellings and factories, which are classified 
as different grades of fire risks, for msurancc premiums which 
are not graded. The premium is to be calculated per unit on 
the supposition that the risks m the two categories are divided 
ill a definite proportion Then, according to Keynes, a greater 
stability in the business is guaranteed if every year dwellings as 
well as factories are insured, than if in one year only dwellings 
and m another year only factories are insured. This is certainly 
true and requires no lengthy argument, But it has nothing what- 
ever to do with my thesis of the antagonistic relation between 
stability and homogeneity. 

To give an example which does illustrate my theory, think 
of three insurance companies, A, B, and C A insures only 
dwelling houses, B only factories, while C insures both. The 
premiums in A, B. and C are different because of the different 
classes of risks. It is assumed in C that there is no grading of 
premiums A premium per unit is charged which is calculated 
according to the relative number of the two risks. The premium 
is to be just high enough so that for a period of years, allowing 
for variations due to chance, the damages are just covered, In 
the course of this period, the danger of fire varies from year to 
3^ear, showing gains in some years, losses in others. Such fluctua- 
tions of fire hazard would correspond in my scheme to the varia- 
tions of the probabilities ^ wdth respect to k , while ^ 

IS associated with A, with B, and with C. And in 

accord with my theory that, except in the case of isodromy. the 
values ^ , relatively speaking, show 'weaker variations than 

and p^j^ do on the average, the insurance company C 
would show relatively smaller fluctuations of fire daniage from 
one year to another, resulting in a more stable business than 
would be shown by the average of A and B, The mixed charac- 
ter of the risks would be conducive to greater stability. In the 
case of C a certain compensation of effects would take place 
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which the time variations of the two-sided fundamental probabil- 
ities would make manifest on the business side.^ But Keynes 
says nothing of these variations, He simply missed the point of 
my argument and his remarks were not relevant, 

It is to be hoped that the new exposition of my theory, 
although, or because, it is essentially shorter than the older one, 
will give no cause for a similar misunderstanding. 


'This compensation would also appear in the more complicated case where 
the proportions of the risks in c are not unchangeable as is assumed in 
the text, but would change from year to year (the premium being adjusted 
accordingly), 'We need not go further into this matter because, in my 
theory, the composition of out of the component parts a, ^ is 
considered as fixed, In my examples, this composition varied, but the 
fluctuations were insignificant in comparison to the variations of the values 
Pi^if See Skandinavisk Aktuarietidscrift, pages 69-70. 
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An Expository Presentation* 


By 

Edward C Molina 

American 7'elephone Telegraph Company 


Bayes' theorem made its appearance as the ninth proposition 
in an essay which occupies pages 370 to 418 of the Philosophical 
Transactions, Vol. 53, for 1763 An introductory letter written 
by Richard Price, “Theologian, Statistician, Actuary and Political 
Writer/'^ begins thus; 

“I now send you an essay which I have found 
amongst the papers of our deceased friend, Mr, Bayes, 
and which, in my opinion, has great merit, and well 
deserves to be preserved/' 

A few lines further on Price saysr 

“In an introduction which he has writ to this Essay, 
he says, that his design at first in thinking on the subject 
pf it was, to find out a method by which we might judge 
concerning the probability that an event has to happen, in 
given circumstances, u]>qn supposition that we know 

♦Read before the American Statistical Association durinp the meeting of the 
American Association for the Advancement of Science in Cleveland, Ohio, 
December, 1930. 

‘These titles are associated with the name of Price in the frontispiece por- 
trait of him bound with the December, 1928, i^suc of Biomttrika, 
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nothing concerning it but that, under the same circum- 
stances, it has happened a certain number of times, and 
failed a certain other number of times.*’ 


‘‘Every judicious person will be sensible now that the 
problem mentioned is by no means merely a curious spec- 
ulation in the doctrine of chances, but necessary to be 
solved in order to assuie a foundation for all our reason- 
ings concerning past facts^ and what is likely to be here- 
after/' 


No one will dispute the importance ascribed to Bayes' prohlcJtn 
by Price, im fact, a paper by Karl Pearson on an extension of 
Bayes’ problem is entitled “The Fundamental Problem of Prac- 
tical Statistics " Opinions differ, however, as to the validity and 


significance of the solution submitted in the essay for the problem 
m question. In view of this situation I shall limit myself today 
to an exposition of the fundamental characteristics of the prob- 
lem Bayes theorem deals with and shall give r.o consideration to 
its interesting applications. 

The exposition may be outlined as follows : after specifying 
the class of problems to which Bayes’ theorem pertains. I shall : 

I, Discuss briefly two problems, each of which will empha- 
size one of two kinds of a priori probabilities which should be con- 


stantly borne in mind when Bayes’ theorem is under consideration, 

11. Partially analyze a certain ball-drawing problem which 
will not only serve as an introduction to the algebra of Bayes’ 
theorem but will later help to throw light on its significance, 

HI. Present Bayes' problem and the related theorem. 

IV. Make some remarks on the value of the theorem and 
the controversies which it raised. 

In carrymg on, ,hU pU„ I shall tad i, con.enien, to io„o„ 
the histone order of events. 

Whoa probability ,s the stajac. under oonsid.ratlon one 
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ticipates problems such as: A coin is about to be tossed IS times; 
What IS the probability that heads will turn up seven times? A 
sample of 100 screwdrivers is to be taken from a case containing 
1000 screwdrivers of which 300 are known to be defective , what 
IS the probability that the sample will contain 2S defectives^ 

These are direct, or a priori, prohahiUty problems. In each* 
of them the nature of a game, or an experiment, is specified in 
advance and then a question is asked relating to one, or more, of 
the possible outcomes of the game or experiment Problems of 
this type have occupied the attention of mathematicians since the 
days of Pascal and Fermat, the creators of the mathematical theory 
of probability. 

An inverse class of problems of great practical significance, 
called a postenon probability problems, came into prominence with 
the publication of Bayes* essay. In these we find specified the re- 
sult or outcome of a game which has been played, whereas the 
question then asked is whether the game actually played was one 
or some other of several possible games This type of problem 
is usually stated as follows: 

An event has happened which must have arisen from 
some one of a given number of causes ; required the prob- 
ability of the existence of each of the causes ” 

I 

Consider this example During his sophomore year Tom 
Smith played on both the baseball and football varsity teams; 
we have been informed that he broke his ankle m one of the 
games; what are the a posteriori probabilities in favor of baseball 
and football, respectively, as the baneful cause of the accident? 

Evidently the answer depends on the number of baseball and 
football games played during their respective seasons and also on 
the likelihood of a man breaking an ankle in one or the other of 
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these two games. As a concrete case assume that: 

1. At Smiths college an equal number of baseball and football 
games are played per season; 

2. Statistical records indicate that if a student participates in a 
baseball game the proliability is 2/100 tlrat he will break an 
ankle and that, likewise, the probability is 7/100 for the same 
contingency in a football game. 

In view of the first of these two absumptions our conclu- 
sions as to the cause of the accident may be based entirely on the 
information contained in the second assumption. The odds are 
two to seven, so that the a posteriori probabilities regarding the 
two admissible causes are . 

For baseball, 2/(2'f7) =2/9 
For football, 7/(2T7) = 7/9. 

Now consider this oth?r example. A lone diner amused him- 
self between courses by spinning a coin. We elicited from the 
waiter that m IS spins heads turned up seven times Moreover, 
from our point of observation, the size of the coin indicated that 
it was either a silver quarter or a ten-dolhr gold piece. What are 
the 0 posieriori probabilities in favor of the silver quarter and the 
gold piece, respectively? 

If the lone diner were a professor from one of our eastern 
universities we would not hesitate a moment in declaiing that the 
com spun was a quarter But it happens that the gentleman was 
a member of the Cleveland Chamber of Commerce, dining at the 
Bankers Club. We must, therefore, give the matter more careful 
consideration. The number of quarters and gold pieces usually 
earned by a banker and the probabilities of obtaining the observed 

result by spinning coins are relevant; let us assume, therefore 
that ; 

1. The small change purse of a Cleveland financier contains, on 
the average, ten-dollar gold pieces and quarters in the ratio of 
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eight to three. 

Moreover, we may assume (in fact we know) that: 

2. If either a quarter or a gold piece is spun IS times, the prob- 
ability that heads will turn up seven times is approximately l/S. 

The second of these two items of information makes the a 
posteriori probabilities depend entirely on the first item. Clearly 
the odds are eight to three and ^we conclude* 

For a quarter, a posteriori probability=3/(3-f8) ==3/11, 
For a goldpiece, a posteriori probability=8/(34-8) 

Now regarding the general a posteriori problem, 

“An event has happened which must have arisen 
from some one of a numl:)er of causes ; required the prob- 
ability of the existence of each of the causes,*' 

what do the two examples we have just considered suggest? In 
both problems we inquired into; 

1. The frequency with which each of the possible causes is met 
BRFORE THE OBSERVED EVENT HAPPENED, This frequency 
is called the a priori existence probaliility for the correspond- 
ing cause, 

2. The probability that a cause, if brought into play, would re- 
produce the^ observed event, This probability will hereafter 
be referred to as the a priori productive probability for the 
cause in question, 

In the case of the broken ankle, the g priori existet^ce prob- 
abilities were equal and took no part in our conclusion; vve based 
the a posteriori probabilities entirely on the a priori productive 
probabilities. We did just the opposite with reference to the coin 
spun by the Cleveland financier, on account of the equality of the 
a priori productive probabilities we deduced a posteriori prob- 
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j^bilities in ternis of the unequal a prian existence probabilities. 

It is apparent that our two examples represent extreme cases. 
In general, the solution of an inverse or a posteriori problem, in- 
volving a number of causes, one of which must have brought about 
a certain observed event, depends on both sets of direct, or a priori 
probabilities. Those of the first set give the frequency with which 
the various causes were to be expected before the observed result 
occurred, those of the second set give the frequencies with which 
the observed result would follow Irom the various causes if each 
were brought into play. 


II 

Bearing in mind the two distinctly different sets of a priori 
probabilities required in arriving at a posteriori conclusions re- 
garding the possible causes of an observed event, we must now 
give some thought to the algebra of the subject before taking up 
Bayes’ problem and theorern. For this purpose consider the fol- 
lowing bag problem ^ 

A bag' contained /V balls, of which an unknown number 
were white. From this bag N balls were drawn and of these T 
turned out to be white. What light does this outcome of the 
drawings throw on the unknown ratio of the number of white 
balls to the total number of balls, M , in the bag? Let a: be 
this unknown ratio. 

Two cases of this problem may be consideied; 

Case 1. -After a ball was drawn it was replaced and the bag was 
shaken thoroughly before the- next drawing was made, 
Case 2— A drawn ball was not replaced before the next drawing. 

These two cases become essentially identical when the total 
number o£ balls in the bag is very large compared with the num- 
ber drawn. Case 1 will serve as an introduction to Bayes' prob- 
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lem ; later we will find it highly desirable to consider Case 2. 

We are confronted with ( M -¥l) possible hypotheses or 
causes before the drawings took place: 

1 - the unknown value of jc is JC*, *= O//^ , 

2 - the unknown value of jc is l/^» 

3 - the unknown value of Jic is ^ 2 / M, 

1 - the unknown value of JC is 

M'hl- the unknown value of or is » m/m = 1. 

Let w (Xff) be the a priori existence probability for the k 'th 
hypothesis; by this is meant the probability in favor of the k'th 
hypothesis based on whatever information was available regarding 
the contents of the bag prior to the execution of the drawings. 

Let &(T^ ^ he the a priori productive probability 
for the k 'th hypothesis ; by this is meant the probability of ob- 
taining the observed result ( 7^ whites in N drawings) when the 
value of X is k / M • 

Then, the a posteriori probability, or probability after the 
observed event, in favor of the A^th hypothesis is 

(j)i n - ^(Tj 

For Case 1 of our bag problem wc have 


‘This is the Laplacian generalization of Bayes* formula, although fn smpe 
textbooks it is referred to as "Bayes^ Theorem/* A relatively short dem- 
onstration of it is given by Poincar^ in his Caicul des Probab^iUs^ See 
also Fry, Probability and its Engineering Uses, Art, 49. 
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where (^) represents the number of combinations of N 
things taken 7" at a time. Substituting in (1), we obtain, 
after canceling from numerator and denominator the common 
factor ^ , 

( 2 ) p . (/- jc^ ) 

W(Xit) xj' 

If in equation (2) we give k successively the values a , 
1, d 2, . . . b— \, b and add the results, we 

have 

p ^ p + ' ‘ ■ + P, 

or 


*'0 

for the a posteriori probabili^ that the 'inknown ratio of white 
to total balls in the bag lies between a/fT and A//V, both 
inclusive. 


( 3 ) pc^c. ^ ^ 


HI 

BAYES’ PROBLEM 

Consider the table represented by the rectangle ABC D in 
Fig. 1. On this table a line ^5 was drawn parallel to, but at 
an unknown distance from, the edges AD and BC . Then 
a ball was rolled on the table N times in succession from the 
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edge A D toward the edge flC , As indicated in the figure 
it was noted that T times the ball stopped rolling to the right 
of the line 05 and N- T times to the left of that line. 
What light does this information shed on the unknown dis- 
tance from AD to O 5 ? In more technical terms> what ia 
the a posteriori probability that the unknown position of the line 
05 lies between any two positions in which we may be interested? 


/ 

(n - t) 

Z 


o 

. o 


r 

Z . 

• 

/ 

■ ■ G 

0 

i 

o 



Fiff. 1. 


Each rolling of the ball was executed in such a manner that 
the probability of the ball coming to rest to the right of 05 is 
given by the unknown ratio of the distance Q/^ to the length 
QA of the table; likewise, the probability of the ball stopping 
to the left of O S IS given by the ratio of the distance fl O to 
the length . 

Set jc- OA/BA, BO/BA. 

The only diflFerence between this problem and the bag of balls 
problem is that now the possible values of X are not restricted 
to the finite set 0 / M, 1 //7, 2/ M, . . . ( Af - 1)/Af, 
in the table problem jc may have had any value whatever between 
the limits of 0 and 1. Therefore eqiation (3) will answer the 
question asked provided we substitute definite integrals in place 
of the finite summations. This substitution gives us, for the de- 
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sired a posteriori probability that a: had a value between oc, and 
, the formula 


( 4 ) 


p(jc,,Xj) 


f w(x)x'^ Cf~x) Ctx 



J' w(x)x^ (f-Xp ^ cVx 


Equation (4) is useless until the form of the a priori exis- 
tence function vy(jcJ is specified; this depends on the way in 
which the line O 3 was drawn. Bayes assumed that the line 
OS , of unknown distance from A D , was drawn through the 
point of rest corresponding to a preliminary roll of the ball. This 
amounts to postulating that all values of between 0 and 1 
were a priori equally likely. In other words, with Bayes, the 
a priori existence function w^jc ) was a constant which, therefore, 
did not have to be taken into consideration,^ Thus, instead of 
^nation (4), Bayes gave the equivalent of the following restricted 
formula : 


( 5 ) 






1 say “the equivalent of” (5) because in Bayes’ day definite 
integrals were expressed in terms of corresponding areas. 

Equation (5) constitutes Proposition 9 of the essay, but is 
usually referred to as Bayes’ theorem. 

The existence function w Cx) does not appear either explicitly or implic- 
itly anywhere in Bayes’ essay. This fact raises the question as to whether 
or not Bayes had any notion of the gentrai problem of causes. 
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IV, 

Equation (5) is a very beautiful formula; but we must be 
cautious. More than one high authority has insinuated that its 
beauty is only skin deep. Speaking of Laplace*s generalization 
and extension of the theorem, George Chrystal, the English math- 
ematician and actuary, closed a severe attack on the whole theory 
of a posteriori probability^ with the statement that ^Tractical peo- 
ple like the Actuaries, however much they may justly respect 
Laplace, should not air his weaknesses in their annual examina- 
tions. The indiscretions of great men should be quietly allowed 
to be forgotten ” 

Chrystal's advice as to the attitude one should assume toward 
“the indiscretions of great men” is excellent, but in the case under 
consideration, it was the plaintiff rather than the defendant who 
committed indiscretions; this is discussed m a paper by E, T. 
Whittaker^ entitled “On Some Disputed Questions of Probability." 

The discussions and disputes, which began shortly after the 
birth of the formula in 1763 and which have not as yet subsided, 
may be divided into two classes: 

1. Discussions concerning problems in which it is known that the 
a priori existence function is not a constant. 

2. Discussions concerning problems in which nothing whatever 
is known concerning the a priori existence function. 

The discussions of Class 1 are out of order in so far as 
Bayes’ theorem is concerned ; recourse should be had to formula 
(4), Laplace’s generalization of the Bayes’ theorem, when it is 
known that u>(x) is not a constant Failure to differentiate 

* “On Some Fundamental Principles in the Theory of Probability/' Tranj- 
actions of the Actuarial Society of Edinburgh, Voh 11, No. 13. 
•Transactions of the Faculty of Actuaries in Scotland, Vol, VIII. Session 

ini A 
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explicitly between equations (4) and (5) has created a great deal 
of confusion of thought concerning the probability of causes. The 
discussions of Class 2 have centered on what Boole called "the 
equal distribution of our knowledge, or rather of our ignorance/* 

r 

that is to say *^the assigning to different states of things of which 
we know nothing, and upon the very ground that we know noth- 
ing, equal degrees of probability." Regarding the legitimacy of 
this procedure Bayes himself contributed a very iinjiorlanl schol- 
ium, which appeared m his essay on pages 392 and 393. The 
argument in this scholium, based on a corollary to Proposition 8 
of the essay, may be summarized as follows': 

Assuming that all values of jc are a priori equally likely and 
that the N throws of a ball on the table have not yet been made 
the probability that T times the ball will rest to the right of O 5 
and that the remaining f^~T times it will rest to the left of 
0 5 IS (as shown in the corollary) 

(6) p./ 


a result m which T does not appear In other words, any as- 
signed outcome for the throws is no more, or no less, Hkelv than 
any other outcome, if a priori all values of oc are equally likely. 
But, wrote Bayes in the scholium, when we say that we have no 
knowledge whatever a priori regarding the ratio jc , do we not 
really mean that we are in the dark as to what will be the out- 
come when we proceed to make -/V throws? If so. then equa- 
tion (6) justibes the assumption that a priori all values of oc are 
equally likely. 

To clinch his argument it must be shown that the converse 
of equation (6) is true That is, it must be shown that, if any 
outcome of throws not yet made is as likely as any other, then 
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any value of jc is a priori as likely as any other. This converse 
theorem was submitted to Dr. F. H Murray, who obtained an 
elegant proof based on a theorem of Stieltjes,^ 

In view of Bayes’ corollary and his scholium, an analysis of 
our bag problem with reference to the “equal distribution of our 
knowledge, or ignorance” is in order. 

Consider again Case 1 where each drawn ball is replaced in 
the bag before the next drawing is made. 

Assuming each of the ( A7 1 ) permissible hypotheses to be 
a prion equally likely, the probability that /V drawings, not yet 
made, will result in T white and N ^ T black balls is 


Equation (7) is not, in general, independent of T ^ so that 
any one assigned outcome of A/ drawings is not as likely as any 
other outcome. This result is disturbing; at first sight it seems 
to discredit Bayes’ scholium. We must, therefore, look into the 
the matter more closely. 

Bayes’ problem corresponds to drawings from a bag con- 
taining an infinite number of balls. Therefore, even if drawn 
balls are replaced, the chance of a particular ball being drawn 
more than once is zero. But when A/ drawings with replace- 
ments are made from a bag containing a finite number, , of 
balls, we are by no means certain of drawing different balls ; 

of the American Mathematical Society, February, 1930, 
‘Consider, for example, the case of Af - 2. Equation (7j reduces to 

p’iariT) 


a result which is not independent of T, 
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a paiticular white ball may be drawn several tunes over, and, like- 
wise, a particular black ball may appear more than once. It is not 
surprising, therefore, that Case 1 of the bag problem does not 
confirm Bayes’ corollary. 

Consider now Case 2, where the drawn balls are not returned 
to the bag, If A of the total balls are white and the rest black, 
the probability that a sample of /V balls from the bag will con- 
tain T white and A/- f black is 

(*r) 

Hence, if the permissible values 0, 1, 2, 3, . . . for Jk- 
are all equally likely a prion, we obtain instead of (7), 


( 8 ) 




U- 

A'4 / 


a result independent of any assigned value for T and identical 
with the result m the corollary to Proposition 8 of the essay. 


SUMMARY 

Bayes’ theorem is the answer to a special case of the general 
problem of causes. The special case- postulates that the a priori ' 
existence probabilities for the various admissible causes of an ob- 
served event are equal. 

In the essay Bayes recommends that his theorem be adopted 
whenever >we find ourselves confronted with total ignorance as 
to which one of several possible causes produced an observed 
event. To justify this recommendation Bayes takes the attitude 
that; A state of total ignorance regarding the causes of an ob- 
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served event is equivalent to the same state of total ignorance as 
to what the result will be if the trial or experiment has not yet 
been made. This interpretation is a generalization of the fact 
that in his billiard table problem, the assumption of equal likeli- 
hood for all possible positions of the line O 5 , gives equal prob- 
abilities for the various possible outcomes of a set of ball 
rollings not yet made. 

Laplace, Poincare and Edgeworth' have shown that the a 
priori existence function yv{x ) , which appears in the Laplacian 
generalization of Bayes’ theorem, is of negligible importance when 
the numbers /V and J are large Therefore, when this con- 
dition holds, one need not hesitate to use Bayes’ restricted formula 
for the solution of a problem of causes 

The transmission, by Price, of Bayes’ posthumous essay to 
the Royal Society marked an epoch in the history of the literature 
on probability theory. As mentioned at the beginning of this 
paper, Karl Pearson has called the extension of Bayes’ problem 
the “Fundamental Problem of Practical Statistics." 


‘Laplace: "Oeuvres,” Vol. 9, p, 470 Poincar4. "Calcul des Probabilitds " 
2d edition, p. 2SS. Bowley; "F, Y. Edgeworth's Contribution to Math- 
ematical Statistics,” pp. 11 and 12, 





ON CERTAIN PROPERTIES OF FREQUENCY 
DISTRIBUTIONS OBTAINED BY A LINEAR 
FRACTIONAL TRANSFORMATION OF THE 
VARIATES OF A GIVEN DISTRIBUTION 

By 

H. L. Rietz 


Considerable evidence has been presented by R. A. Fisher^ 
to show that, by an appropriate transformation ss.* f Cr) of 
small sample correlation coefficients ^ 0 distributed 

in accord with a decidedly skew frequency curve, values of 2 
are obtained which are distributed nearly in a normal distribution. 
In fact, the approach of the distribution of h to normality 
seems sufficiently rapid to justify the use of the probable error 
of 2 in many applications as if it were normally distributed. 
Such a change in the character of the distribution of an important 
statistic suggests the further study of properties of the distribu- 
tion of variables obtained by applying rather simple transforma- 
tions to variates distributed from —1 to d-l in accord with $ given 
frequency function. In a previous paper, ^ the writer has dealt 
with a similar problem when each variate of a given unitnodal 
distribution of any finite range is replaced by a given power of 
the variate. 

Consider a positive unimodal continuous frequency function 


*Mctron, Vol. 1, Part 4 (1921) pp 3-32 

•Proceedings of the National Academy, Vol. 13, No. 12 (1927), pp. 817-820. 
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y ^ (oc) of a system of variates jc,, . . . -^c:^ with 

a range of to +1, with i/r (-1) = (1)=0, with a single 

mode at some point, say at cc= d (-1 < b < 1), and with the 
derivative i/* ( Jc) continuous More precisely, we assume 
that ^ {Jc) IS positive except at the end points of the in- 
terval -1 to +1, where it is zero, and that ^ changes 

from positive to negative at d , and is non-negative or 

non-positive at any point jr ^<2 according as c? is less or 
greater than ^ . 

It is the main object of the present paper to consider certain 
properties of the distribution of variates ^ )/ 

{ qXi + h ) obtained by a linear fractional transformation of 
the oc ’s, where e , f , g y and h are real numbers so selected 
that ^ ( eoc \ f' ) /{ gjc +/? ) is continuous from 

Jf=~l to oc =1. 

When g =0, we have the case of the linear transformation 
which simply has an effect equivalent to a change of origin and 
of unit of measurement. As we are not in the present problem 
much interested in such a simple transformation, we shall, in 
general, assume y, ^ 0. Moreover, we take g positive, since 
this involves no loss of generality. 

We shall, except as otherwise stated, restrict our considera- 
tions to the interval for u that corresponds to -1 ^ jr ^ 1, 
and to such transformations that the derivative of a with re- 
spect to jc is finite for each value of dc and that u increases 
when jc increases These restrictions require that 

cZu. , he 'fq 
' (gjo^n)^ 

where g <- \ h \ and where the determinant 
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Starting then with 

( 2 ) 

we have 

(3) 

Next, let 

(4) 

he the frequency function of the new variates u . Then we 
may write’- 

(5) . 

Since ftj > 0, we know that v is positive through- 

out the interval in which we are interested except that V =0 
at the end points. From (5) it seems that the new distribution 
function may possibly become infinite when u ' 0/9 i but the 
question then arises as to whether is an admissible value 

of u . 

We shall prove that e/g is not an admissible value of u 
by showing that u cannot take the value within the 

interval ur (f.e)/( h-g) to u- (e*f) /(g-yh) 
wherein u lies when -1 S jc = 1 . .In this connection we shall 
also establish some inequalities that will be found useful in the 
consideration of certain properties of the new distribution. Con- 
sider first the cases in which g + /; is positive. 

Then since ch > fg , we have eh + eg >• fg + eg 

Divide by g(g + f 7 ) , and we have S. > Hence 

9 gTW ’ 


ex + f 

^ “ gxTTT ’ 


jc = 


f~ hu 
gu-G 


y= ^ (u) 


*cf. Annals of Mathematics, vol. 23, No, 4 (1922) 


pp. 293-4. 
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e/g is too large when g-¥ h is positive to be an admissible 
value of . 

Consider next the cases in which 9 + /; is negative. In 

this case, /7<0 since 9 ;> 0. Hence 9-/7 ^ 0. Then since 

e/? ^ fg » have eh~ ^ ^g ■ Divide by 

the positive number g(g-/?) This gives l£ ;> 

9 9 "'^ 

and g ^ q - h ' 

Hence, when 9(g+h) < 0, e /9 is too small to be an 

admissible value of u . 

To summarize with 9 > 0, we have shown that; 

(a) When £/ + /? is positive, is too large to be 

an admissible value of u 

(b) When is negative, e /9 is too small to be 


an admissible value of ll . 

Returning now to the consideration of our frequency function 



When a takes the value (eb-\ t) / C g h} into which 
variates at the mode jr-A are transformed, we know that 

If'' U) ^ 0 . , 

By making use of the fact that > 0, and the propo- 

sitions (a) and (b) relating to the inadmissibility of ^/g as 
a value of u in an examination of the right hand member of 
(6) for a 'C&6 ^ f) / ( g b ^ h) we establish the 

following proposition in regard to the sign of the derivative 

dv/dcL lor the value of u. which corresponds to the 
modal value of jc 

When Q h ^ 0, dv / du is positive or negative 
at u»(eb^f)/Cgb^/ 7 ) according as is 

positive or negative. 
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The truth of this proposition follows readily by applying 

(а) and (b) to (6), remembering that g is positive and that 

. t 

yr (b) vanishes. 

We shall show next in case > 0, that dv/ du 

is non-negative for all admissible values of U less than 

(ebif}/(qbih) • To see this from (6), note first 
that ^ {{f-hu) / ( gu-e)'\ remains non-negative for 
i f-hu)/( gu~e) <• b or for 44 less than 

)/ (qb+h) , and note second that q/Cqu-e)^ 
is negative since e/q is too large to be an admissible value 
of u under the condition q-f-b > 0 

Next, in case g\h ^ 0, clv/du is non-positive for 
all values of u > ( ebtf ) / ( q b + h) . To see this fiom 

(б) , note first that ^ ( f- hu ) / ( qa- e) J remains 

non-positive for (f-ha)/(qu~e) > b or for u > . 

and note second that qj (qu -e) ^ is positive when gi-b < 0 
because in this case u > g / q . 

To summarize, when q-i^b ^ 0, we state the 

Theorem I. When the derivative c/tr/du is 
positive for the value of u into xvjtich variates at the 
modal value ■x=b transform, then d^/du is 
non-negahve for all smaller values of u . Similarly , 
when dy /du. is negative for the value of u into 
which variates at the modal value -x- b transform, 
then dv/du is non-posUive for all larger valuei 
of u . 

Finally, we wish to inquire about a modal value for 
the frequency function ^ = Ifh (u) in (5). To this end, 
consider first the case in which dv/du is positive at 
04 = (eb r f )/ ( qbfb) . At a point between 

44* (€bff}/(qb + h) and the upper bound of u . that 
IS (e+f)/(q-eb) , a maximum value of / occurs. To 
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see this, note when ll = 

di^/du-</r'0)(g^h)^/ Che- fg)^ which is 

negative, or zero since (1) is negative or zero. If it is nega- 
tive, there is a maximam where the sign of the continuous first 
derivative changes from positive to negative If dv/UU is 
zero at u- ( e\f ) / ( g ^ > it follows also that there 

IS at least one maximum of i/' ^ (u) between a. ^(eh d)/(gb-^h) 
and u^(e-^f)/(g-{h) ^\rice. i/- 0 at ll - (e^f) / ( g^h) 
and K must have changed from an increasing positive function 
at u.^(eb-^f)/(gt>^h) to a decreasing function before 
becoming zero at ( e^f) / ( h) . Similarly, it may 

be shown that there is a mode at a value of tc <(eb^f)/(gbfb) 
whenever di/ /dec is negative at u -(€b^f)/(gb-\’h/ 

We may then state the following; 


Theorem II. Given a ummodal continuous positive 
function g ^ (X.) of vanates x. , vnth a range 
from-l to +1, with a mode at x-t? I <b<f) , 
with ijf (-1)= ^ (1)=0, and willi the derivative ijf X 
continuous from X - -1 to x - I, then the frequency 
distribution V- (/ (u) of variates u = (ex-^f)/(gx^h) 
(g > O) has a mode at a value of u> (ebif ) / (gb^h) 
when g ^ h > 0. It has a mode at a value of 

CL < (eb’^ f ) / ( g bi- h) when g \ h ^ 0. 


Since we have so restricted our transformation 

Cgx^n) 

that the order of corresponding values is preserved, the trans- 
formation carries the median of the distribution of jc* into the 
median of the distribution of u *s, and we may state the following; 


Corollary. If g=^ip‘(x) has its median and 
mode coincident at jc-b ^ the frequency distribution 
V’ (ji (u)- of u~- (ex-t f)/ ( gx > h) has a 
modal value greater or less than its median according as 
g-hh is greater or less than zero. 
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Thus far we have imposed the condition 9 < | A? | . Let 

us next consider the cases in which h=~g and h=q 

instead of requiring that g < I ^1 ‘ Consider first the case 
h - - a .In this case 


(7) 



ejc-k-f 


and 


ax (gx-^h)^ 


Both li and a^^/ax: become infinite as or approachei 
1 . Suppose e and f so chosen that u is an increasing 
function of x for the interval -1 S 1, then u in (7) is 
an increasing function of x for the larger interval - oo^jr<l; 
and it follows, for the case , that e/g is’ too small to 

be an admissible value of u when -1 ^ jc < h since it is the 
value of u when jr*- oo , 

For the case h- g , we have 


(9) 


a « 


ex 

g(x^l) 


and 


( 10 ) 


c(ii ^ 
dx 


gCoc+j) 


i • 


Since u in (9) is an increasing continuous functiom of jf 
for the interval -1 < jr < oe wherever and / are so selected 
that it is increasing for the sub-interval -1 < ? 1 , it follows, 

for /l = g , that e/g , the value of a when jc r oo , 
is too large to be an admissible value of tx when —I < tX ^ L 
By making use of the fact that g is too small or too large 
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to be an admissible value of u according as ^ 9 or + 9 , 
we readily obtain the following results from an examination of 
(6) : The derivative cLv / du given in (6) is positive at the 
point ( ebtf)/( gb-hh) when , and it is 

negative at this point when h= -g 

Moreover it readily follows as in the case where 9 j | 
that when the derivative cfiz/cfu is positive for the value 
of u into which the modal jc^b transforms, then cC\^/ c(u 
is non-negative for all smaller values of u , and when d y'f cCu 
IS negative for the value of cr into which the modal value jc- b 
transforms, it is non-positive for all larger values of u 

Next, for the case h-g , a mode occurs for a value of 
u > (eb^f)/ (gbfh) . This may be seen by noting that 
as X approaches 1 and as a takes corresponding values 
dv/du in (6) approaches the value 16 9^ ^ ( 0 /(c-f)^ 
which is negative or zero. The analysis given above for the 
corresponding case 9 <//?/ may be applied, with the conclusions 
stated in Theroem II by replacing 9 + /? > 0 by h-g and 
9 y < 0 by f?- -g 

The question very naturally anses as to whether there exists 
a linear fractional transformation u-(^xif)/( gx^h) 
that will transform almost any distribution with the properties 
of into a new distribution ^ ^ ( u) with 

a mode at a previously assigned point c within the range 
of admissible values oi u . To insure a mode for (u) 

at w -- c , it IS, of course, sufficient that there exist values of 
St f , <p , and h that make the continuous function 

nn ^gihe-fg) 

au (ipu-e)* ^ \gu-ej (gu-ep ^ Vgu-d 

change sign from positive to negative at u-C 

Since the only restrictions on e , f , g ,^nA ^ are that 
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they shall be real, and that g and he - fg shall be positive, 
It seems that the requirement that d V /da shall change from 
positive to negative at an assigned value of U could probably 
be satisfied for some important classes of relatively simple func- 
tions. As a simple example, take the quadratic function 
\lr(x)= Aoc^* Q’X tC , which, when subjected to the 

conditions on }Jr(x) , becomes 

The mode is in this case at JT- 0. The problem we propose 
is to find the linear fractional transformation u -( ex-f-fJ/Cgx-lh) 
that will transform (X) into 4 (^) ^ith a mode at an 
assigned c In this case (11) becomes 


dv _ i he-fg 

du. ~ 2.(gu-e')^ 


( 12 ) 


Lhe-fqif'hu) - 
[(q^-h^)u^^2a(Ph-eg)^ . 


To facilitate the examination of (12), make cj . Then 

(12) reduces to 

(13) (eAZf-3gu) . 

Since q-^h > 0, we have qu-e < 0, and consequently 
the coefficient of ( ^ 'i- gu) is positive To provide for 
the change of sign of (13) at u = C , select e , f , and Q 
so that e-h2f^3cq . To make (13) positive at & 

and negative at C-t 6 , where S is arbitrarily small and 
positive, we may assign to g any positive value and to B any 
value greater than cq , for then f is less than e , which is 
the condition > 0 when h=g While there are 

thus an infinite number of ways in which we may select a linear 
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fractional transformation so that, when applied to special func- 
tions, it will give a new distribution with a mode at an assigned 
point, no general proposition is proved that assures an assigned 
modal value of ^ (jr) . 




ON SMALL SAMPLES FROM CERTAIN 
NON-NORMAL UNIVERSES* 


By 

Paul R Rider 
IVashingion Umverstiy 


INTRODUCTION 


The distribution of the ratio 

2 _ mean of sample -mean of universe 
standard deviation of sample 

which is of great importance in the theory of small samples, has 
been derived exactly by theoretical methods for samples of any 
size from a normal universe.^ Experimental studies^ have been 


*The writer desires to express his grateful appreciation to the National 
Research Council, which made possible this study by a grant-in-aid for 
the assistance of a computer. 

'See, for example, R, A Fisher, Applications of "Student’s” Distribution, 
Metron, vol 5, No. 3 (Dec. 1, 1925), pp. 90-104, 5 

*e, g, W. A Shewhart and F. W. Winters, Small Samples — New Exper- 
imental Results, Journal of the American Statistical Association, Vol 23 
(1928). pp, 144-53; 

J. Neyman and E. S Pearson, On the Use and Interpretation of Certain 
Test Criteria for Purposes of Statistical Inference Part I, Biometnka, 
Vol 20A (1928), pp. 175-240; 

"Sophister,” Discussion of Small Samples Drawn from an Infinite Skew 
Population, Biometnka, Vol. 20A (1928), pp. 389-423, 

E S Pearson assisted by N. K. AdyanthSya and others, The Distribution 
of Frequency Constants in Small Samples from Non-normal Symmetrical 
and Skew Populations 2nd paper, Biometrika, Vol 21 (1929), pp. 259-86. 
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made of the s -distribution for samples of specific sizes from 
other types of universe A theoretical method applicable to 
samples from a discrete universe was used in a previous paper 
in which a rectangular universe was studied in some detail. The 
rectangular universe was chosen as being the simplest from the 
standpoint of the method employed, and as a good example of 
a limited symmetric distribution It is the purpose of the present 
paper to apply the method to a triangular population, which is 
a specimen of a limited skew distribution, and also to a U-shaped 
universe. The rectangular, triangular and U-shaped universes 
are shown in Table I in the columns headed ^ , 7" , and Li , 
respectively. Their graphs are exhibited in Figure 1. 

In addition to the H -distnbution, the distributions of means 
from the triangular and from the U-shaped universe are given. 

In the concluding section is discussed the probability corres- 
ponding to an interval of three sample standard deviations on 
each side of the sample mean. 

AH of the results of the paper are for samples of four. 

THE DISTRIBUTION OF 2 

The distributions of h are shown in Table II, in which 
the distribution for samples from a normal universe, /V , is also 
given. 

The cumulated probability of js for the triangular and for 
the U-shapfed universe are shown in Table III, which may be 
compared with a similar table for a rectangular and for a normal 
universe given in Biometrika, Vol. 21 (1929), p. 131. 

‘ P R. Rider, On the Distribution of the Ratio of Mean to Standard Devia- 
tion in Small Samples from Non-normal Universes, Biometnka, Vol 21 
(192^), pp. 124-143. 

For an explanation of the method of deriving these distributions sec 
Rider, loc. cit. 
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SAMPLES FROM NON-NORMAL UNIVERSES 


These cumulated probabilities are plotted on probability paper 
in Figures 2 and 3 and may be compared with similar probabil- 
ities for a rectangular universe by reference to Biometrika, Vol. 

21 (1929), p. 129, Figure 2, 

The principal results to be noted are as follows ; 

1, The general characteristics of the Z -distribution for 
the U-shaped universe are the same as those for a rectangular 
universe, viz, a greater number of z ’s outside of a certain value 
of 1^1 , and also a greater clustering of z 's about the origin, 
than is the case ,for a pormal universe.^ This is to be expected, 
since the values of for U and ^ are 1.132 and 1.776 
respectively, as compared with the value Z iov N . 

2. The negative skewness in the triangular unjverse pro^ 
duces skewness of the opposite type in the distribution of Z ^ 
as found experimentally by Neyman and E. S. Pearson^ and by 
“Sophister.”® This means (in the case of negative skewness 
in the universe) that the probability corresponding to an interval 
from ^ Qo io M is smaller than when the sampling is from a 
normal universe. 

3 The cumulated probability of l^j , or the probability 
corresponding to an interval from -2 to .Z , is somewhat the 
same for the triangular universe as for a normal universe;^ a 
comparison is made in Table IV, 

Results 2 and 3 are apparently due to the fact that in a 

' See Rider, loc, cit., p. IJO. 

'Biometrika, Vol. 20A (1928), p 198 

•Biometrika, Vol. 20A (1928), p, 408, 

cf. E. S. Pearson assisted by N, K. Adyanthaya and other*, The Distribu- 
tion of Frequency Constants in Small Samples from Non-normal Sym- 
metrical and Skew Populations, 2nd paper, Biometrika, Vol. 21 (1929), 
pp. 259-86 
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skew universe the regression of variance on mean^ is often essen- 
tially linear (if parabolic, the vertex of the parabola is well to 
one side of the scatter diagram). Let us consider the case in 
which the slope of the regression line is positive Designating 
by ^ the difference between the mean of a sample and the 
mean of the universe, and by ^ the standard deviation of the 
sample, we see that large values of |^| tend to be associated 
with large values of (and therefore with large values of ^ ). 
Thus the values of z tend to be smaller. On the other hand, 
for large values of ^ is smaller and consequently 

larger. This means that the frequencies corresponding to the 
algebraically lower values of h are greater than in the case of 
a normal universe, or that the use of “Student's*' tables would 
give results too small for the probability that the mean of a 
sample does not exceed algebraically the mean of the universe 
by more than s times the standard deviation of the sample, 
The opposite is true in the case studied here, since the universe 
is negatively skew and the regressaon line of 5* on would 
have a negative slope. 

Since there is a shifting of the whole cumulated jz -distribu- 
tion to the right or left, the effect noted in 3 is readily explained. 
As a result of this effect we should apparently not be far wrong, 
when sampling from a skew universe, if we used “Student’s’^ 
tables to obtain the probability that the mean-of a sample does 
not exceed numerically the mean of the universe by more than 
2 times the standard deviation of the sample.^ 


*For the regression formula see J Neyman, On the Correlation of the 
Mean and the Variance m Samples from an "Infinite** Population, Bto- 
metnka, Vol 18 (1926), pp 401-13, 


* See E S. Pearson assisted by N. K. Adyanthaya and others. The Distribu- 
tion of -ji- , . ^ . lal Sym-^ 

metrical , *k)f i i>r:-i papi, i. V 2 (1929), 

pp 259-ft- . ^ ■ J 


'No 


> 


V ) 
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SAMPLES FROM NON-NORMAL UN IF ERSES 


THE DISTRIBUTION OF MEANS OF SAMPLES 


The distributions of means of samples are shown in Tables 
V and VI. In these tables cc indicates the difference between 
the mean of the sample and the mean of the universe. 

For the difficulties involved in obtaining satisfactory results 
for the distribution of means of small samples from a U-shaped 
iini\erse see K, J Holtzinger and A, E. R, Church, “On the 
Means of Samples from a U-shaped Population,” Biomctrika, 
Vol 20A (1928), pp 361-88, 

The probability corresponding to an interval of three 
sample standard deviations on each side of the sample mean. 

If M is the mean and O' the standard deviation of a nor- 
mally distributed variate X . then, as is welt known, the prob- 
ability that an item selected at random will lie within the range 
^ - 3 (T is 0.997 , If X and 5 are the mean and the 
standard deviation respectively of a sample, the expected or aver- 
age probability corresponding to the interval X * 3 S will be 
different from the probability corresponding to the interval 
n - 2 O. Sliewhart^ obtained experimentally for the average 
probability' tor samples of four associated with the interval 
X ^ 3 a the values 0,90 for a. normal universe, 0.91 for a 
rectangular universe, and 0,91 for a triangular universe. 

By analyzing all possible samples of four from the rect- 
angular and triangular universes of Table I it was possible to ob- 
tain the probability corresponding to an interval of 3 a on either 
side of the sample mean, For example let us consider the 
sample (1, 1, 2, 2), for which X “ 1 5. s=0,5. The interval 
X * 3 s extends from 0 to 3. This interval includes 0.4 of 
the rectangular universe -0 ; 0.4 then is the probability 'that an 


Probability Associated with the Error of 
a Single Observation, Journal of Forestry, Vo) 26 (1928) pp 60^607 
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observed value will fajl within the interval Now the particular 
sample (1, 1, 2, 2) would occur 6 times out of 10,000, If we 
tal^e all of the samples for which the interval ^13 3 includes 
0.4 of the rectangular universe we find that such samples occur 
106 times out of 10,000. Such an analysis leads to Table VII, 
from which it is ascertained that the average probability corres- 
ponding to an interval of ^ i" 3 5 is 0 920. A similar analysis 
• of the triangular universe 7* gives us Table VIII and yields 
0.907 as the average probability associated with X ^ 3 S . A 
better understanding of the situation may be obtained from 
Figure 4. 
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SAMPLES PROM hlON^NORMAL UNIVERSES 


TABLE I 

Rectangular, Triangular and U-Shaped Universes 


^ ' 

FREQUENCY 

X 

e 

T 

U 

0 

1 


10 

1 

1 

1 

5 

2 

1 

2 

1 

3 

1 

3 

1 

4 

1 

4 

1 

5 

1 

5 

1 

6 

1 

6 

1 

1 

7 

1 

7 

1 

8 

1 

8 

5 

9 

1 

9 

10 

10 


10 


Total 

10 

55 

36 

Mean 

4.5 

7 

4,5 

A* 

0 

0 326 

0 

/5/ 

1.7^5 

2.36 

1.132+ 


*The values of the jQ ’s are uncorrected for grouping, The 
dots over the digits indicate repeating decimals. The values for 
a continuous rectangular distribution are A •=0, and 

for a continuous triangular distribution are 
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TABLE II 

Probability ol z for Samples of 4 





" ' 


H 

N 


T 

U 

Below -4.2S 

0026 



.0384 

-4,25 to -3,75 

,0011 



0004 

-3,75 to -3,25 

,0018 


.0007 


-3 25 to -2,75 

,0032 


.0032 

.0077 

-2,75 to -2,25 

0062 

0074 

.0028 

0016 

-2,25 to -1 75 

,0131 

0188 

.0061 

.0106 

-1,75 to -1.25 

,0314 

.0267 

.0251 

.0147 

-1,25 to -075 

,0829 

0692 

,0615 

,0256 

-0,75 to -0,25 

,2047 

.2000 

.2098 

.2299 

-0,25 to 0.25 

,3058 

,3244 

.3249 

.34054 

0.25 to 0 75 

,2047 

,2000 

1741 

.2299 

0,75 to 125 

0829 

0692 

.0764 

.0256 

1.25 to 1,75 

.0314 

,0267 

0566 

.0147 

175 to 2,25 

.0131 

0188 

.0118 

.0106 

225 to 2.75 

.0062 . 

.0074 

0094 

0016 

2,75 to 3.25 

.0052 

.0032 

.0174 

.0077 

3,25 to 3.75 

.0018 

.0026 

.0000 

.0009 

3.75 to 4.25 

.0011 

.0022 

.0025 + 

.0004 

Above 4.25 

.0026 

.0077 

.0150- 

.0383 
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SAMPLES FROM NON-NORMAL UNIVERSES 


TABLE III 

The cumulated probability of z , or probability that the mean 
of a random sample of 4 will not exceed (in algebraic sense) the 
mean of the universe by more than 2 times the standard devia- 
tion of the sample 


Cumulated Probability Cumulated Probability 

2: Triangular Universe U-Shaped Universe 



for - H 

0.0 

51955- 

,1 

.41649 

.2 

.34497 

.3 

.28885+ 

4 

.22719 

.5 

18568 

.6 

.14350- 

.7 

.11580 

.8 

.09485- 

9 

.07784 

10 

,06130 

1.1 

05053 

12 

.04256 

1,3 

03716 

1.4 

.03152 

1,5 

.02783 

16 

02334 

17 

01845- 

18 

.01552 

1.9 

.01410 

20 

.01366 

2 1 

,01265- 

22 

,01039 

23 

.00907 

2.4 

.00871 

2.5 

.00816 

26 

.00725+ 

2.7 

.00725+ 

28 

.00661 

2.9 

00483 

3,0 

.00462 

35 

.00272 

4.0 

00242 


for ^ 

for - 2 

.51955- 

54355+ 

54037 

39365- 

,61053 

.34651 

.65136 

.30739 

.70010 

,27831 

74269 

.22081 

.76942 

.14785+ 

79993 

.11382 

81086 

09844 

.83462 

.09065+ 

.86748 

.08285- 

87456 

07994 

88731 

.07471 

88731 

07363 

.90787 

.07179 

.91316 

,06614 

.91911 

05979 

93480 

,05975- 

.94390 

.05941 

.94390 

,05798 

94810 

.05441 

94810 

,04959 

.95565- 

.04892 

95565- 

.04892 

95565- 

,04891 

,95565- 

04891 

.95565- 

.04803 

95565- 

,04732 

96509 

.04728 

97910 

.04133 

98250- 

- .03954 

98250- 

.03904 

98250- 

,03833 


for z 

54355 + 
.60635 + 
.65349 
.69261 
.72193 
.77991 
.85215- 
88618 
90192 
.90935 + 
.91715 + 
.92006 
.92529 
.92637 
.92821 
.93387 
94021 
.94025- 
.94059 
94202 
.94774 
.95041 
.95108 
.95108 
.95109 
.95118 
.95197 
.95268 
.95272 
.95867 
.96046 
96132 
.96168 
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TABLE IV 


Cumulated Probability of | H. | for Samples of 4. 


PI 

greater 

than 

Probability 

lz| 

greater 

than 

Probability 

Triangular 

Universe 

Normal 

Universe 

Triangular 

Universe 

Normal 

Universe 


.9219 

1.0000 

1,6 

1042 

,0695- 

1 

.8761 

8735+ 

17 

0836 

.0603 

.2 

.7303 

7519 

18 

0716 

.0526 

.3 

6375- 

,6392 

19 

.0702 

.0460 

.4 

.5271 

5382 

20 

.0652 

,0405+ 

.5 

.4423 

,4502 

21 

.0646 

.0358 

.6 

3723 

3751 

2,2 

0547 

.0318 

.7 

3135- 

3121 

2,3 

.0534 

,0283 

8 

.2834 

2599 

24 

0531 

.0253 

9 

2432 

,2169 

25 

.0525+ 

0227 

10 

,1891 

.1817 

2,6 

0516 

.0204 

11 

.1755- 

.1528 

2,7 

.0516 

.0185- 

1.2 

.1552 

.1292 

*28 

.0415+ 

0167 

13 

.1497 

,1098 

29 

.0257 

.0152 

14 

.1236 

.0938 

3.0 

.0212 

.0138 

1,5 

.1146 

0805 t 
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SAMPLES FROM NON-NORMAL UNIVERSES 


TABLE V 


Distribution of Means of Samples of 4 from Triangular Universe 


JC 

Probability 


Probability 


ProbablUtji 

! 

Cn. 

C-n 

.00001 

-2,25 

.01627 

0.75 

.07202 

-s.oo 

.00004 

-2,00 

.02200 

1.00 


-47S 

.00009 

-1,75 

.02882 

1,25 

.05496 

^,50 

.00019 

-1.50 

.03559 

l.SO 


-4.25 

.00038 

-1,25 

.04501 

1.75 

,03415 + 

-4.00 

.00070 



2.00 


-3.75 

.00125 

-0.75 

.06187 

2.25 

m 

-3,50 

.00212 

-0,50 

.06916 

2.50 

.00881 

-3.25 

.00344 

-0.25 

,07484 

2.75 

.00393 

-3,00 

.00537 

0.00 

.07834 

3.00 

.00109 

-2.75 

.00805- 

0.25 

.07918 



-2.50 

.01165- 

0.50 





v3r>(niean of saniple) - (mean of universe) 
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TABLE VI 


Distribution of Means of Samples of 4 from U-Shaped Universe 



1 

CJ 

Prob- 


Fre- 

Prob- 

X 

quency 

ability 

X 

quency 

ability 

■4,50 

10000 

.0060 

0.25 

106660 

.0635+ 

-4.25 

20000 

0119 

0.50 

62755 

.0374 

-4 00 

19000 

.0113 

0 75 

51244 

.0305+ 

-3.75 

15000 



49270 

.0293 

-3,50 

14225 

0085- 

1,25 


.0288 

-3 25 

15300 

.0091 

1.50 

49505 

.0295- 

-3 00 

16690 

.0099 

1 75 


.0381 

-2,75 

18140 

,0108 


89660 

.0534 

-2.50 

35651 

,0212 

2.25 

81224 

.0484 

-2,25 

81224 

.0484 

2.50 


.0212 

-2 00 

89660 

,0534 

2.75 

18140 

.0108 

-1,75 

63960 

0381 

3.00 

16690 

.0099 

-150 

49505 

,0295- 

3.25 


0091 

-1 25 

48376 

,0288 

3.50 

14225 

.0085- 

-1,00 

49270 

,0293 

3.75 


0089 

-0 75 

51244 

.0305+ 

4.00 


.0113 

-0 50 

62755 

.0374 

4,25 


.0119 

-0.25 

106660 

.0635+ 

4.50 


.0060 

0.00 

146296 

.0871 




Total 

1679616 

1.0001 


JC » (mean of sample) - (mean of universe) 
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SAMPLES FROM NON’MORMAL UNIVERSES 


TABLE VII 


Probability Corresponding to the Interval X -3^ 
Rectangular Universe 


Proportion 
of universe 
included in 

j : ± 

Number of 
samples for 
which this 
proportion 
occurs*'*' 

0.1 

10 

0.2 

8 

0.3 

84 

0.4 

106 

O.S 

284 

0.6 

324 

0.7 

564 

0.8 

652 

0.9 

888 

1.0 

7080 

Total 

10000 


M. e the probability corresponding to 

*The probability of the occurrence of this proportion is, of course, obtained 
by dividing by 10000 
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TABLE VIII 

Probability Corresponding to the Interval 


Triangular Universe 


Proportion 
of universe 
included in 
X±3s 

Number of 
samples for 
which this 
proportion 
occurs 

Probability 
of occurrence 
of this 
proportion 

Cumulated 

probability 

1/55= 018 

1 

— 

— 

2/55“ ,036 

16 

— 

— 

3/55= .055- 

89 

— 

— 

4/55= .073 

256 

— 

— 

5/55= .091 

625 

.0001 

.0001 

6/55= .109 

1448 

.0002 

.0003 

7/55= .127 

2401 

.0003 

.0006 

8/55 = .145- 

4096 

0004 

,0010 

9/55'= .164 

6993 

.0008 

.0018 

10/55= .182 

11388 

.0012 

0030 

12/55= .218 

1280 

0001 

.0031 

13/55 = 236 

7776 

.0008 

.0039 

14/55 = .255- 

2928 

.0003 

.0042 

15/55= .273 

8762 

.0010 

.0052 

18/55= .327 

12768 

.0014 

.0066 

19/55= ,345 + 

36000 

.0039 

.0105 

20/55 = .364 

8640 

.0009 

.0114 

21 /55= .382 

26508 

.0029 

.0143 

22/55= .400 

5400 

.0006 

.0149 

24/55 = .436 

32768 

.0036 

.0185 

25/55 = .455- 

21600 

0024 

.0209 

26/55 = 473 

10584 

.0012 

.02 j1 

27/55= .491 

112764 

.0123 

,0344 

28/55= .509 

19698 

.0022 

1 0366 

30/55 = .545-^ 

71526 

.0078 

.0444 

33/55 = 600 

27116 

.0030 

.0474 

34 / 55 = 618 

296384 

.0324 

0798 

35 / 55 = .636 

115128 

0126 

.0924 

36/55= .655- 

37892 

.0041 

.0965 

39 / 55 = .709 

54092 

0059 

.1024 

40/55= .727 

555924 

.0608 

1632 

42/55= .764 

57888 

.0063 

.1695 

44/55= .800 

26416 

0029 

.1724 

45 / 55 = .818 

556520 

.0608 

.2332 

49 / 55 = .891 

,774320 

.0846 

,3178 

52 / 55 = 945 + 

904676 

.0989 

.4167 

54 / 55 = .982 

879564 

0961 

,5128 

55/55=1.000 

4458390 

4872 

10000 


^ Total 9150625 1 0000 

the probability corresponding to 5? ± 3s 
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SAMPLES FROM NON-NORMAL UNIVERSES 





o 


RectangtJar Universe Triangular Universe U-Shaped Universe 
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Cumulated Probability of H — Trian^lar Universe 
The curve is for samples of 4 from a normal universe. 
The dots are for samples of 4 from the universe T 
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Probability Corresponding to the Interval X-3s 
The circles are for samples of 4 from a rectangular universe, 
the dots for samples of 4 from a trian^lar universe 


AN EMPIRICAL DETERMINATION OF THE 
DISTRIBUTION OF MEANS, STANDARD 
DEVIATIONS AND CORRELATION COEFFIC- 
IENTS DRAWN FROM RECTANGULAR 
POPULATIONS* 


By 

Hilda Frost Dunlap 

Tenitoml formal and Training School^ Honolulu, Hawaii 


Formulae for the standard errors of means, standard devtV 
tions and correlation coefficients have been derived on the as- 
sumption of a normal distribution in the sampled population, 
f hey are said to serve approximately even when the population 
varies considerably from the normal. This paper presents em- 
pirical evidence of their applicability in the case of means and 
standard deviations of samples of ten from a rectangular dis- 
continuous population, and of correlation coefficients of samples 
of fifty-two from a rank distribution. 

The data for the study of the distribution of means and 
standard deviations were secured by throwing ten dice 1600 times. 

The dice were cubes four-^tenths of an inch along an edg® 
and numbered on opposite faces 1-6, 2-S, 3-4, They were con- 
structed of bone and formed a matched set. 


♦The writer is indebted to Japk W, Dunlap for reading the entire 
script and for checking the mechanical computations. 


rfianu^ 
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These were thrown from a cup whose inside diameter was 
175 inches and whose depth was 2,5 inches The dice were 
shaken in a box and then cast upon an especially prepared flat 
topped table covered with eight thicknesses of an army blanket. 

As a guard against any possible bias in the table, the dice 
were thrown alternately with the right and left hands, After 
each throw the number of aces, deuces, treys, fours^ fives, and 
sixes were recorded, and the mean and standaid deviation cal- 
culated In this study each throw was taken as a sample of ten 
drawn from a population of 16,000 

The next step was to determine whether there was any sys- 
tematic bias in the dice used The a priori expectation for any 
particular face of the die is one-sixth, here one sixth of 16,000, 
or 2,666^ This is of the nature of a point binomial of the form 
{ p ^ with a standard deviation equal to 


TABLE I 

Distribution of Observed and Theoretical Populations with a 


Test of the Difference of Their Standard Deviations 


Die 

Face 

Observed 

Frequency 

Expected 

Frequency 

Difference 

1 

2726 

2666^3 


2 

2653 

2666?^ 

14^ 

3 

2671 

26663^ 

4/3 

4 

2763 

26665^3 

96/ 

5 

2650 

2666?^ 

17/ 

6 

2537 

2666 

130/ 


<7 K1600. 1/65/6)^ »47,1 ^ 70.8 

5 - a = 23 7 ± 13 76 
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AN EMPIRICAL DETERMINATION 


T^ble I gives the observed and expected values of each face. 
The standard deviation of the differences was determined and 
compared with the standard deviation of the expected distribu- 
tion and the probable error of this difference was found. 

Small S is used here to denote a standard deviation of a 
sample, while cr represents the standard deviation of the the- 
oretical or true population The formula for the standard devia- 
tion of a. difference is 

and in particular 



The second term drops out here because it is the standard 
deviation of the true standard error and this is equal to zero, The 
third term drops out for the same reason. Table I shows that 
the difference between the obtained and expected standard devia- 
tions IS 23,7 t 13.76. As this is less than twice its probable error, 
It can be concluded that the difference is not significant and that 
there is no significant bias in the dice. 


MEANS 

Figure 1 shows the distribution of the 1600 observed means, 
a normal curve for V ^ 1600 is superimposed on the histogram. 
For this distribution 

rP-W, ) » ,0160 i.0413, indicating symmetry 

* 3 ) *'.1050 1 ,0826, indicating mesokurtosis 
whence we may conclude, that the norma) curve xepresents this 
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AN EMPIRICAL DETERMINATION 


distribution adequately. 

The curves of this and succeeding figures were drawn 
through points calculated at intervals of 1/2 except that in 
the case of Figures 2 and 3, points beyond :t 2 a were calculated 
at intervals of 1 a, 

The values of the observed means varied from 1.6 to S.4, a 
range of 6.9129 standaid deviations. 

The basic information to be drawn from this study of the 
distribution of 1600 means of samples of ten is given in Table II. 
The table is interpreted as follows: 

The mean of the sampled population (16,000) is 3,47306, 
while the theoretical mean of the infinite population is 3,500000. 
The standard deviation of the sampled population (16,000) is 
1.6788, and of the theoretical population 1.7078. The standard 
error of the mean of the sampled population is .0133. In com- 
paring the mean of the sampled population with the mean of thp 
theoretical infinite population, the former is treated as an ex- 
perimental value whose standard error can be estimated, while 
the latter, being a true value, has no error. 

The standard deviation of the difference between the means 
rr (theoretical population) and Jc (sampled population) is 

* ]f^rf ^ ^ 

The first and third terms drop out because equals zero. 
The difference between the mean of the theoretical population 
and the sampled population is ,02694 i: .00897, from which it can 
be concluded that the mean tends to vary from the true mean, 

3f will hereafter refer to the mean of a sample of ten, The 
best estimate of the mean of a sample of ten that can be made 
for any sample chosen at random from the sampled population 




n 


AN EMPIRICAL DETERMINATION 


is 3.47306, and from the infinite population, 3.SOOO, 

The standard deviation of the means of 1600 samples is 
.5467, while the estimated value for a sample picked at random 
from the sampled population is .5372 and from the theoretical 
infinite population .5401. These last two values are calculated 
by the formula 

The best estimate of the standard deviation of a sample of 
ten picked at random from the sampled population is the a 
of the sampled population, 1,6788, or of the theoretical infinite 
population, 1.7078, whence the values in the tables are obtained. 

The standard error of the standard deviation of the means 
of samples is .0097 The standard error of the standard error 
cr^ of the mean of a sample of ten from the sampled and tJheo- 
retical infinite populations is zero, as these arc true values. 

The difference between the standard deviation of the means 
and the standard error of such means of samples of tcfi from 
the sampled population or the theoretical infinite population U 
.0125 t.0065. Thus there is no significant difference between 
the value of when calculated by the formula 
and an actual distribution when samples as small as ten are used. 

7^ indicates, as pointed out above, that the distribution is 
not skewed, while shows the distribution to be slightly peaked 
but not significantly so. 


STANDARD DEVIATIONS 

Figure 2 shows a histogram and a fitted Gram-Chariier Type 
A curve, of the distribution of 1600 standard deviations of 
samples of ten calculated by the formula 

X being measured from the mean, 3c 

Figure 3 shows a similar histogram and curve 6tted to the 
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TABLE III 

Distribution ot 1600 Standard Deviations of Samples of Ten 


Description 

Observed Value 

Theoretical Value 


<2 ^ 


Sampled Inilnite 
Populatipn Population 

2 of 5 ’s of sam, 

1,5869 


1.6988 1.7078 

S. D of s ’s of sam 

S. D. of of 3 ’s of 

,2665 

,2538 

.3799 .3818 

samples 

S. D. of s of s’s of 

,0067 


.0000 ,0000 

samples 

,0047 


,0000 ,0000 

cr- jfa 

,1119 

.3415 

,0000 ,0000 


i:0045 or 




.1209 

,3325 


1 

±,0045 




.1134 

1 

,1261 

,0000 ,0000 


±0032 or 

±.0030 or 



1153 

.1280 



±0032 

±,0030 


(skewness) 

-3568 

-5026 

.0000 (normal 


±0413 

±,0413 

theory) 

(kurtosis) 

.5140 

.6851 

.0000 (normal 


±0826 

±0826 

theory) 

N 

1600 

1600 
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game data when the standard deviations are calculated by the 
formula 



A study of this latter formula is included here tq test which 
is more appropriate when dealing with small samples from a 
rectangular population, 

An interpretation of Table III is now in order. Column one 
is a description of the statistics Involved. Colunm two is sub- 
divided into two parts : First-, w hen a equals , and 

second when s equals . Column three give7 the theo- 

retical values. There are two of these — one for the sampled 
population and one for the infinite population. In the case of 
the sampled population the values calculated for the standard 
deviation and the l>ecome true values when a single sample 
is compared with them in exactly the same manner as if com- 
pared with similar values from the infinite population.’ The reason 
for this is that for a given sample the 16,000 constitutes the actual 
population from which the sample is drawn, 

In the first line the means of the standard deviations of the 
samples are found to equal respectively, 1.5869 and 2.0403. The 
theoretical means for the sampled and infinite populations are 
respectively 1.6988 and I 7078, 

In the next line are the standard deviations of standard 
deviations pf samples, These are calculated values, obtained by 
substituting in the formula 

As the best estimate of the standard deviations of any particular 
sample chosen at random is the standard deviation of the sampled 
population, or the infinite population these values can be sub, 
stltuted in the above formula in obtaining the standard error of 
the standard deviation of such a sample of ten, 

The standard error of the mean of standard deviations in 
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samples for both observed values is given in line three. Obviously 
in the case of the sampled and infinite populations these equal 
zero. It should be clearly understood by the reader that here N 
equals 1600, the numbei of standard deviations used in deter- 
mining the mean standard deviation. 

Line four gives the standard eiror of the standard deviation 
of standard deviations -of samples of ten. 

Line five gives the difference between each of the true stand- 
ard deviations (sampled and infinite) and the two observed mean 
standard deviations The standard deviations of the sampled 
population and of the infinite population are each greater than the 
mean standard deviation of the ob served population when calcu- 
lated by the formula 3 , In the first case the differ- 

ence is 1119 ±.0045. This is approximately 25 times its prob- 
able error, so it must be considered a significant difference. The 
difference when compared with the theoretical infinite population 
is .1209 ±.0045 This is even more significant When the 
theoretical values are compared with t he mean standard deviation 
calculated by the formula s ^^e differences are found 

to be .3415 ±,0042, and ,3325 ±.0042, The differences here are 
much greater than those found from the first formula. 

Line six shows the difference between the standard errors 
of the standard deviations of the true populations and the cal- 
culated Sg of the samples, The difference between and 

(,3799 “.2665), is .1134 ±.0032 This difference is approx- 
imately 35 times its probable error. The difference between .3799 
and .2538 is even greater. Still la rger di fferences are found 
when S 3 is calculated for the s formula. 

y, in the case of both curves is negative and more than 
8 times its probable error, definitely showing a negative skewness, 
>3 m the case of both curves is 6 times greater than its ptiob- 
able error, indicating definite leptokurtosis. The Gram-Charlier 
curves shown in Figures 2 and 3 were fitted to the first four 
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moments according to the equation 



If we compute values of s by the empirical formula 
a. , the mean value is 1.7039, which lies very close to 

the theoretical values L6988 and 1,7078, in fact almost exactly 
half-way between them. 


CORRELATION COEFFICIENTS 

The product-moment correlation coefficient varies between 
the limits plus one and minus one, Obviously, the distribution 
of correlation coefficients cannot be normal, although in the case 
wher^ r-0 their distribution should approximate a normal 
curve, as it can become symmetrical. Coefficients around any 
other point tend to be distributed asymmetrically 

It was assumed that if a deck of cards be thoroughly shuffled 
there should be no correlation between successive deals. Using 
a deck of cards gives a sample of 52. A new pack vyss 
thoroughly shuffled. The cards were then dealt one at a time, 
the first card dealt being recorded as number one, the second 
card dealt as number two, the third card as number three, etc, 
That is, if the seven of hearts was turned first, the value one 
wa^ recorded against its place in the tabic. After each deal the 
cards were picked up in the same order an<i shuffled three tiitici 
by the fan method and then cut twice, Si^tty such deals were 
made and recorded. Then rank correlations Were calculated be- 
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tw^en each pair of deals, the total number of intercorrelations 
being ^ 1770^ 

In this study, there could be no split ranks. Each card could 
receive one and only one rank on each deal. Thus, the rank 


correlation formula gave exactly the same values as would a 
Pearson product-moment coefficient. 

Figure 4 shows a histogram with a fitted normal curve super- 
imposed on it, for this curve is ,00001 .0392, indicating 
no skewness, and is 2174 t .0783, indicating a slight ten- 
dency to peakedness. Both of these facts are shown by the fit 
of the curve to the histogram, 

The forn:^ula for the standard error of a correlation coefficient 
from a normal population is 

p being the correlation in the population, Thus when r • /XXX) 
and A/ "52, OV-.1387. 

The mean value of the 1770 coefficients is r-’.0012. The 
expected mean is zero. The difference between these two values 
is .0012 t.0022. This shows that the mean correlation coefficient 
is not significantly different from the expected mean correlation. 

The standard deviation of the observed distribution is .1359. 
This value differs from the expected value by .0028 ± .0091. The 
formula thereforp seen to give a sufficiently close 

approximation in this case. 


CONCLUSIONS 

1. The distribution of rneans of samples of ten drawn from 
a discontinuous rectangular population is normal. Thft formula 

gives a reasonably close estimate of the standard 
error of such means, 

2. The distribution of standard deviations of samples of 
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ten drawn from.a discontinuous rectangular population is skewed 
and leptokurtic, The formula CTg does not give a rea- 
sonably close estimate of the standard deviation of standard 
deviations of samples o f ten, whether the latter are computed 
from the formula s or s ^ J^j 


3 Neither of the formulas, ai^d 


5 ^; 


w 


for the standard deviation of a sample of ten gives a reasonably 
close estimate of the true standard deviation m a rectangular dis- 


Nr.ZS 


coiitiluious population. The empirical formula a 
does appear to do so. 

4. The distribution of correlation coefficients of samples 
of 52 from a rank population in which the expected correlation 
is zero, is symmetrical and very slightly leptokurtic. The formula 
Of. “ represents adequatel)^ the atiftdard deviation of 
such correlation coefficients. 
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The Interdependence of Sampling and Frequency 
Distribution Theory 


The object of the theory of sampling is to describe the phe- 
nomena exhibited by all the samples that can possibly arise from 
a parent population of known characteristics. In some cases the 
desired description can be obtained directly by employing elemen- 
tary operations of combination theory, in others it is either ex- 
pedient or necessary to use the indirect attack of the statistical 
theory of sampling. These two methods are quite different in 
application, and it is advisable to illustrate the respective peculi- 
arities of the two methods. 

Example 1, An auction bridge hand may be regarded as a 
single sample withdrawn from a parent population of 52 cards. 
The number of different hands that can be selected equals the 
number of combinations of 52 things taken 13 at a time, namely, 
( /; ) = 635 013 559 600. Of these 

( 1 ) 

will contain exactly ? cards of any specified suit. Therefore if 
in this expression we successively place equal to 0, I, 2, . . . 13 
we shall obtain the frequency of all possible samples ranked ac- 
cording to the number of cards of the specified suit contained in 
««ch sample. The results are presented in the following table. 
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TABLE I 


H 

f(Z) 

Pz" f(E)/N 

0 

8 122 425 444 

.01279 

1 

SO 840 366 668 

.08006 

2 

130 732 371 432 

.20587 

3 

181 823 183 256 

.28633 

4 

151 519 319 380 

.23861 

5 

79 181 063 676 

.12469 

6 

26 393 687 892 

.04156 

7 

5 598 661 068 

.00882 

8 

740 999 259 

•00117 

9 

58 809 465 

.00009 

10 1 

2 613 754 

.00000 

11 

57 798 

.00000 

12 

507 

.00000 

13 

1 

.00000 

Total 

635 013 559 600 

.99999 


In this illustration, combination theor> has yielded a perfect 
solution. The frquencies are exact, and the sum of the fre- 
quencies between any two limits may likewise be obtained exactly 
by a simple addition. 

Example 2. The bidding strength of hands in auction bridge 
is often approximated by counting each Jack, Queen, King and 
Ace as 1, 2, 3 and 4 points, respectively. The total count of a 
single hand may range, therefore from 0 to 37 inclusive. Re- 
quired the frequency distribution of all possible hands when they 
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are classified according to count. 

Unlike the preceding problem, we cannot obtain a simple 
expression for the general term, , of the required distribution. 
But after rather involved computations the following solution 
may be obtained : 


TABLE II 




Count 

Frequency 

Az-r 

0 

2 310 789 600 

19 

6 579 838 440 

1 

5 006 710 800 

20 

4 086 538 404 


8 611 S42 576 

21 

2 399 507 844 


IS 636 342 960 

22 

1 333 800 036 


24 419 055 136 

23 

710 603 628 


32 933 031 040 

24 

' 354 993 864 


I 41 619 399 184 

■25 

167 819 892 


! SO 979 441 968 

26 

74 095 248 


56 466 608 128 

27 

31 157 940 


59 413 313 872 

28 

11 790 760 


59 723 754 816 

29 

4 236 588 

11 

56 799 933 520 

30 

1 396 068 

12 

SO 971 682 080 

31 

388 196 

13 

43 906 944 752 

32 

109 156 

14 

36 153 374 224 

33 

22 360 

15 

28 090 962 724 

34 

4 484 

16 

21 024 781 756 

35 

624 

17. 

14 997 080 848 

36 

60 

18 

10 192 504 020 

37 

4 



Total 

635 013 559 600 
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Example 3. If the mean and the standard deviation of the 
weighth of a group of '200,000 men be 140 lbs. and 20 lbs., re- 
spectively, and if in addition it be known that the higher standard 
moments of this distribution he 


4"43 

'<'. 4 .*' 3.17 


wh^it is the chance that the mean weight of 1000 men chosen at 
random from the 200,000 will exceed 141 pounds? 

It is clear that it would be physically impossible to solve this 
problem by employing a direct attack by combination theory, even 
though the w'eights of each of the 200,000 men were available. 
Moreover, it is likewise evident that in statistical problems cor- 
responding to the illustrations of examples 1 and 2, the number 
of individuals in both the parent population and eacli sample is 
considerably larger than 52 and 13 respectively, ana consequently 
the calculation of either a single frequency or the sum of any 
large group of consecutive frequencies by the direct method is 
quite out of the question. 

Let us now consider the three examples above from the point 
of view of the indirect attack. The parent populations for the 
first two examples may be interpreted as 


Variates 

Frequencies 


and 


X 0-1 

f{x) 39 - 13 


Variates 

Frequencies 


JC . . 0 1 2 

. 36 4 4 


3 4 

4 4 


respectively. 



86 


EDITORIAL 


For the first, the mean is at ac = l/4, and the moments 
About the mean of the parent population are obviously 

For the second, tne mean is at Jc w 10/l3, and corres- 
pondingly the moments of this parent population are 

! \ , n n » /j] 

J 

If a and r denote the number of individuals in the parent 
population and each sample respectively, then the momenta of the 
distribution of all samples that can arise from this parent popula- 
tion may be obtained from those of the parent population hy 
means of the relations 

(2)»- x ^(Pr^^Pt *^°P, 

*^P4. '^Ps) 

» 

«*( a - •' f9p^ -f^Pf * 

8Va «A^/V., '*Pf 
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where 


_ r{r-l)(r-Z) - to i factors 

I I sis ~l)(s~2) • "~to i factors 

Since the moments JU „ for each of these three examples 
are now known, and according to the conditions of the problems 
the values of ( r , s) are (13, 52), (13, 52), and (1000, 200000) 
respectively, it follows that the moments of the desired distribu- 
tions of samples are as follows: 


I'unction 

Example 1 

Example 2 

Example 3 

rit 

13/4 

10 

A/a 440 lbs. 


S07/272 

290/17 

■ .630874 Ibi, 


6591/13600 

28^17 

,0156927, 

^4 1 

S3591421/S331200 

17441114/29155 

3,0001357 


9339447/1066240 

2262240/833 

,1569051 


71781968037/801812480 

2684384074/39151 

15.026638 


It will he observed that the indirect procedure has yielded 
the moments of the required distributions rather than their fre- 


quency functions, and the next step therefore is to obtain with the 
aid of these moments approximate expressions for the desired 
frequency functions. In this connection it should be home, in 
mind that we are not concerned with questions regarding the 
probable errors of the moments which we are employing, since 
the moments computed for the distributions of samples are neces- 
sarily exact, and their probable errors are therefore zero. For 


rSte Annals, Vol, I, page 104, 











88 


EDITORIAL 


this reason arguments tending to limit the number of terms that 
may be employed in either a Gram-Charlier senes, or in the de- 
nominator of Pearson’s differential equation are not to the point 
so far as our illustrations are concerned. These remarks hold 
even for the third example, since if the moments of the parent 
population are as given, then the moments of the distribution of 
samples may be determined with any desired degree of accuracy. 

Since it is evident that the solution of our problems now 
depends upon our obtaining approximate expressions for these 
distributions whose moments are known, we shall at this point 
develop a general method of representing discrete distributions 
which is essentially due to the researches of Charlier, Although 
the results that we shall obtain are practically those that have 
also been obtained by Gram, Edgeworth and others, the method 
that we shall employ is that used by Charlier in ''Dici Strenge 
Form des Bernoullischen Theorems.” 

Let f(oc) be the frequency function for a discrete dis- 
tribution ranging from /J to . If the ordinates 

be equidistant at intervals of h , the total frequency of the dis- 
tribution is 


( 3 ) f(f^) 

-i, tM . 


where our interest is focused on a typical ordinate at jc - jc. . 
If we now set up the function 
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W 

where i , and multiply each side by g so that 


-X.uit 


f(x)e f(x^ ^ fCi 


jc*i 


hufi 9-h^i 

QC„4-h) e ^t(x^^ehy^ 




huii 


+ f(f)e + fCx^-h) e + f(x^ £h) e 




■ f(fX 




we obtain by integrating both members with respect to tO bc' 

tween the limits aj= '•? and a»= ^ 

h n 


j V'-“‘ [z 

-jr vjtB/ 


n 


since the integral of all other terms of the right hand member will 

vanish as fellows : 

S 

f„ f(jc,*tnh)'e ^ dco ^ f (jc^^fph) ' 


/ f 

■'E. 
h L 


cos mhui-t-i atn /n/rto 


oTco- O 


( /7? is an integer.) 

It follows therefore that 
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Moreover, since 


~Cb+h)uM 

«a wi ^a + hjwi -6w4 e 

^ +--fe - 


-a u)i 






we se^ that the sum of all the consecutive frequencies from 
^x-a to jc^b may be expressed as the definite integral 



The changing of the order of integration is permitted since the 
limits are all finite. 

Ordinarily frequency distributions are expressed as develop- 
ments of the integral (4), and the sums of consecutive frequen- 
cies obtained by applying the Euler-Maclaurin Sum-Formula to 
these results. It seems at first sight that it might be well to place 
a little piore emphasis upon the evaluation of (S), since this as 
it stands affords an exact expression for the sum of any group 
of consecutive frequencies, For the case of continuous variates 
we need only permit h to approach zero, replace the sign of 
summation by the sign of integration, etc., and after justifying 
the change in the order of integration for the resulting infinite 
limits obtain 





EDITORIAL 


91 


shall now attempt to evaluate the definite integral (4). 
Let us first observe that the quantity within the parenthesis is a 
function of cO , since the finite integratioh with respect to x 
and the subsequent replacing of x by the limits will cause this 
distribution variable to disappear. 

For reasons which will develop later, let us write 


If in Leibnitz’ formula 

j) U.v +(^)'])u lP 


we place and 


Qf 

e 


, and note that 


D e 





then 









n 

t J ^ 


»? 

a ^ 




a 








nfn-lX to / factors. 


where 
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Thus we may write 


Zficdt 




(js^ 




/ 'I 4> C 

TT 


(ujjO' 

J/ 


and employing the notation 
A 

Z. (Jc b,) f(x)= N/u‘ 

jc*r, 

we obtain from (7) 


f 


C/'A' 


(8) j 


I 






Formula (4) may therefore be written, dropping the sub* 
script on jf. 



( 9 ) 
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Placing 


( 10 ) Q(x} 


/ 


77 

h 


-(Or ^ 




dco 


R 

h 


it follows that the r? th derivative with respect to ^ or is 


( 11 ) 


CO* 


fr 


so finally^ 


( 12 ) j(x)=-N h \6Cx)~ j', o%"Je 


/lr;+- 


Let us now investigate the function 




'i-n ''^•]cos(x -b,)co 

h 

- / zin (x -/>, ) OP j ciu) 

_ / - b,u3^/a . . . , , 

~ / € * cos (x - 6,) uy doj 
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[since ^■^*‘*^*^* is an odd function of w] 

‘I -A) 

^/r -^y/i 


cos(Jr -i),)u)clu3 


’K 

h 

I -iSi 






'v5l^ ^ '** *ir <ro3^ar-AJa><^a; 


i 


-■ iu)-e,. 

[/ 


6* »l 

e *^co 3 mxdx* — C 


Lfikcwise we may write 


firJ J fn) 

GM=(p 


ft 


By successive integration by parts it can be shown that 


J Jc''e ^c(x»-e ^ 

• • Y n-Si't!) ^ dt 
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so we have that 




So far we have said nothing concerning the values of the 
parameters b, and , Referring to formula (8) it is seen 
that if the origin of at be taken at the mean, of the distribution 
in question, and equal the second moment about the mean 
of this distribution^ c, » c^^O, and consequently if the 
valqes of may be neglected, the equation of the distribution 
expressed in standard units becomes 

( 15 ) 0 '&- ■•} 

where ‘ 


( 16 ) 


^ 3 “ 

^4 ' -^4 >3 

4 J " H'j 




%' 


■I! 




7-v* 
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By employing the Euler-Maclaurin Sum-Formula we can 
write 


ffa)-t-fCa-i-h)f fCc-i-Zh)*- • + f (b-h)^f (b) 



In some cases it may be more convenient to employ a mean 
and a standard deviation of the generating function that differs 
somewhat from, that of the distribution for which the representa- 
tion is desired. In this event the coefficients of the first and second 
derivatives in (15) will not vanish. However, the extra effort 
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expended in increasing the number of significant terms may be 
more than offset by the fact that a rather arbitraiy choice in the 
values of b, and may result in simpler values for 

t - 

which in turn may occasionally eliminate difficult interpolations 
when dealing with tabulations of the generating function and its 
derivatives. 

Formulae (17) and (18) may be regarded as a sort of apol- 
ogy for the fact that the definite integral of formula (5) has 
never been developed. The need of a satisfactory expression for 
the sum of any number of consecutive variates is indeed acute. 

By permitting in the foregoing theory to approach zero, 
one can obtain corresponding formulae for the ordinates and 
areas of distributions of continuous variates. However, it should 
be noted that for this case the limits for the integrals in the 
vicinity of formula (4) are now 


7 ^ 


fim 

h-0 


n 

h 




and consequently the changing of the order of integration must 
be justified. 

In conclusion we may state • 

L Answers to problems of statistical sampling are usually 
expressed as finite or infinitesimal integrals under a function 
whose moments only are known. If known, the function is gen- 
erally of but little value. 

IL It is necessary to approximate the desired integrals by 
emploving frequency functions. 
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111. Present methods are unsatisfactory from the point of 
view that remainder or limit of error terms are not available, 
The. X ^test, though helpful, does not meet the issue in question, 



NOTE ON THE DISTRIBUTION OF MEANS 
OF SAMPLES OF /S/ DRAWN FROM 
A TYPE A POPULATION 


By 

Cecil C. Craig 
National Research Fellow 


Recently in this journal, Dr, George A. Baker has found 
“the distribution of the means of samples drawn at random from 
a population represented by a Gram-Charlier series."^ It is the 
purpose of this note to call attention to the fact that by the use 
of the semi-invariant notation Dr. Baker’s results may be reached 
in very many fewer steps. 

Let the parent population be represented by 


( 1 ) [a H, (§)'■§!, H^( 


JC 


in which 

( 2 ) 




Wol. 1, No. 3 (Aug., 1930), pp. 199-204, 
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the origin for x being chosen at the mean, and 

(3) 




We shall first find the distribution function of 

^ H 

in which , 4 « /, 2 , ■ • ■ /V , has the frequency function 

f (or), Let us assume the frequency function of js is given by 


F(z)^(p(z) [/-f 


(4) 


- ^ 'VI 




) 


Then the semi-invariants of f (x), X^, 

are defined by the formal identity in t : 

(5) c A ,“0 in this case) 
and on integration, using (3), we get at once on the right; 


*2 




Similarly for the semi-invariants L, . L L “ • of F f a ) 

1 f r tt \ f 

we have 


(6) e^'* ' ^*V(j A ^ * * J 


gives 


But because of the weH-known fact that L « fY A 

i P P 


this 
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an identity in t . Thus 



(7) /4^’Z 




Vj/l4' ■^‘(N-Vj-Xl- \4)l ^4 ■ 


the sununation including all terms for which 

Remembering that or^-'/L^ ffjc , we have on 
substitutiofi in (4) the expression ior f (js) since only a finite 
number of A^'s (depending on N) are different from lero, 
To get the distribution of M ’■ t-- ^ only 

k I I ' t ^ 

involves the appropnate change of unit. 


jtX. 


Stanford University. 






ON SYMMETRIC FUNCTIONS 
AND SYMMETRIC FUNCTIONS OF 
SYMMETRIC FUNCTIONS’^ 


By 

A. L. O’Toole 


INTRODUCTION 

The study of symmetric functions is quite an old one. From 
the time of Girard (1629) even up to the present day this sub- 
ject has occupied the attention of many eminent mathematicians, 
The theory of the roots of algebraic equations in one or more 
variables has furnished the chief incentive for the development 
of the theory of symmetric functions. Ingenious methods for 
computing symmetric functions in terms of what are called th 0 
elementary synvthetric functions have been developed by Ham- 
mond, Brioschi,. Junker, Dresden and others. Extensive tables 
of symmetric functions in terms of the elementary symmetric 
functions may be found in the literature, ' 

Symmetric functions play such a pre-eminent role in the 
mathematical theory of statistics and their computation by direct 
methods or by general formulas, even when assumptions restrict- 
ing the groupings of the variates about the various means are 
made, is so excessively tedious that there has seemed to be need 

*A dissertation submitted in partial fulfillntent of the requirements for tbs 
degree of Doctor of Philosophy in the University of Michigan. 
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of development of the theory of symmetric functions in direc- 
tions not suggested by the theory of equations. The ingenious 
methods referred to above are of little or no practical value in 
statistics; for they express a symmetric function in terms of the 
elementary symmetric functions whilst here it is necessary to 
express the symmetric function in terms of what are called the 
pmr sums. Likewise, and for the same reason, the tables men- 
tioned are of no value to the student of statistics. 

Moreover, in the theory of sampling one not only has to 
deal with symmetric functions of the given variates but with 
symmetric functions of symmetric functions of the given vari- 
ates. This then leads to interesting as well as practical develop- 
ments ill the theory of symmetric functions. 

In this investigation it is proposed to: 

1. Develop symbolic methods which will enable. one to 
express any given symmetric function in terms of the power 
sums, without knowing the expressions for the symmetric func- 
tions of lower weight, and which will also lend themselves readily 
.to the construction of tables; 

2. Develop symbolic devices in the more general case of a 
symmetric function of symmetric functions* 
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CHAPTER I 


Direct Computation 


1. Suppose there is given a set of 77 variates* x, , ■ 

JTj . X4* • • ■ a:„ 1 no assumptions whatever being made 
to^ their arrangement about; the various means. Any rational, 
integraJ, algebraic function of these n variates which is un- 
altered by interchanges or permutations of the variates 13 called 
0 symmetru: function. With a few modifications, the usual no- 
tation for symmetric functions will be used in this investigation' 


The power 

S, , Sg, . 

: 

Let 






w 

t 


i't 

JC*« oe*A jr*+ . . ; . 

* 

& 



vZ 

h! 

ac?« jc* + oc" • . • . 

rf » 


. a 

m < ft 


#7 






Further, let ( g "*- A - .) represent any symmetric 
^The. variates may be either real or complex numbers. 
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function of the given variates. In other words, let ( b^c^- •) 

equal the sum of all the terms such as 


a a 


^ CL ^ b 

JC *x »x 


which can be formed from the r/ variates, where a , A , c > 
and 0 ^, ■ . . are positive integers and a ^ b ^ c > 

• r O . c. g, 

i^\ 

J-i 


Definitions ; 

» 

A partition of a positive integer i is any set of positive 
integers whose sum is t . The integers which constitute the par- 
tition are called the parts of the partition and are enclosed in ( 
parentheses ( )- It is desirable to arrange the parts in descend- 

ing order of magnitude from left to right. Obviously then* for 
any finite positive integer t each partition of t contains a finite 
number of parts, If there are r parts in the partition of f 
then the partition is called an r-part partition of t or simply 
an r-partition oft, E. G. (33), (321), (3111) are respectively 
2-part, 3-part and 4-part partitions of 6. When repeated parts 
appear ju the partition it is customary to write one of the re- 
peated parts with an index corresponding to the niimber of times 
that part is repeated. Thus (33) is written (3^) and (3111) is 
written (31®). The number t is called the weight of the par- 
tition, For a discussion of the formulae for finding the number 
of partitions of an integer the reader is referred to Whitworth's 
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"C^ice and Chance.”^ 

It will now be dear that the notation introdwced for the gen- 
eral symmetric funcstion is a partition notation. The weight of 
a symmetric function is the degree in all the variates of any tens 
in the summation. The order of a symmetric funcrion k the 
highest degree in which each variate appws in tiie summation. 
For instance, in ^ '*' * • the weight is 

4+ 3+2*9 and the order *^is 4. It follows that in the partition 
notation of a symmetric function the weight is given by 
^ and the order by d . In the par- 
tition notation the power sums become simply (1), (2), (3), 

I ( t ) respectively. 

For the purpose of mathematical statistics^ mordents rather 
than the power sums arc the important thing* However, the 
transformation from power sums to moments is so simple that 
the results of this investigation in terms of power sums may be 
written in terms of the moments by putting 

*« * » 

^^t:X • * 


where u* , u* , u' 

' ^jjac * 

statistical moments of the yy variates. 




I 2. It is not difficult to express certain symmetric functions 
in terms of the power sums. Practically all texts in higher al- 
gebra devote a section or two to this problem. Most of those 
which develop general formulae do so by using the properties of 
the coefficients of an algebraic equation. Howevei', many others 
have developed general formulae in symmetric functions without 

^ E- Steehert and Co., N. Y, 
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making use of the algebraic equation in their derivations. The 
latter procedure will be followed here in order to emphasize the 
fact that the interest is not in the theory of equations but in s 
sd of variates such as might appear for instance in a statistical 
problem. A few of the general formulae of s)rmmetric functions 
will be developed now by direct computation in order to demon- 
strate a basic theorem of this work— a theorem which will be 
stated at the close of this chapter. 

Multiplying s, and s, the result is 

• ■ • • (jc, '+x„) 

* Z * Z •*/ - 

i»l /»/ 

U)(0 » (eOH3) , hence 

(20 -(2)il)-(3) 

Similarly, if u ’fv 













i U V U V 




\ / u-fy u*y 
)+{x^ fX^ ♦ 


) 
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J n 

■Z x,“4r/ * Z ^ 

J-’t 


Ui-V 


Nj , 


, : ' a modifaion i, ^ 

... 

f , ' 

y-; 

andftu, 

fete ‘"a tar over 2 u i„- 

(22-)-s^ "'ulfplication of 2 and // , i g. 

/I , -r,> ■• ;(x 

g; rfe ' ^ 


<■/ 

J^i 


V 
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m 


n n 

J L^i ^ 
i’-t 7 ’/ 

/./ * i « 


(uYw)-f(u + V, w) + lY■^■WtU)*(u+W,v)+(u^■V^^yY) 


the commas being used to separate the parts of the partitions. 
Now applying the result obtained for ( u v ) to the second, third 
and fourth terms on the right of this last expression, it becomes, 
since 


(u*y,w) (a + v)(yY) ~ (u + y + iv) , 
f v-t-vY, u) - (v-hwjfu) - (u+y-t-w) , 

} 

(u-f-yy, y) = (u*yy)(yj - (u-t'y + yy) , 

(u)(vXvY}-(uyvy)*fui-y)M-t(y^w}(u)+(u*yY)(y) u-^-yiyy). 


Finally 


(uvw)“ (uXv)fw) -(u* y){ w)-{v+yy)(u) -{u* w)M +2fu+y-fyy) 


~ ‘^u. *r ®iv ~ '®u " ^u+Kv 


If 


u-y-yy , then a modification is again necessary, and 
repeating the multiplication with u < 1/ > iv it is fouyd that 

( 3 !(ty^) •‘(u}^ -J(Fu)(u)+ 2 ( 3 u) 
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In like manner, if i a + v 

ui^v^w + & \ etc., then 

-(u)( 2 )(v^\N)-{v)iw){ui‘l^(v)(^^ 
•(y^)(E)(u^v) ’h2fu)fv^\/S^^^)f2{v}(ui^W^z) 


If 2 t then 


A\(u^)-(u) - 6 fa) ( 2 u)'^&fuX^) 


= 3^ '-^•3*$ -h 8 s s - 8 s 

^au a Ju au 4 a 


Similar modifications are necessary when some but not all 
of the parts of the partition are equal. For example, 

P/ ‘ ^ J t, i J w ‘ 


J*/ 


J»/ 




^(2u4‘V)^(Zu^v) 4‘ 2(u-h\^^a) 4^Z(u2v) 

*(iu)(v) 4 2 (u)/u 4 ‘\/)- 4 ( 2 u 4 ’^) ^ 2 /a^^) 
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hence 


2! (u^y) - (u)^fyj ' y) - Z(uXu^y) Z(Fu^ v ) 

^ ^2a \ ^ ^ y 


3- Proceeding after the above fashion, any symmetric func- 
tion whatever can be expressed in terms of the power sums. 
However, the process becomes increasingly cumbersome and the 
general formula is of no practical value for the purpose of com- 
putation. Moreover, it is necessary to use a continuous process, 
that is, to work from the simpler symmetric functions of small 
weight to the more complex symmetric functions of great^ 
weight. 

A special case may be worth mentioning to illustiaie still 
better the carrying out of the direct process in the general case. 

(u) “ ^oc“+jc“+. - . • 

Applying the multinomial theorem and assuming that the law 
holds for < - 1 and that the symmetric functions of weight less 
than t are known and transposing all the terms of the right 
member except the term involving ( u , it is found that 








where a, , a,, a^, . . . . , are either positive in- 
tegers or zeros such that a, + a, * a^*, . . + 0 ^ m y and 
ct, 2a, * 3a, ^ * • 4 ^af~t . 
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In particular, if then 






This last result may be expressed very conveniently in de- 
terminant form. Starting with the results obtained in article 2, 
it is seen that 

//(/) = S, . 

- 3. I 

2U/^) - 

Sj 5, 

3 , / 0 

h ^ , 

= s, 3, 2 

Sj 

S, ! 0 0 

Sj Sj 2 0 

S 3 Sj s, 3 

V ^3 5, 
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S, 

/ 0 • 

• - 

• 

0 

Sg 

5, 2 0 

• 

- 

0 


s, s, 3 

* ■ ^ 

0 

' 

: ‘ ^ 


* « • 

. . . s. 

•Sg 

3/ 

• • 

t‘2 0 


5^-2 • ' ■ 


Sa 

5, tl 




Ss 



To establish this general law it is sufficient to note that the 
devdopment of this detenninant gives as a general term 



where a, , clji • ■ ^ ^ are positive integers or 

zeros which satisfy the conditions 4 a 

and ^ 5a j ^ * . . ta^ = 

Hence the determinant is equal to 


H-!)' 


t! Sf ■ 


where^as before, the summation is over all the different terma it 
is possible to obtain by assigning a, , Af,.. , . , <i( all 
positive integral values or zeros which satisfy the conditions 


eif + > + 

Of + 2a,, ■ ■ + io^ ' ^ , 
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4* This chapter will be concluded here with the statement 
of a very important theorem which may now be written and which 
will serve as a basis for the developments in the chapters to 
follow. 

Basic Theorei^: 

! Any symmetric function (defined in article 1) may be ex- 
pressed a rational, integral, algebraic function of the power 
sums. 

Further, each term in the expression for the symmetric func- 
tion in terms of the power sums is of the same weight as the 
symmetric function itself. Hence a term which does not arise 
from a partition of the weight of the symmetric function cannot 
appear in the expression in terms of the power sums. 
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CHAPTER II 


A Differential Operator Method of Computing Symmetric 
Functions in Terms of the Power Sums 

S. Consider a symmetric function { c , .) of 

weight bV of the variates ac, , i ^ « ■ •» • By the 

theorem demonstrated in chapter I and stated at the close thereof 
it is possible to write 

{a'^b^c f (s,.Sg, ' • • , 5^) 

where f stands for a rational, integral, algebraic function of the 
power sums 5|, • . * •» , and where each term in 

1 is of total weight w , i. e. isobaric. 

In the preceding chapter the direct method of computing a 
symmetric function in terms of the power sums has been illus- 
trated. But that method has two major disadvantages. In the 
first place, it is necessary to know the expressions in terms of 
the power sums of the symmetric functions of lower weight; and 
in the second place, it becomes altogether impractical for any«- 
thing but the simplest cases. It is proposed to develop a method 
which will have neither of thes( disadvantages — in other words, 
to develop a method which will express any given symmetric 
function directly in tenns of the power sums without knowing 
the expressions for the symmetric functions of lower weight, and 
which will not become too unwieldy. In addition, the method 
ought to lend itself readily to the construction of tables of sym- 
metric functions in terms of the power sums. 

The method developed hei^e will be a differential operator 
method. It may be stated at the outset that many schemes for 
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determining differential operators which will do the work are 
possible. The writer has investigated a number of them. The 
operators developed here are given 'l^use they seem to satisfy 
best the demands just imposed on me method of computation. 
In fact, their simplicity and the directness with which they pro' 
duce results indicate that they are the simpleit differential oper- 
ators that can be developed for the problem. 

6. Suppose now that a new variate r^,^, “ * is intro- 
duced. What effect will it have on ( a* . . ,) and on 

f ? First consider ( a*b^C^. . •)• Since all the variates 
enter the symmetric function in exactly the same way, new terms 
involving k in all the ways in which the other variates appear 
will be introduced. For example, if the original set of variates 
•• I 1 I and the original symmetric function 
(32)»2i ’xf Xj , i^j then this symmetric function is 
made up of the terms 


* 



» 






^se‘ 


JC* JT* 

Intn^udng a new variate 

Xs * ^ > produces the new terms 

s.a 
x^ k 

x^k 

x,k 

x^k 

kx, 

kx^ 

k 

kx‘ 

or that is, produces Z k’xf and Zxjk* And since k is 
a constant with respect to the summaltion, these niav 

tawrito 1,2, 3, 4. 

Hence ^ 

becomes 
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i. e., (32) becomes (32) + ^*(2) * 

Similarly tf must enter ( a"* ^ . . . .) Juit ®s 

every other variate does. As a result new terms are produced 
and ^ ... .) becomes ( a* . . . .) 

+ k^U'^b^c '*- ■ ) * 

Next find what happens to / ( 9 ,, S*. . . . , 
when the new variate ^k is introduced. From the 

definition of the power sums it follows that 


S| 

becomes 

a, + k , 

Sa 

becomes 

03 tk^ , 


becomes 

Sj + fc® , 

* • * « 

s* 

» • « * 

becomes 

St* k* , 

4 A * • 


becomes 

< « * i 

8^* k . 

Hence f ( a,, a,, . . . 

Oy, ) becomes 

f( 9 ,*k. 


■ ' Sw+ k'^) 


Taylor’s series for several variables is 

f(x*h,y^k,B.+m^ • - 0 “ ffx,y,g, > • ■) 

'*‘(h d/dx ■*■ kd/dy * *••••)* ^ 
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where the multiplication of operators is algebraic, 

Applying Taylor’s series to the function under consideration 
the result is ’ 








• ' '.S^) 


^-i/cd/ds, ^ Xrd/c>5, ^ . . + k f 

Hkd/Ss,*k6/6^^^. . . • 

Akd/ds,^. kd/<)B^^ .... 


■ (kd/i)s, 4 k6/Ssg, + . . . 


■i-k'^6/d9 ri 

' W ' fcVj 


all other terms being identically zero. 
Now let 


dy' ■ ■ ■ V kK. 

Then ctf.(a/<fs,)(d/dB,)^ aydsf and 
similarly 3*7^3“ 

It is now possible to write 






')-f 


+(kd,4-k%l^^.k^^ + . . 

• «v 

F(kd^4-k%Y^4-k\d^+ • • 

Hkd, + k^d, + k^d^+ • • 

■ 

• 

^ikd,4k%4k^d,4^ . 


■^k-djf 

* • « * 
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Multiplying out and collecting coefficients of powers of k , 
this becomes 




all other terms vanishing, where 


(1) 


llDrdr^Zd,. 

y.q=d^^6c/,d,*6d^, 

^4d.d^ */2dl ^24d^ . 

5!D^d;*20dfd^^60dX*6{y^d**Je^,c(, *liOd,d, 
e{D^-d^30d*d^^tZOdfd, *i80d‘dl *3€Od‘d^ 

■^7^0d,dgd^ *7^0d,d^ *7^0d^d^*/?dtt[*3Sdd^^7md^, 


etc« 


Applying the multinomial theorem and then picking out the 
coefficient of k ^ the general term in this coefficient is found to 
be of the form 


d*d;d‘=. 

a b c 

A! b!Ch 


wherp Q , h , c , . . . and A , R , C , . , . are positive 
integers which satisfy the condition aA * ^cC * ■ • • ^ = t . 
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Hence 


t!I>t -I 


a! 5! a 


where a A *■ 6 B c C i ; 


i. e. the sum of all the different terms which can be fonned by 
assigning to £2 , C") . . . . , A , B ,C. . • all positive 

integral values which satisfy the condition aA + bB^cC*--"’‘t. 
From the above relations it follows also that 


d,’‘D, , •- 
i<L, 

3d, 


( 2 ) 


4d^-(Dr4D^D, ^ZdI*4D,D^ -4D^), 

*5P^D^ ^5D,Dl~5D^D, -3D,D^ 

6d^^-(D;~6D;D,*6LX -6D\ 


td,.(-i) ZH) ~f g! ci 


( v-D / 1 d2 V^dI 


where a, 6 ,c , . . A , ^ , C , . . . are positive 
integers and where the summation is over all the different terms 
which it is possible to obtain by assigning positive integral values 
toa.^.c, , . A , B , C , . . . which satisfy the 
conditions >4 + fl+C+- , . . -v , aAi-bb*cC* •••-if. 

7. Now since ( oT- , therefore replac- 

ing f by ( a be,.,') the effect of the introduction of 
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the new variate * 27 ,^/ niay be written 

{hkD,+k^D^* ' ' ' *■ 6^c ^ 

i-kya*'‘b^c .^4' 


(3) 


Equating coefficients of equal jrowers of A" , it is obvious that 


Dfi ^ ^ ' ‘ ') , and also that 

Df(a^h^c^-->) = O it r is not among a,b,Ci 


The relations between <i and l> given above 'enable one to 
express ( a**' <6 C. . .) in terms of the power sums. 

One particular case is worthy of mention. If 1 is not amtMig 
a , b , c , . . . then D, {o'* . .) - 0 and hence 

and therefore also ci,^f = af/'f » • • • 

In this case the operator relations may be written simply 


(!') 


i>ro . 
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4 6d^, 

etc. 

and 

r 


( 2 -) 


d^-D^, 

» 

dj^ Ds - I>M D^ , 


Letc. 

Hence when 1 is not among a ^ b 9 c t • . • then s, 
cannot appear in the expressiop of ( c* . . .) in terms 

of the power sums, i, e. all the coefficients of terms involving 
a, vanish identically. But it must not be assumed that if 
s, " Q then of^ / ^ 0. Ordinarily this will not be true. It is 
necessary to And df/ds^ and in it set « 0. In statis- 
tics, s, « 0 corresponds to the case where the variates are 
grouped about their arithmetic mean, i. e.*so that ^jr*0. 

& The application of these operators c( and D to the 
computation of a symmetric function in terms of the power sums 
will now be demonstrated. After that their use in the construe* 
tion of tables will be considered. 
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Suppose it is desired to express (3^) in terms of the power 
sums. The only terms which may appear are given by the par- 
titions of 6 . There are eleven partitions of 6* Hence let 


(3 a, s,\ * s,% * ^ a^s, 

*/ ^ «// «« • 

Since (3^) does not contain 1 as a part, £), = ^ 

and cannot appear on the right' side of the above equation, 

Now operate on the left side of the equation with ^ and 
on the right with cf ^ , 






+ «/o 


hence 0 - s3a« and therefore - ■ 0 . 

operating on the left with and on the right with gives 

Yi since D, (3*) « (3) and «« - >• «• 

Sj » 2)0^ S 3 . Operating on the left with 6 and on the 
right with * 6cl^d^ + i- C d^ gives 0''6a^ 

+ 6 and thus Hence 


( 3 ^) = \)/ 2 . 


Similarly let 


Operate on the right with d* and on the left with 
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m 

This gives 

20 a, s,^y- 6 s, * ^a,St 

hence 


Operate on tlie right wkrj 

(D^-2Da)' Then - 4 s, -h 2 ctf, 3^ 

and 0 ,^- 0 , 

Operate on the right with 4ci4. and on the left with 
-(D,*-4D^D^ *2D^^*4V, ~4V^). Then 

-4s, =4a,s, , a.^=-l 

Similarly, r)i>eratlng on the right with 5 and on the left 
with its equivalent in terms of D , the result isS'^Sa, , a,“l. 
Hence 

^ s,s^ ~ s )/ ^ ' 

In the case of (3 ) the operations on the left were per- 
formed with 2^ , and 6 , and on the right with 

their equivalent expressions in terms of x , 

dg y d^y with D,-ci^ * 0. In the case of (31 the op- 
erations on the right were performed with 2d^y 
S dg I and on the left with their equivalent expressions in terms 
of 2^ , ^ t -Aj- . Obviously it is immaterial from 

a theoretical point of view which procedure is followed. For 
practical purposes it will usually be found that the procedure 
followed in the case of (31 * ) is preferable, 

9. The application of the operators to the construction of 
tables of symmetric functions in terms of the povser sums will 
now be illustrated. 
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Weight 1 : 




Weight 2: 

/• “ ®af 


3. +<ZgS^ . 

JD,(l^)=>ci,{a,s^*ag,s^) , < 3 ,-//?. 
2D^(l^)^(<if*2d.^){cL,s^+<Lg^^^ ) , « -l/Zt 


Weight 3: 

For all the symmetric functions of weight 3 f will be of 
the form 

9^ Sf +aj Sj . 
d,f=3a,9,^+ag9^. 

(d^-t 6d,d^* 6oi^ )f « 6 (cl,* O j, +Q.^). 

I. (3) = . 

a. since I>,(20-C^) *^3; therefore 

and hestce 

J. +^>s,)/6 since 

and = ; 



ON SYMMIiTHlC INUNCTIONS 


Ut» 
therefore" 

6Djl^)-0 hence »- cv, - 42^ // 3 ^ 

Weight 4: 

For all the symmetric functions of weight A f w ill have 
the form 

f . eL^s,f*a^sfs^ * s, 5, a, s» 

d/~ 4<t,s^* 

(d**f2dfd^ ^-Z^ctfCtj *t2dgi24c(^)f^24fa^ra^ ^ *<^). 

A ( 4 )-^^ 

i. (2’)‘fe*.sJ/2 since 0,f2V^C?, 

2Dg(2*)’‘ 2(2) = 2a ^ ^ 

Z4Dj2*)-0, a, >-//£. 

* (3{) - Sj 5, - since ■ D, f^)‘ 

Oj'/. 2J>gf30=O, 

a^-0 1 24D^f3i)-0, a^.-/. 

since 

)~(^/)^ ^ * 0 , ^ ] 
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2Dg{2l^) -2(1^)’^ fsf-s^),2a ^ - //^. 
a^‘ -//2 1 24-D^(ai^)^0, q,-/. 

3 , (/*)-(st-6s\ ^Ga,a^^36^- 6s^)/£4, 

since / 6 

a,*t/34-, <ig_’-l/4, //3 ) 2Dg(l^) =0, 

Weight 5: 

f-a, sftaj,a,\ a,\ * a^a, 5,% o^s, 

d,U 5a, af-* 3<^ fa^-t- 2a^ «, e ^ ^ a * + a ^ . 

(etf+2cl^)f ’*2(f0a, *ag)af*20ag *2a^)a, a^ 
*2fag*a^)ag. 

(ci,^*gOd,^ct, *60etfd^ *6Od,dS*tS0d€U -HeOd^d, 

* t20dg)f* fSpfa, +agtag+Qg*Qgfa^4 Qj). 

i. 

A (A2)»a^a^-ag, 


since D,(<32)’‘0, 
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Qy ■* Og » a j » a^- “ <? y d? (32^ “ 2 , 

/20djj (32)'‘0, <*7 ■•~«2a --Z. 

a, (4-/) « 5^ 5, - Sj , since i? ^4/^ * 

I 2Dg(4l}^0, cl^^Oi 

IBOdg (^l) ’‘O , <2,, *» - /. 

-». ('d? */d/ * ^3^ a , - 2^3 «, )/2 , since 

Dj£^l) , o.f’' ~ “ Og * aj bO, 

- //? ; 2 Dg(2^l) -2(21), -/ ; 

/20Dg(2^f)-0, a^nt. 

t. (3! V-fSg a *- 2tt^s,- SgO^ +2 S 3 )/2, since 

D,(5t*) -(3f) ^ Qg^f/E, a^’O, aj-'/; 

2J>g(3l‘)-0. <ig,^-CLg^-J/2; t20Dg(3l^hO, «,-/ 
a a*. «3s*3^ a^ a^ -4Sj)/6, 

since D,(2/^J-(2J‘). ay-d, ag^l/s, 

<^g-l/z. a,,-/; 2 Dgl2/^)^2(/^), 

a, - ; fSOD^ (21^)- O.a^M- 2/3. 

7 . U’) -(sf~tOsgSf^ *20 Sg s‘+ iSa^ -JOa^s^ 

*2is/i/t20, since I^f(f^)“(f^), af‘l/f20, cig* d/f2, Oj = 1/6, 
o^-//Sf a^^l/4,2Dg0>0, ai-ag‘^/6;/20Pj/}^O.a,-(/&. 
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Weight 6 : 

<Zs«/ * a,«s| ^o,/S«. - 

eaf, A 6a^sf-t^4ag^ a^ a^'*-^v?a^ajS^^ 

i-^a^Sg^Si * Za^s^s^ + a^s^ s^* o,«^ . 

(cLf^-Zd^ ) 20 Sq, *ag) s*i^ Sa^ ^’SgS,^ 

^2f3a^*a^) s, *2h^-t3a^) s^ *B(a^ 
(df*6ci,dg ■*■ Sd^)f^ 6(20a.f*4a.^+a^'^ sf 
* 6(4a^^4<t^ G(a^*a ^* ; s^ , 

(dfi^JOdJkg * t20clj*ci^ * IBOd^dl *360 * 7go<i,d^d^ 

+Z20d,d^*720d3d^*/2&df*S60df* 720d^)f 

• 720 fa, *ag *a^ *4,^ ’>«jr ’'«« *^r**>e * **« ''*« ^‘*//-)- 

/. ( 6 ) » s« . 

(3‘)-(si~s^)/2, since operating on this .sym- 

metric function with Df .2 2)^ .6 2)^, 720 2?^ and comparing 
coefficients of the symmetric functions thus obtained with the re- 
sult of the operations on f above gives 

For operat- 
ing with Z), and comparing coefficients of ^ 0 with 

d, f above gives ot, - a, ' Oj *=■ •• • a, e o. 
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Similarly, operating with 2 Dg gives Og • 1/6 , <2^ - //?. 

Operating with 62^ gives <2,^-0. Operating with 720 
gives a II - //J. 

4 (42}’ia^ag~Si^. 

«. -o^Sj -a/ s 

« (4/ *) « a, ■ 

« (2^/^)'isla*- s*~ 4s^ m, + 

- Sg\2s^ - 6s^ )/4. 

/A ® «f + V/ 

- /6a^ s,> *'^%*Qa\*l€s,^24-. 

M. a*) - a/#4Ja/a SO s/- /«?•», V/ 

f /44a^ * SOa^ a^ - fSs^*40a * - 120 )/J20. 


Note that only the fpur operator relations given above have 
been used in finding the expressions for all eleven sytiinietric 
functions of weight 6. 
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CHAPTER III 

Symmetric Functions of Symmetric Functions 
A Problem in Sampling 

10. Consider again the 77 variates cc, , , 

Let a,,ar * '=5,^ - "I®"®'® 

power sums, the Jc subscript being introduced here to keep in 
the foreground the fact that the summation is with respect to jr . 
Now raise each variate to the power rn, where 777 is a positive 
integer. Thus a new set of variates is produced, viz. 

• ' ■ * Suppose now that samples, each containing t vari- 
ates, ( r ^ 77) , are drawn m all possible ways from these 77 

new variates. Obviously there will be samples. Denote^ 

them as follows : 





* ■ ■ 



’ ^SL * • ■ 


^3 

m m 

’ JTj * ■ ■ ■ 

* r* 

" ' ^ •SC ^ / sc 

L-* ^ ^ 

A * « • « 

• « • « ■ > 

3 = j. 

« - 

rtn^t ^ 

• *<-Z ' . 

Wotation 

suggested by Editorial, 

Annah of Math^fmatical SiatisHcs, 


(1930), page 100. 
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Z 

where 2/ * ^ ^ variates appear 

ing in the i*th sample. 


Further, let 



Vi 

rFr 


3 





represent the power sums with respect to 

Now, since each is a symmetric function of certain of 
the . . . . , aynimetric function of the 

is asymmetric function of symmetric functions. The situ- 
ation here is’ then considerably more complex than in the preced- 
ing chapters. The problem now is to express any symmetric 
function of the in terms of the power sums with respect 
to jc. It is not difficult to imagine how much more complicated 
and tedious the direct computation is here than in the problem 
already dealt with. But these symmetric functions, particularly 
the power sums with respect to if , play such an important role 
in the theory of sampling that k is now proposed to develop a 
differential operator method for expressing symmetric functions 
of the in terms of the power sums with respect to 

On account of the presence here of symmetric functions of 

both JC and 2 it is necessary to modify the notation of the pre- 

/ 
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cedirg chapters. Let (<X^ be the general sym- 
metric function with respect to and the 

same general symmetric function with respect to m* Under this 
notation the power sums with respect to ^ may be written 
(1) , (2) , . . M ( it)^ , and the power sums with respect 

to £ become (1)^ , (2)^ , . . • 

, 11. Case W7»l. 

Consider first of all the case of samples when 77 >«L In 
developing an operator method for expressing ( ci 
in terms of the power sums with respect to oc it will not be 
necessary to deal with this general case. For the operators de- 
veloped in chapter II will express ( in 

terms of the power sums with respect to b ■ Hence all that is 
required is an pperator method for expressing the power sums 
with respect to 2 in terms of the power sums with respect to Jf. 

That it is possible to express the power sums with respect 
to z in terms of the power sums with respect to JC can be 
demonstrated by direct methods. Recall the theorem stated at 
the close of chapter I and note also that in any power sum with 
respect to h each term is a symmetric function (a power sum in 
fact) of certain of the Each x enters 

exactly the same as every other jf and the power sum with 
respect to ^ is unaltered by interchanges or permutations of 
oCf y I . . Hence the symmetric function with 

respect to is also a symmetric function with respect to x and 
therefore can be expressed as a rational^ integral, algebraic func- 
tion of the power sums with respect to X. Moreover, as before, 
each term in the rational, integral, algebraic function of the power 
sums with respect to sc will be of toUl weight w if the sym- 
metric function of the is of weight w ; that is, the sym- 
metric function is of the same weight in X as it is in « , Tliis 
last conclusion follows directly from, the definition of the 

Although the problem here is more complicated than that 
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in chapter II, nevertheless the approach to the problem in that 
case suggests a beginning here. Let 

where f is a rational, integral, algebraic function of the power 
sums with respect to cr. Since is of weight w, no 

power sum of weight greater than v/ can appear in f , i, e. no 
power sum higher than ^ • 

Introducing a new variate ® ^ i as before, changes 

^ ^ * * • > ^ ('^nx ^ 

already been 

shown that this new f may be written 

. . . +k^Djf 

where, if cly c 8/dg ^ ^ the relations between D and d 

are given by (1) and (2) of chapter II. 

What is the effect of the new variate "k on 

(w)^ ? If no further assumptions are made then obviously 
there will now be samples. The introduction of new 

samples complicates things and no operator relations are obtained. 
It would, seem desirable to preserve the number of samples. This 
may be done by making suitable assumptions. Just as the new 
variate is arbitrarily introduced, so its behaviour in the sampling 
process may be arbitrarily determined in any way that will bring 
results. With this in mind, select any one of the original variates, 
say wT^- . Let « Ar- Now assume that 

4r « is so relaited with that in the sampling process 

every sample which contains also contains , i. e. con- 
tains ( , In other words, in order to keep the num- 
ber of samples the same, Jf/ and are always taken to- 

gether in the samples. 

Now each variate appears in (1)^ exactly ^ ^ 
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times. Hence ! ^oc- appears C times in 

the new (l)^ . Therefore the new (l)^ is equal to the orig- 
inal fl)£ increased by f = k C . 
Similarly (2) ^ becomes (2)^ ^ k^- C ^ ^ 

where the prime above 2 indicates here, and in what follows, 
that )a' is obtaind from by replacing n and r 

by V- 1 and r- 1 respectively in the expression for ( ^ 
in terms of the power sums with respect to ac . For example, 
since (l)^ ‘„-pr-/ ' 

Tt-p" r-2 ^ Is X ' 

Applying the multinomial theorem to the samples, the effect 
of the new variate may be written 

( 1 ) ^ becomes ( 1 )^ v- , 

(2) ^ becomes (2)^ +2lc(/)^i + ^r-f • 

(3) ^ becomes (3)^ + 3k (2)^, ^ 


{W)^ becomes (w )^ - 
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Now since =f , therefore 

*^C,k‘(«-l)^-j:,-k’‘U-3)^, 

, V. ■ ■ • • 

Equating coefficients gf ec^ual powers of k it follows that : 

D,M^- Si (<^-0^, , 

« « « • , - • 

-P / kv) = C 

•^av-/ ^^4 * vfy^-f ' ' 

O if u>w . 

12. Before proceeding to the application of these operators 
it ought to be remarked that other sets of differential oi>erators 
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can be developed. For instance^ it is possible to develop a com- 
plete set of differential operator relations by adding k to each 
of the given variates. But the operators thus obtained are very 
cumbersome in comparison with those developed above. The 
statement made with respect to the operators developed in chap- 
ter II may be repeated here. There is every reason to believe 
that the differential opierators developed here are the simplest 
that can be obtained for the problem, 

13. The use of the operators developed in this chapter will 
now be illustrated by computing a few power sums with respect 
to Z in terms of the power sums with respect to ^ . 

/. Let ( l)g “ je • 

Df ( Og •= a, S/ . jc * ‘s 

. Hence 

fi 


n-!^ r-/ ^ ixx 


2. Let 


2^2 : X' 




’ rt-f’r-Z 


/ ;«■ 


'' 2 a ^ 

/ / .■ . 


C 

n-£ r^z 


^ "n-s^r-e n-/ ^ ^ • 
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3 Let 

( 3 )^ - O, «,■’» * ^ * Oj ». •■r • 

s, 04 . f, 

3S)^. . H,f. 

^ V-3^r'3 '^’^( n-2^r-2 ~ fr-3^/-.g^ 

' ^f-x ^ <2^ •Si , a: . hence <a, « jC^. ^ , 
3fD^(3)^ ^ (df+6ei,eY^ + 6d^)f , 

« 2 »=„/C -J C -i-P- C 

3 n-t rr/ 71^2 f-g ^ 7 i- 3 ^r ~3 ■ 

^' 4 * 7 t- 3 *~r .3 ~ n .fr -3 ^ x 

. *^r7.l^r-l ' 2^,-2 TT-3^r.3^ ® j ■ «■ • 


<^. Ut 


X B X + 


( 4 )^^ f » V- Sj 

'^1. X -s/.-a: Oj 'S^ 

D,(4)^ * c?-, 

4(3)^, X d, f, 

77-4 ^r -4 S/.or ^ 
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m 


as ^ "h 2 ^ ^ ^ ^ ^ • 3f * 

^/ “ ^ * ^s *“ ^(rt ^3 ^r ~3 * 77 --# ^ * 

^ ^ (r9-S ^r-B '79-3 ^ ^ ^ *77-^ J • 

ZlDj4)^ (d,\acijf, 

12(2)^, ^(d,'^*2djf, 

12 *7/-3 ^^-3 ' ^ I ' X ^2 ( n-Z ^ r- Z ~ »-a ^z"- S ) ^S:X 

- 2(&a,+ag)s^.^ + 2(a.^ + 2a.^)^^.^ , 

^4.'^'^ Cn-z ^ r~z ‘rt-s ^ r ~3 *' 71-4- 

4(Dj4)^~(d^^l2dfd^ ^2ddd^^l2d^^24d^)i, 

24'^.,Cr^, ~24(a,+a^+<i^+a^-ta^), 

^s ” tf-/ ^r-/ ~ ^' 17 -i ^r-g * ^^ 'w-3 ^r-3 ~ ^ 'w-4 ^ r-4 ' 
(4)^ - „.^ + ^(rr-s ^t-4 ~n-< ^r-«J®# :» •*«!» 

'^4 - 3 •„., ^/--j * 2'/»-# ^r-*)'^! IX ^4iX 

'^Crt' Z ^ r- 2 2' ff-a^ r-s rt-4 ^ r-4 ^'^Z:X 

■*• ( n~/ C f-t ~ ~^' Tt-Z ^r-Z '*' ^2 „.a^r.a 
Tf-4 ^ k- 4^ i sc 
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14. Now consider the case where tt? is any positive 
Write ^ operators developed in this chapter 

will express any power^ sum with resi)ect to £ in terms of the 
power sums with respect to ^ , i. e, in terms of 
^3 V' ■ Obviously 

and hence the operators of this chapter will express any sym- 
metric function which is a power sum with respect to s. in 
terms of power sums with respect to x * viz, in terms of 
^am:x ' ■ where OT is a pos- 

itive integer. Hence the operators developed in chapters II and 
III will express any symmetric function of a • , I, 2, , . . 

r" i * 

» . ^ a positive integer, in 

terms of power sums with respect to jc . In particular 



77-/ 

®m • jc » 




( 2 )* 

~ n~S ^r-2 

^ m:ac ^ 




( 3 )* 

V-3^r-3 ■ 

m X 


t 



^r-l 

’ TT-a ^r-2 * 




15. Consider 

again the 

case 


P, - 77-/ . 

fi,’ 





" n-k 

r. 


Theni 

ias "* ; sr f 

®4ra ” ^ ®a.jr 

’Notation suggested in Editorial, Amah of Maihcmatual Stnihliej. 1 
(1930), page 104. 
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Ml 


> 4 (p^ - 3p^ ^ 3(p^ - Bp^ 

*(pr^&* -^Pa)\,xf 
etc. 

The question as to whether the coefficients m the above 
expressions follow any simple law now arises. Instead of 

Pic * w-4r a ^ i Write 

if ^ r . Let 

(p)’‘p. 


Pjp)^p-3pD^^2p^. 

PJp}^p-7p>’‘*l2p^-6p^, 

etf. 

Further, let be the expression obtained from Pf (p) by 
going back to subscripts instead of exponents. Then 

Prpi * 

Pg "Pi 'Pa . 

-3p^ * 2p^ t 

P *P. - 7 Pa * , 

etc. 

The expressions for » • • • • may 

now be written: 
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^^g;X ' 

^^faC^six ■*" -jp ' 


a vac 


etc. 




where, of course, Pr P^Pt ' ' • is to be found by niult:- 

plytng Pf.(p) f%(p) P^ (p) . • • • • and then changing 
the exponents in the result into subscripts, e. g. To find 
first find (p) ^(p -p ^ * p* and then 

change the exponents into subscripts, obtaining *-p^. 

One further step is necessary in order to emphasize the law 
for the formation of these expressions for « s .... 

Th^ may be writt|en in the form 








5V, 


P* ^a:oc 


3 / 


’)■ 


El 


mi 


3 

3 f / 


^ 3 ^Pa 

' 2 ! H 21 


^ 3 P<* ^/iJf Pa^l.jc ^ . 

a a ^ » ' . . JS ^ — I.. 


ff 3 t 


21 ( 2 !) ^ 
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I t/ fC 


I K 

• • 

(urcj'/ckf)"- 


J!j!Kh 


After computing by the direct method the first eight mo- 
ments, under the assumption that s , . « 0, an article^ 

which appeared in the Annals of Mathematical Statistics gives 
the following law for the formation of the functions pt(p) 
for 2 ^ ^ - • ,8: If ^ ^ t coefficient of 

in the expression for f/c?J , then 




This is equivalent to saying that 


Ptlp>'L 

m»o 




iSfH 


That this law holds for all values of f;-!, 2, . . . . 

is now easily established For if it be assumed that this law 
holds for the expression for (^'0^ iu terms of the power 
sums with respect toot , then it holds also for because 

the operators Df , , ■ ' • , and the equivalent oper- 
ators in terms of cL,^ df will express 

in terms of the power sums with respect to z. and of weight 
less than t . And the coefficients of the terms in the expression 
for depend only on the coefficients of these 

power sums of weight less than t . g- Supp»ose the law 
holds for r* 1, 2. Let 

Qj ^ ^ ^ ^ ^3iac * 


^Editorial, Annals of Mathematical SiattsUcs, 1 (1930), page 107. 
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Operate on the left with and on the right with . 

3(b)^. = V- , hence 

Q Q = 3PP* 

Operate on the left with and on the nght with (.d^ 

+ 6 dj) , Tlien 

GPf ^ G(Oi * Og * }, 


therefore 


p.-p.^-ap.Pi 


But 


P,(p)-P, V/>; - 3fj(p) Pg(p)pp~/o^-3/o(f>-fi^) 

- Pg 


Hence 

Qs-P, 

16. Consider the functions tm. 1,2,-' •, • • 

P, (p)’P. 
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f^t/o)-/>- ^ ^ ^Oyo 60^ f 

pj/j) =/3 -J/yo^^/SO/> ^-390/0^ + J60/>^-/POp^. 
F^ fyoj ~/o -63^^+ 602 /o ^-P/OO/o"* 

■h336fi^- 2SPC/0 ® / 720^ ^ 

^ (/>)‘/o - /27ycP^/93P/>^- /O206/y ^ 

+P5POO^^- 3/920^ ^ ^ 2&/60^ ^ S040/> ? 
P^(73)^/o-2SSyo^*6d50^'^~46620/o^ ■»-/66824^ 

- 3/7S20^^ ^32640/3 ^-m40^*^ 40320/1 
f>J/ .p - /mO/? ^-2O4630jo ♦ 

P020600^^~2739240/ ^3329424^ 


-3780000^^* fe/44O0/i^ ^ 362680/^ . 
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Those who are familiar with the calculus of finite diflFtrences 
will recogniae the coefficients in the above expressions, neglecting 
their signs» as the numbers appearing in the table of values of 

If u(jc) and ' vf'X) are functions of x then 

v(x)‘ vfx) A” u(x) „C^ ' A i^(x) A u{x*/) 

Now jr**a j«r. jf . Hence, letting v(x)mjc and 

u(x)^x , A X • A X‘X »x/A X 

* m A (x*t) and all the other terms vanish. 

Also Sx ^ A)x"'\ .Therefore 

A X n xA X mA {l*A)x 

^ A /A W-/ A W-/1 

- xA X -t-miA X *A X J. 

It is now possible to write 

fjM-Z 

mrnO 

To s}h>w that this law is equivalent to the law given above, via: 

assume they are equivalent for ^ (^) and show that they 
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are then equivalent for Pu, (p) That is. assume 
L J 

mvO ^ 

1'hen 

( a„.l r ’‘ 

z (-ir\ M)&'"i ‘‘.mir-'i '■' L”" 

m^Q L, A' 

w ?-0 ^ 

But this is true since if ^ ^ ” (- 1 ) ^£k ^ I ^ 

then 

^(~irA'^l*-\ 

Similarly, since c^, « (-t) A I , then 

* / j 1 A t 

17. Since A • A^.((-t-A)0^ , it is possible to 

write 



!48 


ON SYMMETRIC PUNCTIONS 


p,w-zV-/r4" 

JfhO 

m»o 

The latter expression on the right suggests that ^ //>) 
may be expressed as a function oi/O and jo, with ^ set equal 
to zero for each particular value of t . Suppose that 
is such a function. Obvipusly P can be neither a polynomial 
in jr nor a rational function of any kind in jr ; for setting 
jr equal to zero would show that P would have the same value 
for all values of t . The nature of the expression suggests 
that X enters P only as a variable with respect to which dif- 
ferentiation is to be carried out, x then being set equal to zero. 
There are two main reasons for this assumption. First of all, 
since x enters the difference expression only as a variable with re- 
spect to which differencing is performed, pc being set equal to zero 
after eqch differencing, the guess is that x enters P only as a 
variable with respect to which differentiation is to be carried, 
out, X being set equal to zero after each differentiation. Be- 
sides this there is the intimate relation between A and d / dx , 
For instance, t + , d/c^jc n- log ( f+£^) 

and hence can be replaced by i function of the n’th degree 
in d/dx and vice versa. Further, since the difference ex- 
pression contains A it is reasonable to try to express ^ as a 
faction involving d */dJC * . Now let Pf ( * 

(dyalx^).(p( . Since i differentiations, none 

of which are to give results identically zero, arc to be carried 
out then cannot be a rational function of Jf . Also functions 
which involve the ^ssibility of the derivative being infinite are 
excluded. Hence try a transcendental function of jf and/> . 
The exponential function will not satisfy the conditions. Try 
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(f) { •X',yo) a log f (oc,p'^. And again f cannot be a rational 
function of jc . Suppose f is an exponential function of x , 
say f(ac,p)^ Then 

The simplest case would be Pf/O, . But this 

does not satisfy Pi(/o)’‘/0 • Nor does 
nor P{/o,e^) . But /_ ^ 

does satisfy the conditions since it has been shov\ n* that 

satisfies the law ^ ^ ^ ^ ^ 

where is the coefficient of id PtM 

Hence Pf (p) can he «riitcii m the three etmivaleni fjinis 
for all values of t : 

Pf (fl) -Z ') p 


W --0 ^ 


me 








^Editorial, Amals of Mathematical Statuties, 1 (1930), paces 107, 108 
Also see remark on “Samplinc Polynomials," pace 120. 
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fundamental formulas for the DOO- 
LITTLE METHOD, USING ZERO-ORDER 
CORRELATION COEFFICIENTS 


By 


Hasold D. Griffin 

Dean of Crescent College, Eureka Springs, Arkansas 


So far as the writer has been able to determine, fundamental 
formulas for the Doolittle method as applied to the solution of 
normal linear equations expressed in correlation coefficients have 
never before been developed, Because of their peculiar telescop- 
ing qualities, the writer has termed them "endothetic formulas." 
Perhaps the best way to judge the respective merits of three 
methods of solving simultaneous linear equations to obtain the 
coefficient of partial regression (the ’s) —determinants, Kelley’s 
partial regression method,^ and Doolittle’s direct substitution meth- 
od* — is to compare the formulas by which each might be expressed. 


^Kelley, T. L. Chart to Facilitate the Calculation of Partial Coefficients 
of Correlation and Regression Equations. 1st ed. School of Education, 
Special Monograph No. 1. Palo Alto: Stanford University Publications, 
1921. 

^y/allace, H. A., and Snedecor, G. W. Correlation and Machine Calcula- 
tioa 1st ed. Official Publ. Vol. 23, No. 35. Ames; Iowa State College 
of Agriculture, 1925. 
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THREE-VARIABLE FORMULAS 


Determinants 


Moa / 1^ 


r ^ r r 

oa ot ^ It 


i2 




B 


9 

tZ 


r ^ r r 

'otf 'o/ ^ m 




a 


A 


oils' 


r t 
'oi ''oB m 

/-r'^ 


Kelley’s 




^o/ OS ta 


Doolittle’s 


A/a“ 


C/ ” ^ta ^oa / 


OPERATIONS REQUIRED IN SOLVING A 
THREE-VARIABLE PROBLEM 



Determinants 

Kelley’s 

Doolittle's 

Consulting tables 

,1 

1 

1 

Adding 

0 

0 

0 

Subtracting , . , 

. ... 2 

2 

2 

Multiplying . 

... .2 

2 

2 

Dividing , . 

.... 2 

2 

1 


In a three-variat>le problem the DooHtt]e method has but a 
wry slight advantage over the Determinant method and the 
method used by Kelley in his Chart. 
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FUNDAMENTAL FORMULAS 


FOUR-VARIABLE FORMULAS 





H. D, GRlfflN 


m 


Doolittle’s 

r ^ r r 
- r L 






~^ot ^is " X (r^s- ^,a '}3 ) 

= L_^ 

“ ^iiL y f /2 ^ f' r ) 


4 




r -r r 

„ <a/ Vg 

hr^ 

’ Vi? 


f-r^ 




tfA/f 


^0aS3 “ ^om.fs “^3^«»v2 

OPERATIONS REQUIRED IN SOLVING A 
FOUR- VARIABLE PROBT EM 


Consulting tables 

Determinants 

6 

Kelley’s 

3 

Doolittle's 

2 

Adding ... 

. , 12 

0 

1 

Subtracting 

4 

12 

4 

Multiplying . . 

18 , 

12 

8 

Dividing 

. 3 

11 

3 


In a four-variable probtem the Doolittle method is seen to 
have a decided advantage over the other two. An exatnination 
and comparison of these fundamental formulas for three and 
four variables would seem to justify the conclusion that an in- 
creasing number of variables would but enhance the manifest 
superiority of the Doolittle method. 




ON A PROPERTY OF THE SEMI- 
INVARIANTS OF THIELE 


By 

Cecil C. Ckaig 
National Research Fellow 


Given a general linear form 


( 1 ) 


a,x, 


* a X 
a e 




of a set of statistical variables, x,,x^, • • ■ ^ ,Mt 

is well-known that in case the variables, x,.Xg, ,x^ 

are independent, in the sense of the theory of probability, that 
the r'th semi-invariant of this form is simply 


( 2 ) 


(0 









(n> 


% 

> 


in which if is the r’th semi-invariant of . This is per- 
haps the most important and useful property of semi-invariants, 
Each semi-invariant is defined as a certain isobaric function 
of the moments of weight equal to the order of the semi-invariant. 
The question to which this note is devoted is whether among such 
isobaric functions, the property given above belongs uniquely to 
the semi-invariant. This problem is equivalent to another which 


^There ii no loss in generality in supposing the origin so chosen for each 
that the constant in the form is ccro. 

*Thlele, T. N., Theory of Observations (C. & E. Layton, London, 1903) 
p. 39. 
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seems more difficult to state verbally. The r’th semi'invariant 
of the form ( 1 ) is itself found in terms of the aenu-invari* 
ants, ^ r 9 f ■ ■ ' ■ ’ the 77 -way probability function 

F{x, , , nieans of a symlx^c multinoinial 

expansion. Now in order that the above property may hold 
generally it is necessary and sufficient that the cross-semi> 

invariants oi P { x, , , x^ should vanish if , 

independent; that is, that each A^^^.-in 
which at least two of the quantities f', s,t^> • - ■ are different 
from zero, should vanish identically. Now are semi-invarianta 
the only such functions of moments, whose “cross” memben be- 
have in this way? 

The semi-invariants of the given linear form are de- 
fined by 


( 3 ) 


« 


dF(x,,x^ 






which is to be r^rded as a formal identity in t . And the semi- 
invariants of x , , Xg, • • • ■, x^ are given by 






(4) •/ ciF(x,.x,.‘ • • -.Jrje 

■ / ^ V< t ; "i f I v! f, ) ' 


( 9 ) 


>We shall olMcrve the distinction between itfobability functkms and fre- 
quency functions suggested by H. Cram^ in his important memoir: "On 
Ao Composltkm of Elementary Errors,'* Skandinavisk Aktuarietidakrift, 
1928, p. 13. By a probabrlity function^ we mean what haa been called die 
cumulative frequency function and thus in die above we are an 
vr-way Stieltjcs intend. 
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which is also a formal identity in , • • ■ - , t 

The quantities (2 ), ■ t. and (f i/ refer 

to symbolic multinomial expansions, perhaps most easily explained 
by means of examples. Thus 


and 




.•A. 


in which X * « ^ ^ 

in our first used notation, and A A 

’ '' lltl ... o » ''tic . . . . o 

are cross-semi-invariants of x, and 

Then by inspection of (3) and (4) it is evident that 


f etc. 


(S) 


. If* A ^,*3, 


In case the variables ■■ , are all indepen- 
dent of each other F(x..x,. . splits up into the 

product FJ (or,) (jf^) • • • (x„)of the probability functions 

of the separate variables, becomes equal to the expression 
(2), and all the cross-semi4nvariants in the expansion of the 
right member of (4) become identically zero. That the vanish- 
ing of these cross-semi-invariants is not only a sufficient but is 
also a necfcssary condition that assume the value (2) is evi- 
dent from the absence of any restrictions on F (or,, jr • ■ x ) 
(except that it be an w -way probability function) or^on the Tet 

Now each cross-semi-invariant is expressed as a certain iso- 
baric function of moments, some of them cross-moments. But 
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in the case of independent variables, 

Vai • • ''r • 

and when this is true, the value of each cross^setni-invariant be- 
comes identically zero. To illustrate this and for use in the dem- 
onstration that the semi-invariants are the only such functions, 
let U 3 write out the fourth order semi-invariants of "P (ar^ , 

- ) in terms of moments. These are obtained bjr 

equaling coefficients of like terms in 

Leaving off superfluous zeros in the subscripts, this gives 
for example 

A « - il'i/ "O - V ^ ♦ /i? V <5 V ^ 

X *1/ \/ ^^1/ 1/ \/ 

*^9* V/ ^ ^ ^ *v« - 


If in the value of we set ^ . 

etc., then s 0 as it was already known must happ^ 

For the sake of simplicity let us suppose, at first, that the 
component variables in (1) are all "equal," that is, that F ( dc^ , 

, jr„)5F ( or. JC, .or). In the case of 

---- - - - 

^Th« general formula giving semi-invartants in terms of momenta h to be 
found in several plates. See e. g., C Jordan, Sutistique Math^tiqoe 
(Gauthier-Villars, Paris, 1927), p. 41. For an elementary derivation aid 
alM for an extended example of the use of semi-invariants of a oorrelatioa 
function of several variables see the author's *^An Application of Thiele's 
Semi-iiivariaiUa to the Sampling ProUem," lletroo, Vol. VII, Ka 4 
(1928), pp. 3-74. 
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independence among Jc, , we can write also 

F, Fjfjc,)* F An 

equivalent assumption is that all moments and hence all semi- 
invariants of the same type of F ( «, , <x^ , , jc^ ) are 

equal. (Moments of the same type are all those with the same 
combination of digits in their subscripts.) Then the expressions 
for all the semi-invariants of the fourth order of F (oc, , • ■ • 

• • , are equivalent to the following; 

' ail 9u ^ to ^ tu w ' a* // ^ 

A *v V ^/2V -6n/^ 

Now, our general isobaric function of the moments of weight 
four can be written 


( 8 ) 


fra„a., ■ V. O 

■is, [Cf V, 1,)'"]^ II,, f, )'"(•/ <■, f- 6 s, 4 X 


And in our special case of equal component variables jc^, .a-^ 
our problem is to determine for what sets of values of 
the coefficients of , tf t, and 

in the right member of (8) vanish identically if • • -,>x^ 

are independent. 

By comparison with (7) it is seen that this gives four linear 
equations with which to determine the five unknowns. But we 
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m 


can add a fifth equaticm by stating that the coefficient of is 
in general a parameter which in the case of independence is a 
function of F C^) and ^ > which we shall desig- 

nate by . Then we have for the determination of : 


^ 4 ' 


-3V/ 


Si// 

0 




SV/ 

0 




-61// 

0 




sv/ 

0 

-4v('* 



-61// 

< 



/2V^V/ 

Si// 





sv/ 

< 




sv* 





sv; 

< 

-4V,'* 



Si/* 


By adding each of the four other columns to the first col- 
umn in the denominator, we have at once in view of (7), 



unless the identical first minor of numerator and denominator 
vanishes. But this can happen only if there is linear dependence 
between the corresponding elements in the four rows of this minor 
which in turn can happen only if there is a linear relation between 
the quantities (Such a linear de- 

pendence would exist if the second or third semi-invariant of^ 
Pfac) is zero.) - 

Moreover, it is readily seen that we get 
(Of course we suppose ^ O and moreover 0 could 
hold only for some F (oc) 's) 

If we no longer suppose the components 
"equal’* in the sense defined above, the quantities in (7) may be 
replaced by summations of all terms of the same type or summa- 
tions of all products of terms which are coefficients of similar 
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ItiO 

terms in ’s. Thus in place of t<o in the first 

equation, and and -v^ second we now write,^ 

tKo - 

H V*. * + V„*4 + ■ • ■ 

2 ^31 * ^31 * ^/3 *^aai ^ ■^ ■ ■ ■ 

respectively. But otherwise our argun}ent will be the same and 
lead to the same conclusion. 

It is obvious that the argument for weight four is perfectly 
general and thus that the same kind of conclusions hold for any 
weight. We conclude that the semiMnvariants are the only iso- 
baric functions of the moments of a set oi n variables which 
have the properties described in the first two paragraphs Indepen- 
dent of the probability or frequency functions of those variables. 

But if when the variables are independent the probability 
function of each one is such that there is an isobaric relation 
among the moments of order lower than k , the same for each 
variable, then there are other isobaric functions of order k and 
higher which enjoy the property of semi-invariants in question. 
And it will be shown that the only isobaric relations among the 
moments of order , mentioned abovc^ which lead to the new 
isobaric functions of this type of order ^ k , arc obtained by 
setting semi-invariants of order < k , equal to zero. 

Let us return to the case in which the weight is four. Then - 
^ 0, the minor of our denom^ 

inator D vanishes, and so, of course, does the corresponding 
minor in the numerator. Then as a matter of fact there is a 
double infinity of the sought isobaric functions of weight four. 
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Some of them are given by the following sets of values of the B 's. 




a 



5 

2 

5 

2 

1 

6 

3 

1 

6 

3 

2 

9 

1 

3 

9 

3 

1 


as may be verified by actual computation. 

Now we also have* 

AV 

^yr 

from which we can write in place of (8) 


( 10 ) 


f (y,. • •. t, )(t y, )“ 
-3</, 6? A, ) 


in which we can seek to find sets of values of 

that the coefficients of and ^ ^ 

will vanish when the oc's are independent. This will give us four 
homogeneous linear equations in which the determinant of the 
coefficients vanishes identically since 1 is a 

solution. Addition of the second, third and fourth columns to 
the first gives a new first column of zeros. But if, say, = 0, 
in addition to and which already vanish if the jc’s are 
independent, then the elements of the fourth column are all zeros 
also, and our determinant is of rank not greater than two. But 
since the sol|jtion of the set of equations arising from (10) is 
equivalent to that arising from (8), the minor , of 2? in (9) 


^Thiele, T. N., loc. cit., p. 25. 
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must vanish in case 0. 

But since » 31^ - • ^ 1 is a solution of the equations 

(8), it is easy to see that if in , the sum of the last three 
columns be added to the first column, the resulting first column 
will be identical, though opposite in sign with the last four elements 
of the first coulmn of D . Let us indicate the new D,^ by DJ , 

Now there is a linear dependence between the elements of 
the rows of ^ . In fact the elements of the first row minus 
three times the corresponding elements of the third plus twice the 
corresponding elements of the fourth ( 

must give zero for each element. For suppose there exists an- 
other such linear relationship between rows. This linear relation- 
ship must hold between the corresponding elements of the first 
column of , and we have a new isobaric relation between the 
moments of x . But a probability function P {ac)can always be 
found in which 

(U) 


holds and the other relation does not. But tor the F(jc) ^s in 
which (H) holds D^‘ must vanish, and thus the relation between 
columns must be that given by (11). 

Thus 0„ contains as factors A, and A, . That it 
contains no others can easily be verified directly. 

The cases of weights two, three, and four are easily handled 
directly throughout. If the weight is now k greater than four, 
our argument readily generalizes. The equations now arising 
from the relation corresponding to (10) are now greater in num- 
ber than the unknowns y,,y^, ,y^ , but it is obvious 

that the matrix of the coefficients is of rank not greater than k- 2. 
And it follows just as before that , are 

all factors of the new . 

The argument above which shows for the weight four, that 
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is a factor of 0,^ does not show that tliere cannot be other 
linear relations between the elements of the first column which 
are also factors of It only shows that if there is such a fac- 

tor, the corresponding linear dependence holds for certain rows 
of A/ 

Let us consider the case of weight five The elements of the 
first column of D are now 

and the elements of the first column of Dj are the last six 
of these with opposite sign, and they thus correspond to the par- 
titions of 5. We know that one of the two sets of three rows of 
P , the second, fourth, and fifth or the third, fifth, and sixth, 
are connected by the linear relation corresponding to 

A ^=>0 so that A ^ IS at least once a factor of A/ • 
we suppose that the first set of three rows are so related, does it 
follow that this same relation holds for the second set? Now it 
is easy to see that if in the second row be everywhere sub- 
stituted for the resulting row will be identical with the third 
and that the same is true of the fourth and fitth rows and of the 
fifth and sixth. Then if a certain linear relation holds for the 
first set of three rows, by the substitution of for "i/ every- 
where in it, it follows that the same relation holds for the second 
set of three rows also. Thus is twice a factor in A/ 
weight five. We note also that the partitions of 3 (counting 3 
as a partition of 3) are twice found with common factors among 
the partitions of 5, that is, 32, 221, 2111 ; and 311, 2111, 11111. 

The argument is readily generalized^ and in case of A 
weight ir , each semi-invariant of weight r < Ar is a factor of 0^, 

^The general argument is based on the principle that the second row of D 
IS obtained from the process which gives the first by replacing one factor 
tf by , the third from the first by replacing by , the fourth 
from the first by replacing if by i-j, , and so on (see (6) and (7)). 
Thus in the case of weight six, to compare the three rows beginning with 
Yj with the three beginning with 

we replace the in the first set which arises as a coefficient of i'f 
by and the two sets of rows become identical 
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SEMI-INVARIANTS OF THIELE 


as often as the partitions of n are found with common factors 
wong the partitions of k . (We count r as a partition of r .) 
Thus for weight four, D„ - A, Aj which gives D„ the cor- 
rect weight sixteen. In case of weight five, D,-,« Aj A** 

which again gives D„ the correct weight thirty. And it is e^sy 
W show by induction that in case of weight k this method gives 
D„ its proper weight. Among the partitions of k are found 
all the partitions of k - I with a part 1 added to each. Thus each 
of these adds k to the total weight. For the partition k- 2, 2, 
it is seen that the remaining partitions of k - 2 with the common 
additional part 2 will be found among the remaining partitions of 
k and that the remaining partitions of 2 with the common addi- 
tional part k “ 2 will also be found, Thus this partition con- 
tributes the weight k to the total. And sim arly it can be seen 
that every partition of k contribnten k to the total weight of , 
which was to be proved. 

Finally, then, we haVe the additional result that the necessary 
and sufficient condition that more than one Isobaric function of 
weight Ic of the moments of the prohaltility variables x^, 
exists which has the semi-invariant properties in question, is that 

the probability functions of X, , , , in case of inUepen- 

dence are such that for some r ■< k , vanishes for each of 
them. 
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THE THEORY OF OBSERVATIONS 


By 

T, N. Thiele 


EDITOR’S NOTE 


Thiele’s "Theory of Observations" constitutes a classic 
contribution to both mathematical statistical theory and the theory 
of least squares. Unfortunately, his researches, and in particular 

I 

his semi-invariant or "half-invariant" theory, have not received 
the recognition in this country that they deserve. Since, accord- 
ing to importers of books, the "Theory of Observations” is now 
out of print and copies are rare, the editor has deemed it advis- 
able as a matter of policy to make this work in this way available 
to the readers of the Annals. 

This reprint should also be construed as an acknowledgment 
of our indebtedness to Mr. Arne Fisher for his unswerving en- 
deavors to bring before American statisticians the important con- 
tributions of Danish and Scandinavian writers, 
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T. 'I'HR LAW OF OAUSALITY. 


s I W.' stfirl uiHi tlip assumption that cvpr^thtng ilutt rxxsttt, and everything . 
tlnii hnpprvf, or hopprut* ftn a vrtru’^ary conaeguejtce of a prevtoua state of Ihxngs 

ir a Htnlo ol thiiig‘1 IS ropoatcd iii ovory dotail, it must lead to exactly the samo consequences. 
Any difleroiuo IjcUvooji Uio msiiUs of (niHus that nro in part the samo, must bo explainable 
by ROiiio ihlioreiuo in ihe ofcluii' part of the causes. 

This iissiiiiiplion, wiiidi nmv ho i.iMoil tlio law of eaosabty, cannot be proved, but 
must ho helwvodi in llu‘ s.uut* \>nv iw wo lioluwe tho fundamontal osaumpiionB of religion, 
imLIi nliu-b it iR 1 losolv .mil iniimatoly loniioctod. Tho Jaw of causality forces itsolf upon 
our bi’lior It iii.iy lio donit’il in (liiiory, Init not in practice. Any person who denies it, 
will, il ho is waUhtuI cnou^lt, catch hinisuU constantly asking himself, if no one else, why 
th>\ li,H happened, mid not tlutf lint in that very question ho bears witness to the law 
of 1 aii.H.ility. 11 wc aic (onsintcnllf lo doiiy iliu law of causality, wo must repudiate all 
ohsci'v.ilinM, and partunliirly alt pmliction based on pant oxpcrienco, as useless and misleading 
If wu ( oil Id iiMjgino for an instant that the same complete combination of causes 
(Oiild have a dolinite number ol rlillciont innsoq nonces, however small that number might 
bo, and that among these Min on iirronto oi the actual cousoquence was, in the old sense 
of (lii> word, uccidciilal, no obscnatimi would ever be of any particular value. ScientiAc 
obrcniifictns (.aniiot ho roi oiuilfd with polylhcism. So long as the idea prevailed that the 
ri*f,ull of a joiulioy ilopondud on whctlici the power of Njord or that of Skade was the 
or that victory or deloat lU bat lie dopomliuL on whether Jove had, or had not, 
IhIi‘IU'iI to Juno's^ cum plainti, so long were uten SLiontista*ohhged to consider it below their 
dignity to consult observAtiunH 

lint il flic law of causality is acknowledged to be an assumption which always 
lioIdH good, Ihun overy observation gives iia a revelation which, when correctly appraised 
and comparud with others, teaches us the Jaws by which Uod rules the world. 

'We can Judge of tho far-ieaching cooBequences it would have, if there were con- 
ditions in which tho law of causality was not valid at %ll, by considering the cases in 
whioli the eAectfl of the law are more ur lass veiled. 



In inaninifttQ natura the relation of canse and effeot ia ao clear that the effects are 
determined by observable causes belonging to the condition immediately preceding, so that 
the problem, iriihin this domain, may be solved by a tabular arrangement of the several 
observed reeplta according to the causing oiroumstances, and the transformation of the 
tables into lavi by means of interpolation. When, however, living beings are the object 
of onr observations, the case immediately becomes more oomplioated. 

It ia the prerogative of living beings to hide and covertly to transmit the influ- 
enoes received, and we must therefore within this domain look for the inHuenoing causes 
throughout the whole of the past history, A difference in the construotion of a single 
cell may be the only indication present at the moment of the observation that the cell la 
a transmitter of the stiU operative cause, which may date from thousands of years back, 
tn oonseqaenoe of this the naturalist, the physiologist, ^e phyucian, can only quite ex- 
oeptionally attain the same simple, definite, and complete accordance between the observed 
causes and their effeoU, as can be attained by the physicist and the sstrononiar within 
iheir domains. 

Within the living world, oommunitiea, particularly human ones, form a domain 
where the conditiona of the observationa are even more compUi and difficult Living 
beinp hide, but the community deceives. For though it Is not in the power of the com* 
munity either to change one tittle of any reslly divine law, or to break the bond between 
cause iind effect yet every community lays down its own laws also. Every oommunitj 
tries to give its law fixity, and to make it operate as a cause ; for instance, hy passing it 
off Bs divine or by threats of punishment, but nevertheless the laws of the community 
are constantly broken and changed. 

Statistical Soienoe which, ^in the case of communities, represents observations, has 
therefore a very difficult task; alfchoagb the observations are so numerous, we are able from 
them alone to answer only a very few questions in cases where the intellectual weapons of 
h^torlcal and speculative criticism^ cannot assist in the work, by independently bringing to 
light tbe trutbe whloh the communities want to conceal, and on the othm hand by ra* 
moving the wrong' opinions which these believe in and propagate. 

§ 2. An isolated seosatioD' teaches us nothing, (or it does not amount to an ob- 
sarvation. Observation is a putting together of several results of sensation which are or 
are supposed to be connected with each other according to the law of causality, so that 
Boms reproent causes and othtfs their effects. 

By virtue of the law of causality we must believe that, ia bU observations, we get 
esseDUally correct and true revelations; the diffionlty is, to ask searohlngly enoagb and 'to 
nndsntaad the answer corrsotiy. Tn order that an observation may he free from every 
other assumption or hypotheeis than the law of causality, it must Inolnde a perfeet 
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description of all the cncnmstances in the lYorld, at least at the instant pieperting that at 
Yvhich the phenomenon is observed But li is dear thal this far surpassc'^ iiliat i.in be done, 
even in tho most important mes. Uea) obseivations have a muoh simpler form. By giving 
a short statement of the time and place ol observation, we roior to nhnt is known of the 
stale ol things at the instimi; iind,'Ol IJin iiihnite multiplhity of circunistanros inniiecied 
with the observation wc, generally, not oiilj disregard everything wliidi may be supposrd b) 
have lillle or no inHuciice, but we pay alleiition only to a small selection of circumstance^^, 
whitli wo call meutiiily liecauso wo expect, m virtue of a special liypothesis conccinmg 
the relation of cause and cited, that I lie observed pheiiomonon will bo dlfd of (liesc 
circumstanceB only 

May, we nre often lompcllcd to disregard lertain circumatiuiceH iii> ime^wnthtl^ 

though there is no doubt us to their mllui'ming the phononimion, and wo do this either 

because wo cannot get a surficieiii amount of liuslwotiliy infouiidliuii rcgaidiiig llicin, or 

becmiBO it would be iiupradicuble to liace out their connection with tho oll'eci For 

instance in statistical observuiions on iiiorlahiv, wlioro the ago at the time o( death can 

be regarded as tho observed plienonicnon, wo generally mention tho soy as an esHoiilial 

> 

circumstance, and often give a general slalcMnont as to residence in town or country, or os 
to occupation. But there are other things as to which wo do not got sufHcient iMlormahuii' 
whether the dead person lias lived in straitened or in comfortablo (ircuinstaiu'cs, whetlier 
ho has been more or less exposed to infectious disense, etc.; and wo must put up with tins, 
even if it ia cejtain that one or other of these things was the principal cause ol dodh. 
And analogous cases are frequently met with both in scientihc observations and in everyday 
oct urrencea 

In ordbi Id obtain a perfect observation it is necessary, moreover, that our sensations 
should give us acrairate in formation regarding both the plienomenon and the atteiidimt 
^ circumstances, but nil our senses miiy be said to giie us merely approximate descriptions 
ol any phenomenon rather than to niensuro it accurately Even llie finest of our senses 
recognizes no difference which falls short of a certain finite magnitude This lack of 
accuracy is, moreover, often greatly increased by the use of arbitrary round numbers 
for the sake of convenience The nun who has to measuro a race-course, may take into 
account the odd metres, hut certain)} not tho millimetres, not to mention the niicTons. 

§ 8. Oiriuy to att t/n's, m)jf uduat obseionfioa ts (\Jfedtd icif/t cirois. Even our 
beet observations are based upon hypotlicsis, and ofton even on an hypothesis that is cor- 
tainly wrong, namely, that only the Mrewmstances which are regarded as essential, inftilehco 
the phenomenon; and a regaid for practicability, expense, and convenience makes us give 
approximate estimates instead of the sharpest possible determinations. 

Now and then tho obseivations nre aflecied ulso by g}o^ eirorn which, althougfa 
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not introduced mto them on purpose, are yet caused by surh cueleesnesa or neglect that 
they pould have been, and ought to have been, avoided. Irconttadietinctioq to these we 
often call the more or less unavoidable errors accidental. For accident (oi chance) is not, 
what the word originally meant, and what still often lingers in our ordinary acceptation 
of it, a capnoioua power which Buffere events to happen without any cause, b it only a 
name for the unknown element, involved in sopie relation of cause and effect, which pre- 
vents UB /rom fully comprehending the oonneotion between them. When we say that it 
18 accidental, whether a die turns up ^'six" or ‘'three", we only mean that the circumstances 
connected with the throwing, the fall, and the rolling of the die are so manifold that no 
man, not even the cleverest juggler and arithmetician united in the same peraon, can suc- 
ceed in controlling or calculating them. 

Id many obeervations we reject as unessential many circumstances about which we 
really know more or less. We may be justified in this; but if such a circumstance is of 
sufRoient importance as a cause, and we arrange the observations with special regard to 
it, we may sometimes observe that the errors of the observations show a regularity which 
is not found in "accidental" errors. The same may be the case if, in computations dealing 
with the reanlts of observations, we make a' wrong supposition as to the operation of some 
clroumstanoe. Such errors are generally called eyelmaiic, 

§ 4. It will be found that every applied science, which u well developed, may be 
divided into two parts, a theorotioal (speculative or mathematical) part and an empirical 
(observational) one. Dptb are absolutely necessary, and the growth of a science depends 
very much on their influenoing one another and advancing Bimultaneously. No lasting 
divergence or subordination of one to the other can be allowed. 

The theoretical part of the science deals with what we suppose to be accurate 
determinations, and the object of its reasonings is the development of the form, connection, 
and consequences of the hypotheses. But it must change its hypotheses as soon as it is 
clear .that they are at variance with experience and observation. 

The empirical side of the soience procuree and arranges the observations, compares 
them with the theoretical propositions, and is entitled by means of them to reject, if 
necessary, the hypotheses of the theory By induction it can deduce laws ftom the obser- 
vations. But it must not forget — though it may have a natural inclination to do so — 
that, as shown above, it is itself founded on hypotheses. The very form of the observation, 
and eepeoially the selection of the oiroumstances which are to be considered as easentlal 
and taken into aocoimt in making the several obaervations, must not be determined by rnle 
of thumb, or arbitrarily, but must always be guided by theory. 

Sobjeot to this it must as a rule be considered beat, that the two sides of the 
toienee should work somewhat independently of one another, each in ita own particular 
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nay. In what follows the empirical side will be treated exclusively, and it will be treated 
on a general plan, investigating not the particular way in which statistical, chemical, pliy- 
aicftl, and astronomical observatione are made, but the common rules according to which 
they are all submitted to oomputaiion 


II. LAWS OF EBROES. 

^ 6. Kvery observation is supposed to contain iDrormation, partly aa to the 
phenomenon in which we are particularly interested, partly as to all the circumatancee, 
connected with it, which are regarded as essential, In comparing several observations, it 
makes a very great difference, whether such essential circamstaiices have remained unchanged, 
or whether one or several of them have changed betwMn one observation and another. 
Tlie treatment of the former case, that of repetUtotia, is far simpler than that of the latter, ' 
and IS therefore more particularly the subject of our inveetigationa; nerertheleBs, we must 
try to master also the more difficult general case in its simpleet forms, which force them- 
selves upon us m most of the empirical sciences, 

By nptHiiona then we understand those observations, in which all the essential 
circamstances remain unchanged, in which therefore the results or phenomena should agree, 
if all the operative causes had been included among our essential circumstances. Further- 
more, we can without hesitation treat aa repetitions those observations, m which we assume 
that no essential circumstance has changed, but do not know for certain that there has 
been no euoh change. Stnctly speaking, this would furnish an example of observations 
witli aysiemaik oirora; but provided there has been no change in the care with which the 
^siHNitial circumstiinces have been determined or checked, it is permisaible to employ the 
simpler treatment applicable to the case of repetitions This would not however be per- 

t 

missible, if, for instance, the observer during the repetitiona has perceived any uncertainty 
m the records of a circumstance, and therefore paid greater attention to the following 
repetitions, 

§ G The special features of the observations, and in particular their degree of 
accuracy, depend on causes which have been left out os uneseential circumstances, or on 
some overlooked uncertainty in the staUment of the easenbial circumstances. Consequently 
no speculation can indicate to ua the accuracy and particularities of obaetvaiionB. Theae 
must be estimated by comparison of the observations with each other, but only in tlie 
case of repetitions can this estimate be undertaken directly and without some preliminaiy 
work. The phrase late of erron is used as a general name for any mathematical expres- 
sion repreaenting the diatributiou of the varying resvlU of repetitiona, 
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Laws'of tulual errors sre 9 Q 0 h u correspond to repetUions . Ktaally earned oot. 
But observations yet unmade nay also be erroneous, and whete we have to speak hypo- 
ihetioally about observationst or have to do with the prediction of results of future repe- 
titions, we are generally obliged to employ the idea of '4aW8 of errors^', In order to pre- 
vent any misunderstanding we then call this idea *'lam of preeumpHte errors^. The two 
kinds of laws of errors cannot generally be quite the sane thing. Every variation In the 
number of repetitions must entail some variations in the corresponding law of errors; and 
if we compare two laws of actual errors obtained from repetitions of thd same kind In 
equal number, we almost always observe* gteal^ differences in every detail In passing (Vom 
actual repetitions to future repetitions, such differences af least are to be eilpeotedi More- 
over, whilst any collection of observations, which can at all be regarded as repetitions, will 
on examination give us its law of actual errors, it is not every series of repetitions that 
can be used for predictions as to future observations. If, for instance, in repeated measure- 
ments of an angle, the results of our first measurements all fell within the first quadrant, 
while the following repetitions still more frequently, and at last exclusively, fell within the 
second quadrant, and even commenced to pass into the third, it would evidently be wrong 
to predict that the future repetitions would repeat the law of actual errors for the totality 
of these observations. In similar cases the observations must be rejected as bad or miiH 
conceived, and no law of presumptive errors can be directly based upon them. 

§ 7. Suppose, however, that on comparing repetitions of some observation we have 
several times determined the law of actual errors in precisely the same way, Employing at 
first smalt numbers of repetitions, then larger >Dd still larger ntunbers for each law, If 
then, oil companng these laws of actual en^rs’lrith oqe ajpother, we remark that they be- 
come more alike in proportion as the nnmlm of repe^tloos grow greater, and that the 
agreemente extend , successively to all those details of the law which are not by necessity 
bound to vary with the number of repetitions, then we cannot have any hesitation in using 
the law of ^actual errors, deduced from the largest possible number of repetitions, for pre- 
dictions coDoerning fhture observations, made under essentially the same olroumatanoes. 

This, however, is wholly legitimate only, when it is to be expected tb /, if we eoM 
obtain in MefinMy incfwsinjf numbers, {om of errors teould tb«H qjiproaeb 

a ttngU definite form, namdy the law of preemptive errors itsOlC, and ^oM not oscillate 
between several forms, or beouBo ‘ altogether or partly indeterminate. (Note the analogy 
with’ the* dmerence betv^ converging and oapillating iqhqite serlee). We must thereforo 
distinguish between gopd and bad observations, and only the good ones, that is those whkh 
satisfy the above 'mentioned condition, Me late of large numbers, yield Mwa of presumptive 
errors and afford a basis for prediction. 

As we cannot repeat a thing indefinitely often, we can uevm be quice certain that 
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a given method of observation may be called good. Nevertheless, we shall always rely on 
laws of actual errors, deduced froni very large numbers of concordant repstitiona, as sufA- 
cientty accurato approximations to the low of presumptive errors. 

And, moreover, the purely hypothetical assumption of th^ existence of a law of 
presumptive errors may yield some special criteria for the right behaviour of the laws of 
actual errors, corresponding to the increasing number of the repetitions, and establish the 
conditions necesaary to' justify their use fpr purposes of prediction. ' 

We must here notice that, when a series of repetitions by such a test proves bad 
and inapplicable, we shall nevertheless often be able, sometimes by a theoretical criticism 
of the method, and sometimes by watching the peculiarities m the irregularities of the laws 
of errors, to And out the reason why the given method of observation is not as good as 
others, and to change it bo that the checks will at least show that it has been improved. 
Id the case mentioned in the preceding paragraph, for instance, the remedy is obviou.x. The 
time of observation 19 there to be reckoned among the essential oircuiuatancea 

And if we do not attain our object, but should fail in many attempts at throwing 
light upon some phenomenon by means of good observations, it may be said even at this 
stage, before we have been made acquainted with the various raeaDa that may be employed, 
and the vaziouB forniB taken by the laws of errors, that absolute abandonment of the law 
of large numbers, as quite mapplioable to any given refractory phenomenon, will generally 
be out of the question. After repeated failures we may for a time give up the whole 
matter m despair; but even the most thorough sceptic may catch himself speculating on 
what may be the cause of his failure, and, In doing so, he must acknowledge that the 
error la never to be looked lor in the objective nature of the conditions, but in an insuffl- 
oienli developni''nt of the methods employed, from this point of vkw then the taw of 
large numbers has the character of a belief. There is in all external conditions such a 
harmony with human thought that we, sooner or later, by the use of due sagacity, partis 
cularly with regard to the essential subordinate circumstancee of the case, will bo able to 
give the observations such a form that the laws of actual errors, with respect to repetitions 
m increasing numbers, will show an approach towards a definite form, which may be cen- 
siderod valid as the law of presumptive eiiors and used for predictions. 

§ 8 . Four different means ot represeniang the law of errors must be deaeribad, and 
their respective merits considered, namely; 

Tabular arrangements, 

Curves of Errors, 

Functional Laws of Errors, 

Symmetric Functions of the Kepetitions, 

Id comparing these means of representiug the laws of errors, we must take into 
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colulderaiion which of them ia the eeaieet to emploj, and neither thie nor th^ deeonption 
of the forms of the laws of errors demands any higher qnalifioatmn than an elementary 
knowledge of mathematical Bat we mast Lake into account b1bo> how far the different forms 
are calculated to erophaaise the important featorea of the laws of erroni» i. e. those which 
may be transferred f^om the laws of actual enoTs to the laws of proBumpIdve enors, On 
thiB single point, certainly, a more tborongh knowledge of mathematics would be desirable 
than that which may he expected from the m^Ority of those stodeuts who are obliged tq 
occupy themselves with ohservatiosB. As the definition of the law of presumptive errors 
presupposes the determination of limiting viluea to infinitely numerous approximationst 
some propositions (Vom the differential calculus would, strictly apeaking^ be necessary. 


m. TABULAR ARRANGEMENTS. 

§ 9. In atating the resulU of all the aeveral repetibona wo give the law of errors 
in its simplest form. Identical results will of course be .noted by slabng the number of 
the observatiODs which give them. 

Dbe table of errors, when arranged, will state all the various results and the (Ve- 
qnency of each of them. 

The table of errors is certainly improved, when we include m it the r«2<Ufoe ftt- 
qmdu of the aayeral results, that iS, the ratio which eaoh absolute frequency bears to the 
total number of repebtions. It must be the tdaiitB frequencies which, according to the 
law of large unmbera, are, aa the number of observations is increased, to approach the 
constant values of the law of preaamptive erron. Long usage gives ua a special word io 
denote this transition in our ideas: probahiUtn is the relattve frequeucy in a law of pre- 
snmptive errors, the proportloD of the nnmber of coincident results to the total nomber, 
on the supposition of infinitely numerom repetitioDS. There can be no objection to oon- 
atdiriiig the rafofiee of the law of actual errora as an approilmatiou to the 

oorreaponding probabUitjf of the law of presumptive erron, and the donbt whether the 
taMve frequenoy Itself is the best approximatioD that can be got from the results of the 
given repetitionB, is rather of theoretical than practical interest Oompve § 78. 

It makes some difference In several other respects — as well aa in the one Jimt 
neotlonid ^ if the phanomenon is auoh that the results of the repetitious show qaalltottve< 
dlBsranoei or only diffareneea of magnitude, 

g 10. In the former case, in which no tnASition oocura, but whsre there are ineh 
abrupt differaucae that nond of the reeults are more oloielj oonneoted with one anothert than 
with the rest, the tabular form wQl be the only possible one, in which the law of errors can 



|>6 given This ease frequently occurs in statisticB and in games of chance, and for this 
reason the theory of probabihties, which is the form of the theory of observations in which 
ih^ cases are particularly taken into consideration, demands special attention. All pre- 
vious authors have begun with it, and made it the basis of the other parts of the science 
of observation I am of opinion, however, that it la both safer and easier to keep it to 
the last, 

§ 11. If, however, there u such a difference between the results of repetitions, 
that there is either a continuous innsitiou between them, or that some results are nearer 
each other than all the rest, there will be ample opportunity to apply mathematical methods; 
and when the tabular form is retained, we must take care to bring together the results 
that are near one another. A table of the results of bring at a target may for instance 
have the following form: 



l foot to the left 

Central 

1 foot to the right 

Tutal 

1 foot too high 

3 

17 

6 

26 

Central 

13 

109 

19 

1 141 

1 foot too low . . 

4 

8 

1 

13 

ToUl , 

20 

134 

26 1 

180 


here the heading "1 foot to the W means that the shot has swerved to the 
left between half a foot and one foot and a hidf, this will remind us that we cannot give 
the exact measures in auch tables, but are obliged to give them in round numbers The 
number of results then will not correspond to such as were exactly the same, but dis- 
regarding small differences, we gather into each column those that approach nearest to one 
another, and which all fall within arbitrarily chosen limits. 

fn the simple case, whore the result of the observation can be expressed by a 
single real number, the arranged table not only takes the extremely simple form of a table 
of func'linns with a single argument, but, as we shaU see in the following chapters, leads 
us to the representation of ibe law of errors by means of curves of errors anff functional 
laws of errors. 

It, IS an obvious course to hx the attention on the two extreme results in the table, 
and not seldom these alone are given, instead of a law of error, as a sort of index of the 
exactness of the whole series of repetitions, and as the higher and lower limits of the 
observed phenomenon. This index of exactness, however, must be reacted as itself too 
inexact for the purpose, for the oftener the observations are repeated, the farther we must 
expect the extremes to piove (yom one another; and thus the most valuable series of 
observations will appear tu poseees the greatest range of discrepancy 

a 



On the other hend, if, m e Uh1e arranged according to the magnitude of tke 
falues, we select &' single middle value, preceded and followed by nearly equal numbers of 
valuea, we shall get a quantity which is very well Alted to represent the whole series of 
repetitions. 

If, while we are thus counting the results arranged according to their magnitude, 
we also take note of those two values with which we respectively (a) leave the Arst siith 
put of the total number, and (6) enter upon the last sixth part (more exactly we ought to 
say 16pef ct.), we may consider these two as indicating the limits between great and small 
devMiooe. If we state these two values along with the middle one above referred to, we 
give a eerticeable eipreaslon for the law of errors, in a way which is very convenient, and 
nllhoagh rough, is not to be despised. Why we oi^ght to select just the middle yalue and 
the two siith-pait values^ for this purpose, will appoar from the following chapters. 


IV. CURVES OF ERRORS. 

§ 12, Curves of actual errors of repeated observations, each of which we must be 
able to express by one real number, are generally constructed as follows, On a straight 
line as the axis of abscissae, we mark off points corresponding to the observed numerical 
quantiUes, and at each of these points we draw an ordinate, proportional to the number 
of the Npetitions which gave the reauU Indicated by the abscissa. We than with a free 
band draw the osrve of errors through the ends of the ordinates, making It as smooth 
and regular as possible, For quantities and their oorresponding abscissae which, from the 
nature of the case, might have sppeared, but do not really appear, among the vepetilicns, 
the ordinate will be » 0, or the point of the curve falls on the axis of abscUsae. Where 
this caM occurs very frequently, tbo form of the curves of errors becomes very tortuous, 
almost discontmnouB, If the observation is essentially bound to disoontinqons nqmbers, for 
instance to integers, this cannot be helped, 

§ 18. If the Obsenatlon is either of necessity or arbitrarily, in spite of some in- 
evitable loss of accuracy, made' in round numbers, so that it gives a lower and a higher 
limit for each observation, a somewhat different constraction of the curve of errors ought 
to’ be applied, vU, such a one, that the area included between the curve of error, the aiis 
of ahsoissae, and the ordinates of the limits, la proportional to the frequency of repetiUontf 
Within these kmits. But in this way the oorve of errors may depend very much on the 
degreq pf accuracy involved in the use of round numhers. This construction of arena 
can be made by laying down iwcUnglea between the' bounding ordinates, or sMH better, 
trspeioide with their free sides approximately par^l Lo the Ungents of the curve. If the 
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iimiting round numbers Are equidistant, the mean heights of the trapeKoids or rectangles 
gfc directly proporllonal to the frequencies of repetition, In this case a prelinnnsry cou*- 
stiuciion of cnr^e-pointa can be made as in § 12, and may often be nsed aa snfficmii. 

It is a very common custom, but one not to be recommendod, to drsTr a broken 
line between the observed points instead of 'a ourve, 

§ 14. There can be no doubt that the curve of errors, as a form for the law of 
errors, has the advantage of perspicuity, and were not the said uncertainty in so many 
cases a critical drawback, this would perhaps be sufficient Moreover, it is in practiee 
quite pOBsibl^ and not very difficult, to pass from the carve of actual errors to one which 
may hold good for presumptive errors; though, certainly, this kransition cannot be founded 
upon any positive theory, but depends on skill, 'which may bo acquired by working at good 
emipples, but must be practised judiciously. 

A.ccordmg to the law of large numbers we moat expect that, when we draw curves 
of actual errors according to relative freqnenoy, for a numerous aeries of repetitions, first 
based upon small numbers, afterwards redrawn every time as we get more and more repo* 
titions, the curves, which at first constantly changed their forms and were plentifully 
furmshed with peaks and vaUeys, will gradually become more like each other, as also 
simpler and more smooth, so that at last, when we have a very large but finite number 
of observations, we cannot distinguish the succesaive figures we have drawn from one an- 
other. We may thus directly construct curves of errors, which may be approved as pictures 
of curvee of presumptive errors, but in ‘order to do so milliooB of repehtions, rather than 
thouaandB, are certainly required. 

If from curves of actual errors for small numbers we are to draw conclusions as 
to the curve presumptive errors, we must guess, hut at the same time support our guess, 
partly by an estimate of how great irregularities we may expect in a curve of actual errors 
for the given number, partly by developing our feeling for Ibe form of regular curves of 
that sort, as we musk suppose that the curves of presumptive errors will bo very regular. 
Id both respects we must get some practice, but this is easy and interesting 

Without feeling tied down to the particular points that detenumed the ourve of 
actual errors, we shall nevertheless try to approach them, and especially not allow many 
large deviations on the same side to come together. We can generally regard as large 
deviatioas (the reason why will be mentioned in the chapter on the Theory of FiobabUtties) 
those that cause greater errors, as compared with the absolute frequen cy of the result 
in question, than the square root of that number (more exactly , where A is the 

frequency of the result, n the number of all repetitions). But eves deviatione two or three 
times as gijit as ibis ought not always to be avoided, and we may be satisfred, If only 
one third of the deviatioDB of the determining poinia must be oaM large. We may use 

ij* 
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the word “a^ustraenr (gfiphical) to wpresa the operation by which a curve of preeumptiYe 
errors is detertnined. (Comp, §64) The adjiustment 13 called an over-adjustment, if we 
have approached too neat to somo imaginary ideal, but if we have kept too close to the 
curve of aotual errors, then the curve is said to be under-adjusted 

Our second guide, the regularity of the curve of errors, is as an assthetical notion 
of a somewhat vague kind. The continuity of the curve is an essential condition, but it 
is not Bullicieat. The regularity here is of a somewhat different kind from that seen in 
the examplee of simple, continuous curves with which students more especially become 
acquainted. The corves of errors get a peculiar stamp, because we would never select the 
essential circumstaDces of the observation so absurdly that the deviations could bernme 
indeAbitely large. Nor would we without necessity retain a form of obUervaiion which 
might bring about discontinuity. It follows that to the abscissae which indicate very large 
deviatioDB, must correspond rapidly decreasing ordinates The curve of errors must have 
the axis of abscissae as an asymptote, both to the right and the left, All frequency being 
positive, where the curve of errors deviates f^otn the axis of abscissae, it must exclusively 
keep on the positive side of the Utter. It must therefore more or loss get the appearance 
of a bow, with the axis of abscissae for the string In order to tram the eye for the 
apprehension of this sort of regularity, we recommend the study of figs. ^ & 3, which 
represent curves of errors of typical forma, exponential and binomial (comp, the next chapter, 
p. 16, seqq.), and a corapariBon of them with figures which, like Nr. 1, are drawn from 
actual observations without any adjustment, 

The best way to acquire practice in drawing curves of errors, which is so^iroportant 
that no student ought to neglect li, may be to select a series of observations, for which 
the law of presumptive errors may be considered as known, and which is before us in 
tabular form. 

We commence by drawing curves of actual errors for the whole series of observa- 
tions; then for tolerably large groups of the same, and lastly for small groups taken at 
random and each containing only a few observations. On each drawing we draw also, 
besides the curve of actual errors, another one of the presumptive errors, on the same 
scale, BO that tli' nbaoissae ore common, and the ordinates indicate relative frequencies in 
proportion to the same unit of length for the total number. The proportions ought to be 
cboeea so that the whole part of the axis of absciasM which deviates BODsibly from the 
curve, is between 2 and 5 times as long as the largest oi^lnate of the curve. 

Prepared by the study of the differenoea between the cunrea, we pass on at last 
to the oonstruotiou of curves of presumptive errors immediately from the scattered points 
of the Curve which correspond to the observed frequencies. In this construction we must 
not consider ourselves obliged. to reproduce the curve of presumptive errors which we may 
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knov b^foreluiDd^ oor iwk is io repreaent the observaiions as nearly as possible by means 
of a curve which is as smooth and regular as that curve. 

The following table of 500 resulis, got by a game of patience» may be treated in 
this way as an exercise. 



The lav of presumptive errors here given ie not the direct result of free-hand coUp 
struction; but the curve so got has been improved by interpolation of the logarithms of 
its slatements of the relative freq uencieSf together with the formation of mean numbers 
lor the deviations^ a prcceeding which very ofUn wilt give good reeulist but which is not 
strictly necessary. By this we can also determine the functional law of errors (Comp, the 
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peit chapUr). The eqhBtioD of the ourve U. 

Logy»2'0228+0'CO30(4i---U)-0-68a5(af^U)>+00t5l5(^~ll)-‘-U-00ia76^j-ll^ 

§ 15. By the study of itiBpy canoe of ptooumptiTO orrorB, and especially such &» 
represent ideal functional, lavs of errors, ve cannot fail to. get the impreseion that there 
eiiste a typical form of curvee of enorfl, which ie particularly distinguiehed by symmetry. 
Familiarity with this form is usefhl for the coDstiuctioa of curves of preaumptire errors. 
But We must not eipect to get it realised in all cases, For this reason I have considered 
it important to give, alongside of the typical curves, an oiamplo taken from real obserra- 
tioDB of a skew curve of errors, which m consequence of its marked want of symmetry 
deviates consideiably f^om the typical form. Fig, 4 shows this last menhoned law of 
presotnptiye errors. 

Deviation from the typical form does not indicate that the observations are not 
good But it may become so glaring that we are forced by it to this oonclusion. If, for 
instance, between the extreme values of repetitions — abscissae — there are inUrvals which 
are as free from finite ordinates as the space beyond the extremes, so that the curve of 
errors is divided into two or several smaller curves of errors besido one another, there can 
scarcely be any doubt that we have not' a series of repetitions proper, but a combination 
of BevBtsl; that is to say, different methods of obnervation have been need and the reaulta 
mixed up tdgether. In such oases we cannot expect that the law of large numbers will 
remain in force, and we had better, therefore, reject such observations, if we cannot retain 
them by tracing out the essential circumstances which distinguish the groups of the series, 
but have been overlooked. 

§ 16. When a curve ot presumptive errors is drawn, we can measure the magnitude 
of the ordinate for any given abscissa; so far then we know the law of errors perfectly, by 
means of the curve of errors, but certainly in the tabular form,, only, with all its copious- 
nesB Whether we can advance further depends on, whether we ancceed m interpolahng in 
the table so found, an^ particularly on, whether we can, eitlier from the table or direct from 
the curve of errors, by measuremenl obtain a comparatively small number of cooBtants, by 
wbi^h to determine the special pecnlinrititt of the curve. 

By interpolating, by means of Hewbon'a formula, the logariihma of the frequencies, 
or by drawing the curves of errors with the logarithms of the frequencies as ordmaiee, 
we often aucceedi af above mentioned, in giving the curve the form of n parabola of low 
(and always even) degree. 

Still easier is.it to make use of the circumstance that fairly typical curies of errors 
show a single mutmum ordinate, and an inflexion on each side of it, near which the 
curve for a short distance is almost rectilinear. By measuring the co-ordinates of the 
maiimupi point and of the points of ir\fleiioD, we shall get data sufficient to enable us to 
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draw a curve of errora vhich, bb a rule, will deviate very little from the original All tbie, 
however, holds good only of the curves of presumptivo errors. With the actual ones we 
cannot operate in this way, and the traneihon from the latter to the former Beems in the 
meantime to depend on the eye's aenae of beauty. 


y, FUNCTIONAL LAWS OP EREOIJS, 

g 17. Lawa of errors may be represented in such a way that the frequency of 
the results of repetitions is stated as a mathematical function of the number, or numhers, 
axpresBing the results. This method only differs from that of curves of errors in the 
clrcunaatance that the curve which represents the errors has beOn replaced by its matheniA- 
ileal foTinWla; the relationship is so close that it » difficult, when we speak of these two 
methods, to maintain a atnot distinction between them. 

In former works on the theory of observations the functional law of errors is the 
principal instrument. Its source Js mathematical apecnlation ; wa start hrom the propertiee 
which are considered essential 4n ideally good observations. From these the formula for 
the typical functional law of errors is deduced; then it remains to determine how 
to make computations with observations in order to obtain the most favourable or most 
probable results, 

Such investigations have been earned through with a high degree of refinement; 
but it muBt bo regretted that m this way the real state of things la constantly disregarded. 
The study of the curves of actual errors and the functional forms of law's of actual erron 
have conaequentLy been too much neglected. 

The representation of funotional laws of errors, whether laws of actual errors or laws 
of presumptive errors founded on these, must necessarily begin with a table of the reeulto 
of repetitions, and be founded on interpolation of this table. We may here be content to 
stuay the cases in which the arguments (i. e. the results of the repetitions) proceed by 
constant differences, and the interpolated function, which g^ves the f^eqnency of the 
argument, is considered as the functional law of errors. Here the only difAcuHy we en- 
counter iB that we cannot directly employ the usual }lewtohlan formula of interpolation, 
aa this suppose'^ that the function is an integral algebraic one, and gives infinite values 
for infinite arguments, whether positive or native, whereas here the frequunoy of these 
infinite irgumentB must be « 0. We mast therefore employ some artifice, and an obvious 
one is to interpolate, not the frequency itself, y, but its reciprocal, A. 'fhia, however, turna 
out to be inapplicable; for A will often become Infinite for finite argumenta, and will, at 
any rate, increase much faster than any integral funotion of low degree. 
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But, M hftVe itraadj nid, tiu intoriHiIition gtoenll; tuccwdi, when we tpply 
ii to the loguithn of the fieqnency, ueumlng that 

Logy - a +l*-f «*' + ... + y***, 

where the function on the right nlde begini with the lowest powers of the nrguiuent ar, 
and dndi with an eroD power whose coefAoient y must be utjfntirf. Without this latter 
Mudition the computed frequency, 

y „ 10.+»f+«'+...+eH«_ |1) 

Would again become inflniteljf great for « ^ ± 00 . That the observed frequency is often 
■■ 0, and its logarithm — w Ijke -1 , does no harm. Of course wy must leare out 
these frequencies of the interpolation, or replace them by very small finite frequencies, n 
few of which it may become neceaaaty to aelect arbitnrily. As a rule it ia poeaible to 
nooaed by thia mema. In order to repieaent a given law of actual errora in Ihia way, we 
nuat, aceording to the rule of Interpolalien, determine the coidBoienta 0 , b, c, . . . y, whose 
anmbar must be at least aa large as that of the vsiioiu resulti of repetitions with which 
we have to deal This deiermimtlon, of oonme, is a troubleaome bneineaa. 

Hare alao wa may aupposa that the law of praauuptiva errors is simpler than that 
of the letaal atrori. And though this, of course, does not imply that log y can be es- 
preaaed by a small anmbar of terms ooptainlng the lowest powers of «, this supposition, 
tteyettheieuB, Is 10 obvious that It must, at My rate, be tried before any other. 

S 18. Among theae, ths aimpleit case, namely that in which Log y is a fnnotion 
of a of ths aeoood degree 

'Logy * o-f b* — »'i 

gives UB the typical feym for tha functional law uf errora, and for the curve of errors, or 
with othat oonaUnla 

y-Jla-T(x)'.MO'*"'"(T=)’, (2) 

where 

‘"■‘+T+n+r2i+”“-™' 

The tanetien hu therefore no other constnnti than those which may be interpreted 
ia unit for th« freqnenoles A, and an aero at and nnit n for the obeerved values; the 
oeireipondiBg typical oarve of eirora hu therefore in aU essentials a flsed form. 

The tUnettODal form of the typical law of errors hu apphcations in mathematica 
which ara alinott 11 importMt u thoaa of the uponiptial, logarithmic, and trlgonomatrjonl 
Ainctioiia. In tlm theory of ohsamtioai its Importance )i so great that, though it hu 
been ovar-ulimatad by some writen, and though many good ebsarvaliotis show preaumptlre 
tt well u aetual laws of etron that an not typN. yet every student must make mMif 
pmfsetly fhmlllu with Its propertiM 
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Expanding the index we get 

I I /«\s «n l/»\» 

e^'Tu/ * , 


80 that the general function reaolvea itself inta a prodqct of three factors, the first of which 
18 constant, the second an ordinary exponential (hnction, while the third remainB a typical 
functional law of errors. Long uaage reduces this form to but this form cannot be 
reoommended In the ma]ority of its purely mathematical applications is preferable, 
unless (as in the whole theory of obBerrations) the factor j in the index U to be preferred 

on account of the resulting simplification of most of the derived formula). 

11 *\' 

The differential coelllcienta of riw with regard to ^ are 

- |i-'(i!‘-Sfi'-2*' + l-3n*)rT(7)' 

» -)»~“(*‘-6#'.33i«+3.3»‘3:)rT(f)' 


(4) 

♦ 


The kw of the numerical eoefScients (prodnota of odd numbers and binomial 
nambere) is obvioua. The general expression of z/r-Ki) can be got from a comparison 
of the coeffioienta to (— m)' of the two identical series for equation ( 3 ), one being the Taylor 
series, the other the product of and the two exponential senes with m* and m as 
arguments. U um also be induced the differential equation 

+ *1?^^ + ('* + 1) - 0- 

ir I 

Invenely, we obtain for the products of the typicgl law of errors by powers of x 


jptp » 

a!*f> -i — 

x*f n*D*f + -j- 

- 16 a*ZV 


( 6 ) 



the Bumerical ooefflcienia being tbs same as above (4). This proposition nan be denon- 
atrated by the identleal equation Z>(afjp)+f^y. 

By mesas o( |:heee formulm every product of any integral rational fuaotion by 


a 



exponential funttious and funotionnl typical law8 of errors can be reduced to fclie form 

+ ( 0 ) 

where 

p -» e'lA ■ /, 

and thus they can easily be differontiatefl and integratodi Every quadrature of [Ins I'orm 
can be reduced to 

jrj(i;)r»(") +/'t(a:)5r?( ii‘ )dx, 

where /,(a:) and are integral rotionel functions; thus a very large clasH nl^probb'ms 
can be solved numerically by aid the following tabic of the typical or exponential 
fnactionri Utr of wors, 5 - ((“*■*, togeOier with tho table of its integral 


X 

s> 

I-- 1 

dh 

S? rf? 

P 

dz* 

00 

oooooo 

1-0000 

OOOO 

-100 00 

3 

01 

009988 

-9960 

- *100 

- -99 -a 

3 

09 

019807 

■9802 

- ‘196 

'94-6 

3 

r 

-9660 

- -1M7 

- -87 8 

2 

04 

0*88968 

*9231 

* 369 

- 78 10 

2 

M (nm 

3826 

-■441 

-'66 13 

1 

M iriMaM 

9369 

- 601 

' 6$ 1*8 

1 

07 

064000 

•78W 

- 648 

*>40 14 

0 

08 

012227 

7961 

- 681 

- 26 1-4 

-0 

09 

079194 

-6670 

- -600 

-■18 1*3 


10 

(^66662 

06066 

-0-607 

OOO 12 

-1 

VI 

091896 

-6461 

- *601 

*11 VI 

-2 

12 

098488 

4868 

-•684 

*31 *9 

-a 

1-8 

1-01087 

4386 

- *668 

*80 *7 

-3 

U 

1*06089 

*9763 

-•636 

36 *6 


VA 

108686 

-8S47 

-- 487 

■41 ‘4 

r-a 

H 

111606 

3780 

- ^446 

48 -3 

-2 

1*7 

H4iei 

*2867 

r- 401 

*46 4) 

-1' 

18 

116826 

1979 

866 

*44 '*1 

‘ 1 

l-B 

1-U188 

1646 

- -818 

‘48 --2 


20 

V18699 

OUW -0271 

0*41 -3 

-1 

01 

lim 

‘1)08 

-■932 

-38 -*8 

-n 

22 

191946 

-0889 

- *196 


-0 

n ituts 

xmo 

- ‘168 

80 *'4 

-4) 


i?' 


-V 

dz 


3? dt* 


'H l'2a277 
12377^ 
2fi rmn 

2-7 l'Mia2 
28 1‘24091 
H 12^8M 


(HlMl -0-185 0-27 -(hi 


im - 110 
(m 

X12GI - -071 
0108 'OGO 
W 9 - 


*23 ^ '4 
*20 ^ *3 

-10 - ‘H 

H - a 

'11 - *2 


31 IS 
82 l*2aiA0 
S3 12G210 

34 ^1*20247 
86 1 26^3 


87 rasdOA 
38 1 26313 
8-8 1'2531B 

4-0 126323 

41 1253r^ 

42 1*26328 
4*8 1-26388 

44 136880 
46 1 26381 
at K{* 


■0082-4)26 
■OOffi - -013 
*0043 - -014 

0031 - on 

■0032 - -000 
*0016 - -OOG 

*0011 - -OW 
-OOOT - -003 
-0006 - *002 


*07 

■08 

04 


^•1 
T- 1 


•03 ^ *1 
■02-1 


-02 

01 


- '] 
- *0 


-01-0 

01-0 


0002 - -001 
0001 - 001 
0001 - *000 

•0001 - 000 
0000 - 000 
0000 ^ 000 


00 

■00 

00 

-00 

00 

00 


dz* 

0 

0 

0 

0 

0 

II 


30 1*24903 00111 -0033 009 -02 O.'l 
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U^te I ^ pOBitiv« and segailve 7&lu^ 

of «; the other rolumns of the table change signa with e. 

The interpolatione arc eaally worked out by noBDB of Taylor'a' theorem: 



and 

j;^fo-i;^+,.c+i^.f«+iS'C*+Ag'f*+Ti.g-f+... (8) 

The typical form for the functional law of orrore (2| showB that the frequency ie 
always positive, and that it arranges itself symmetrically about the value x m, for which 
the frequency hu ita maxim iim valae y^h. For x « m the frequency is y A • 0'60Q58. 
The corresponding points in the curve of errors are the points of inOexion. The area 
between the curve of errors and the axis of abscissae^ reckoned fi-oip the middle to x 
will be mA >0*85562; and as the whole area fl’Din one asymptote to the oilier is nAF2jr 

<m nh > 2‘60663, only tiA • 0'89T69 of it falls outside either of the ihSexionSi consequently 

not quite that aiith part (more exactly 16 per ct.) which is the foundation of the rn)e| 
given ID § 11, as to the limit between the great and small errors. 

The above table shows how rapidly the Ainction of the typical law of errors de- 
creases toward aero. In almost all practical applications of the theory of obsorvatioM 
s' ]''*» 0, if only b > 5. Theoretically this supenor assymptotioal oharaotar of the fuaothra 
is expressed io the important theorem that, for a --i ^eo, not only itself is «« 0 
but also all its differential coefhcienta; and that, furthermore, all producia of thla funotion 
by every algebraic integral function and by every expODential funotion, and all the difereaUal 
quotients of these products, are equal to xero. 

In consequence of this theorem, the integral \ ds « csm be oonputad 

as the Bum of equidistant values of multiplied by the Interval of the argunenta 

without any correction. This umpla method of computation ia not quite eorvoot, the 
underlying senes for conversion of a amn into an intbgnl being only (Mmiconvergeiit In 
this case; for very large intervals the error can be easily stated, but as far as iDtervale 
of one unit the numbers taken out of our table are not sufAcient to show this error. 

If thl eurve of errors is to give i^ative fre^nency directly^ the total area must bo 
1 •- h consequently ought io be put -• • 

Problem 1. Prove that every product of typical laws of errors In Uh fhactiaMl 
form — he~'T('r) , with the same indepondent variable at Is, itself a typical law ofenem. 
itiow db the oonstuts h, m, and n change in avoh a miltipDQatieBt 

a‘ 
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rinlihi) ^ Hnii snmil .im* llh' Ihiiul'ii(k>. oI cihirfi exmdinp 3. nr ^ hmfK 
1||I> ui'MM HUM. (in llic '.iiiijiOHiliiii) of tliu iypical law ol emuflp 

^ycjiil.'Ui .! T(i iind the values ol the definilo intoffrala 
pi - "V . 

ifp \a;^^ 2\ n } ax. 

Ai)M\or‘ — 0 and .Vji 1 • 3 • 5 . . . (il* 1) w*’‘^V2n' 

l!f Nearly reluied lo the typical or exponontml law nf errora m functional forni 
.irc IIjc hinoiiiiiil whiili aro known from I ho coariinonta oi the torma uf the n*^ 

IMjwei of binntma), regarded Ub a fumlioti ol tJm number x of the term. 

1 “ 


/r (I 1 2 3 4 f) f) 7 


1 

1 








1 

1 

1 







2 

1 

2 

1 






3 

1 

3 

3 

1 





4 

1 

4 

6 

4 

1 




S 

1 

5 

10 

10 

5 

1 



a 

1 

« 

Ifi 

30 

16 

6 

1 


7 

1 

7 

21 

35 

36 

21 

7 

1 

8 j 

1 

H 

2B 

66 

70 

66 

28 

H 

9 

1 

0 

dO 

m 

126 

136 

84 

36 

10 

1 

lu 

45 

130 

310 

363 

210 

120 

11 

1 

11 

65 

165 

;i.3o 

463 

463 

330 

12 

J 

i'2 

66 

n) 

1»5 

793 

934 

792 

13 

i 

13 

7fl 

m 

715 

m 

1716 

1716 

U 

1 

U 

91 


lUOl 

3003 

3003 

3432 


For iiiiegiul vhIuom ol Die urgumenl llie bitloDiiHl function can he coni puled direct K 
by the formula 

^ i.jj.^'.TvrrVs*'. 

^ 1 ) 

^ 1*2. ,.x 

When the binomial Humbert) for h are known, those for m -f 1 are easily found 
by the formula 

+ /?,(X-1). (10) 

by dubatituhon ,BCcordtnn t« ( 9 ) we easily deiuonetruie tlie propoeitioh that, for 



\fl5 


integral vaIum of r, and £ 

(H; 

which means thnt, when the innomial (a + b -f c)* is d?ve)oped| It is indiiTerent whether 
we consider it to be ((a+^)+t;)" or (o 4* (H ‘J))*’- 

For fractional values of the ATgument jr, the binomial funciion ^ 

in an jplinity of diAerent ways, for instance by 


This formula results from a direct application of Lagrange'a method of inierpoUbon, and 
leads by (ID) to the more general formula 


ft . . sinir* 

* "" (1— aj) (2— »),.,(»— apj "ff» 


( 12 ) 


This species qI binomial funciion may be considered the simplest possible, and has 
some importance in pure mathematics; but as an expression of frequencies of observed 
values, or as a law of errors, it is inadmissible because, for s; > » or a; negative, it gives 
negative values alternating v?ith positive values periodically. 

This, however, may be remedied, As has no other values than 0 and 1, 
when w is integral, we can put for instance 


by (10) then 



(13) 


Here the values of the binomial function are constantly positive or 0. But thifi 
form iB ,oumberBome, and although for the function and its principal coeillcleDis 
are Vi* 0, this property is lost here, when we multiply by integral algebraic or by erponen*' 
till functions. 

Thme unfavourable circumstances detract greatly from the merits of the binomial 
fudctionB ns expressions for continuous laws of errors. 

When, on the contraiy, the observations correspond oply to integral values of the 
argument, the original binomial fhoctipos are most valuable means for treating them. That 
/9i(x) ^ 0, if X > tt or negative, is then of great imfiortance, But this Case must be referred 
to special inveetigaiioiu. 

8 20. To repreaent non^typical laws of errors in functional form we have now 
the ohoice between ai feast' three different plane*, 





1) the rormula (1) or 

S) the products of Integral algebraic functions b^v a tj'pii^l funckioa or (0) 


3) 


a sum of several typical funcijons 


y - 



(14) 


This account of the move promiuetit among the functional fornts, which wo have at our 
dispoBal for the represeDiatlon of lawu of erroiu, may prove that we certainly poeausK good 
lastrumenta, by means of which wo con e\6n in more than one form hnd general Koriea 
adapted for the representation of laws of brrors. We do not want lorinu for the aeriegt 
required m theoretical Bpeculatiom upon Uwa of errors; nor 48 the exact represent aiion of 
the actual frequenoies more than reasonably difficult, if anything, we have Uo many forms 
Bhd too few meena of oatimaiing thsir value correctly. 

As to the important transition frotn laws of actual errors to those of presumptive 
errors, the (Unotlonal form of the law leaves us quite uncertain. The convergency of the 
eeriea ia too irregular, and oOnnot in the least be foreaeen. 

’We aab in vain for a flied rule, by which we oan select the moat important and 
trastworthy forms with limited numbera of consttota, to be used in prediotioDS. And even 
if we should have decided to use only the typical form by the laws of presumptive error's, 
we still lack a method by which we can compute its constants. The answer, that the 
‘‘adjjnstmenr Uf the law of errors must be made by the ^'method of least squares**^ may 
not bo given till we; have attained a satisfactory proof of that method; and the attempts 
that have been made to deduce it by speculations on the lunctional laws of .errors must, 
1 think, sU be r^ded av fkUorsm 


VI. LAWS OF ERRORS 

EXPRESSED BY 8YUUETR1CAL FUNCTIONS. 

I 

21. All oonshuits in a functional law of errors, every general properly of a 
eunre ef enofs^ort generally, of a law of numerical syron, must be symmetrical. functions 
Of thb sevnal reeultB of the repetitlonB, J. e. fanoUons which era not altered by inter- 
changing two or more of the results, for, as the valias fonnd by the repe^tioos 
-^rrsnpond to the same essential ciroomeianoes, no interchanging' whatever can have any 
hsmee OB the law of errors. Conversely, any eymmetrktal Ihnetton of the vataea of the 
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observations will ropreaem some property or other of the law of ^rors. And wo must bo 
able to expiees the whole law of errors itself by every such colleotioti of aymmeUlcat 
functions, by which every property of tlie law of errors can be expressed as unambiguously 
as by the very values found by the repetitions. 

We have such a collection in the coefficients of that equation of the degree, 
whose roots are the n observed values. For if we know these coefdcients, and solve the 
equation, we get ah unambiguous determination of all the values resulting from the repe- 
titions, i.e. the law of errors But other collections also fulhl the same rcqairements; the 
essential thing m that the ti symmetrical functions are rational and integral, and that one 
of thorn has each of the degrees 1, 2 ... n, and that none of them can be deduced from 
the others. 

The collection of this sort that is easiest to compute, is Me suwa of the powers. 
With the observed values 


we have 


Of I Oj f Ok , ... Ofi 

- o! + «! + ■ ‘ + o! - 

S, — 0, 4- 0, + , . + Ob 
Si o] + ®i + • • + ®J 

8r ** 0^ + oj *i- * . 4" 


(16) 


and the fractions ^ may also be employed as aa expression for the law of errors i it is 
only important to reduce the observations to a suitable xero which must be an average 
value of Of .., 0 .; for if the diSerenoea between the observations are small, as compared 
with their diiferem^ from the average, then 



may become practically identical, and therefore unable to exprees more than one property 
of the law of errors, 

From a well known theorem of the tlieory of symmetrical functions, the equations 


1 -|- Ojlti |- 4* . • ■ ■■ (1 ^ ®l®) (1 ■ (I 

^^10g(l-D,-) 

which are identical with regard to every value of oit we learn that the sum of the powere 
«r can be computed wiihou); ambigility, if we know the coerAcienU ftr, of the equatlofit 
whe «0 roots are the « obeorvatkms; and vice versd, by dlfferentUting the M oquathm 



1 ^ 


with Tdj^fird tfl A/, and e(|UAting the eo^ORcienjta we ((et 

0 «® "f* 

0 «« + a|a| ■+■*1 

C« iw,+-tvja, + + 


from wlnrh the ooefAci^nta are qnatpbijpiooaly nqd yfity mWy computed, when the ^ 


m ilimily calml&ied 

jj 2i» But Irom the'^ums of powers we can easily compute also another service- 
able collection of symmetrical functions, wlilch for brevity we shall cal) thr hdlf^ntimtmh, 
Starling from the sums of powem these^ean be deftned as /i,, by the 


e<|uatiqn 


jsl 11 ft jT, + -^r + -j^r'+^r*+.*., 


(«) 


which we suppose Identical with regard to r. 

As $r » A'o**, this can be written 

(lAl 

^By developing the Arst term of (17) as illtrT^and equating the ooeAclenU of each 


power of we get each ^ expressed as a Ibnction of . .[iri 

•o 


*. v« 

*1 - 

— ».(/<! + ^‘,/<i+/<I) 

•. - •‘Afiii-Wi + Vi + +/'!> 


(i») 


Taking the logarithms of (17) vo 

■ f I-- ■• 






+...) 


and henoo 

ft, — s,:s, 

(it -■ (»iK -»])■' ‘I 
M, ”i + 

^1 - (8,i;-4s,s,s;~8«:sJ + Us,i;»|.-fls|);«,‘ 


m 


(31) 


Tlis. goiionl Ua of t)u rsUtion b«t«««n tho |U and s is moro oasilf andwatMd 
througli t)i« oquotlons 



tee 





' /^l^g “f 2/^g^l 


wbflre the nnmarical coeffIcientR are thoiie of tha binomial theorem. Theee equations can 
be demoTUitrated by dilTerentiation of (17) with regard to r, the reeultlng equation 

*. Jr + 'iT‘4-...-(/i,+^r+^^+..)(«.+^r+^.* + ...) (33) 

being aaiisAed fdr all value? of r by (132), 

Theee half-invariants posaeaa several remaikable properties,' From (18) we get 




(0| 




.,+e 




(24) 


copMquently any traneformation o' » o 4- c, any change of the xero of all obaervationa 
ai...Ohi affects only /jj in the same manner, but leaves ^|, unaltered; any 

ohange of the unit of all observations can be cnmpanBated by the reoiprocal change of the 
Doit of r, and becomee therefore indifferent to ... 

Not only the ratios 

ii h .i 


but also the halMnvAriantfl have the property which is so important in a law of errors, 
of remaining umhanged when the whple senes of repetitions is repeated unchanged. 

We have aeon that the typical character of a law of errors reveals itself in the 
elegant funetjona) form 

J /^r-?V 

w(ii«) •• s"i\ •* / f 

Now WB shall see that |t is thlly as edsy to recognUe the typical laws of errors by means 
of their half-invariantfl. Here the criterion is that /ir — 0 if r'^ 3, while /ii "*-m and 
nV This remarkable proposition has originally led me to prefer the half-invariants 
lo every other system of symmetrioal functions; it is easily demonstrated by means of (5), 
If wo take m for the zero of the observations. 

We begin by forming the sums of powers Sr of that law of errors where the fre- 
queocy of an observed > is proportional to (st) — s" s\ • / ; as this law is continuous 
we get 

S +«* 







F»f every di/ferentiil ooefftcient we have 





0 . 


^ie^quently we learn dfom (5) that «»- 0, but 

1 'W^^O 

fl, — 


(oonpare problem 3, ^ 18). Now the hair-idvarianU can be found by (M) or by (J7). If 
we m (22) we remark that Htr - tken writing for (»3) 


*1 ^ •" 0 

hh “ /'ll!! ■- 0 

Oj — 2/(,e, 0 

<4 - BDi ^ ^ Q 

+ 0/Vi + 4^4^, + «« Q 


"j — ^ th^]^ 't ^ 0 

we Boe that the aolution le and /<, i»- ... «- 0, 

By (17) we get 

*v 

- (T. 

Equating tba cMnoltnii of t' wo gat hna tht ;i, .. 0 n, i» ^ » o 
If r>8. 

If fo wlih to damonitnta thii important propoaition wittiogt ahangt of th« wk, 
inl vltlMBt tba uaa of tha oquationa (3) vhoae ganml danonatntiM la nmatrhAt dUI. 
cult, n can comnaoeo by tba lemma that, for each Integral and poaillra ralne of r, and 
alao fcr r - 0, »o bare for tba typical lav of emn 

■■ w«r + rw*e^i, 

The fonolilOD j|l(ay) f» fi'a/ril'T) ie eqial to aero both for #•>« nnd for w « 

If we now hetwooD/ theee limite iotograto ite difftfeotial oquatfoo 

»• gat 





If we now Iron) (22) subtract, term by term, the equations 

Ifl WWq 

- m9^ + n\ 

tfj — Wfl, 

H 4 mS| +3>i*s^ 

it m obviouB that /i,— 'm«pO, ;i, =• n*, .,,^0 

Ry computation of and fn^ wo find ooneequently, in the simplesl way, the 
oon.9tontfl of a typical law of errors. 

If the law of orrors deriatoa only a httle from the typical form^ n^s eto., will 
also, all of them, be relatively small numbers; and each of them may be either positive 
or negative* 

On the whole, a law of errors can be determined without ambiguity by the valnee 
|Up liv /in r being the number of repetitions. From any such ^'s we can compute 
the sums of the powers e unambiguously, and f^otn these again the ooefAciente of the 
equation whose roots are the obaerved valuee. 

But for real laws of errors it is a necessary condition that no imaginary root 
can be admitted, if an infinite number of repetitions is considered, the equation cessas 
to bd algebraic, and then the convergency of the genes necessary for its solution is ft 
further condition. 

§ 2^. 3^ man sdlwe -i u always greater than the 

leasti less than the greatest of the observed values 0 |, 0 i, ... o^; under typical cireum- 
stances we shall find almost the same number of greater and lees values of the obiervatioim* 
The msjjoriiy of them lie rather near to only few very distant from ii. The mean 
value u the representative of what is common in a aeries of values found bjf 

repetition ; its application as such is most likely exceedingly old, and marks in the history 
ol science the first trace of a theory of observatiotis. 

The mean iepiatm^ whose square is measures the magnitude of the devia- ' 
tiODs, the uncMnty of the repeated actual ohservationo. The square of the mean deviatiOB 
Is the mean of the squares of the deviatlodi of the several observations from their mean 
value. By addition of 


4 * 





w« 

W\d w ^1 » 


HA’-*! 

: — 7 * — ■“ Ml 


(l?fl) 


Tho QtiDpuitllon or fi^ b) thii rormuls olUn be tuivr llun by the etfUAtiuu 
(31)i beduae i| In the Utter must frefinantly be ukrnputed ifllh nioie Hguree There le 
hoirever % middle Mufee, irhloh ie often U be preferred to either of these oiethode of com' 
putstloQ A.H I oAaHjra in 2<f\i of oiii«r«(t<iA«ia Inrolvn the eune mcreue of ertry 
/I and or It wltl, ucoiding to (24), hove no tnHuonoo at all on /i,. We Hloot Ucofon 
u xero a dtivenlent, round nunber, o, rery near p^, and by rer«reiu» to this lero Um 
observed valiiai mo ttMieforaiBd to 


o' - 0|-0, o; 0,-0, 


f 

00^ it 


When s', and IndleaU the sutne of the Iranaiorined obwrilionii, and y, r, ihen 
vre have • c + and 


Ml 



(26) 


I 


We faaN( bUU to mehtlen a theorem Miniprnliig tbe mean definUen, vhbh, Iheugh 
not useful for computation, u naerul for the cQiDptehenuion anl fuiUw developmeht of the 
Idea The sr|uare of tbe mean dovtaKov U o(iual to ttie sum of squares of Die dlifereiKi 
belfeen eatli observeil value end eaih of U|b others, divided by twice Die square of Die 
nwnber The said squares are, 

(0|' Oil', (0, -(!,)<, (0j,^0,)*. 

’ ^i)'i (^1 ^ (e*™ 0|)*» 


("i M*. (O, c.)*. (e,, -».)*! 

develeplnij usili of those by Iho rorn)ii)ii oi, m\ Hrst Ofidlng airh 

eelamn lepuatety, wo Unit iho sums 



193 



iN,0| - 



r 

5P_ 

- 1 

wb" 


and Ihu puui of these 



oonseijiienlly, 

i£(», -»,)• s,:/<, 

(U7) 


'fke roeto devlillon li Krttiw (lian th« l«ut, \m lUan lli« the d«vtaUentf ef 

the volueti of ropBtltlofii from the mnn nuinbor, and lesa than of the graateat (javlatioii 
tiataraen t«o obaerved value* 

Aa t« the higher halMhvaTlBiita it may here he enough to alate that they IndftaU 
virLeua wrto of devlilione (horn the Ivptcil farm Skew cur^ea of errors ue lodlcatoA by 
the Wng dlfforanl Ikom leeo. peaked or flattened (divided) fornii reepocilvely by 
positive or negative values of fun and Inversely bv jHvfi 

For these higher hair-invanints we shall propose no ipeeial nsoes But we have 
already introduced double naoeo "relative rreijuenoy'' ond "probability" in order to acceo- 
tuala Uva dletlnotloa botweeu tlie lava <)f ueiual errors and theee of presuiopbve erroCa, 
and the same we ought to do for the baU-tuvartanti. In what foDowa we shall Indloaie 
the half Inviirianta to laws of preiumpUre errors by the iigni 1 luatead of //r which will 
be reserved for Ian of actual errorai parUculadjr vheo we shall treat of the IrgnslUon 
frem laws of actual errora to those of presumptive ottes For apsolal ceaaoha, to be 
eaplalued later on, the name mean value can be used without eowMon both for pi and 
i,, fhr ackuit veil ns for prosumptiva nioaiisi hut Instead of "mean dsviatton'^ we say 
•nii'Uli ivror", when no ajioalc ef tons of prosuiqpilve errors^ Thus, If 

is irtllrd I ho iM]mkro of I bo lurAu tftor 

III S|inii1iij|iii]a upon hicul tnws ol errotSi vhen the lavs are tuppoaed to be con- 
Uiiuikiis or lo rchilo le hilliijle i|ii|iiboJfs of obaeriations, (his dJstlactlon In of (ouno 
iusjgiiKhimt 

fiiamplM 

< I IVt'frssut' Jill Tlieiuseii foitiill lor Ihe lojuIwiiL of a calorimeiar. In flvpwliueats 
■nil palp waW, In seven ropidlilons, Hie lulues 

iflidd, jfW7, »M5, jiisii, m, sutM, m 

If we take hero SfllbO m lera, wd read the ohservallimi m 

— I, ■-< »- fi, 4 ib + Bi di 1 
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tu- 


cdnu«;(i«iit]y 


^ 7i sufI *> 

/,^ - 2660 - 1 -'Ml 

A. -?-(-!)* - 0 - 


70 1 


iThv Tn«ftn 1 « cDni(i]uoAily ji;;Z 

2 In on ullornutivo mpcrlm^nl tbn ronuU la nllhor t^hlih loiiplj I, nr 
"lyo", wlil(sli coutilii 0, Out «r in 4* lU » bw ((ivisn "y4a"« Um h 

)IVhit l)i»(i |i th* oipraaslcn for Uio htf of orrora In fanlNipvi^Mta P 

Ahwor ^t^ - ^ '- 


B. UtUrmino the Iot bf enore, In hnlMnyniiouU, of n Volina In yfhM n voUrs 
litTo voM fof B notion (-p l), e against (- 1), while h havo not voted jO), ntnt ownine 
wlmt vbluei fO( n, A, An<l « give tho nquoat ippnilinntlon tn tho typical fbrn. 

a--« tfJ + lcfl + fto fo-^<i)fa4 + B^fl-f tio — b'l 

f-i • 

(<ii44(ii4't+t)-4(i<-~i>)>H(i+6-|>)(9ii-'HS44-0('>-<)‘ 
^ ‘■• 

J)lMf«i4|og the oufl w)i«D be vote li ualelmoui, bo double ceudllton 
—0 Id onl]! iniliilod when ono ilith i>f the voUa la for, motW oixth ngalnst^ while two 
thirdo do not giro their voteo If ju, le to bo — f). without o holog —Op 
—tine Tniist be ^Oo Biii then ■*« — S/t| ^hlih dOM net dteoppear unliwi 

Iwe of Ihe nunbete u-, 6i end «« and aoneequently eie — 0 

4 Bli repetitions give the i|ulte'syininetrice! end olnost typlcnl kw Of erronio 
/ij *■ 0i ^ 1, Ml “ ■“ ^ 6i hut Ml » — 1< e^o 1^*® oboorved vnluee I* 

Aneweir — i, Oi Op 0 , (t, -|- 1 


VU, HDUTIONS BETWE3BN' FDNOWONU LAWS OP KBROlfi} 
AND HALF-INmum’S, 

4 tide The nuUlplIaty of fotiu of the laws of errors mikei it lupoeslhle to wrtU 
e Iheory Obaenetlone In n short mannore For thongli Lhoeo rerno uto of very different 
velne, none of them cm be coDifda/ed ee ebwktely euperlor to the otliera The rnnallonel 
form whleh hie biea nn)v«rfal1y,enipln}id Ullherte, end by the moat promthAt wrtlen, htia 
la my opklon proved Innifflcieol I ehall here andeeToiir to replace It by tJio luir-iQrarlMU. 


1 



I»S 


Hut Aren ir 1 should snoosAd in this sndeivour, 1 urn sure tliot not onlv tho ruiutlonul 
Itws of orrers, ht ovon tho ourvoa of orran oud (he tables of froqufnov oro loo imiMrtnnt 
and naturll to bo put complotoly uldo \iVith(iat doirlment 
' MoTODior, In pTopoNhH a novf plnn fnr this iheoryi I havo foU it my duly to AjpiDin 
11 proeNy ind complotoly ai possibls lli rolitlon to tlio uid and commonly hnoun metlmdi, 
r llioreroro consider It a msUor of groat imporUms tit&l plan tho halMnyulouls, In Uiolr 
lery ddlnitlon, prwent o natural trauRillon to tho (yequAoclee and to (ha futiollelial |a% 
of oirore 

If in tho cqualinn (IH) 







lome of tho o/i oro oiaotly ropoitod, it Is of courio und#ritood that tho term must 
bo counlod not onco but as often as oi is ropsatod. Conuqiiently, tins definitbh of llio 
bilf'tnvarlants may, irlihout any ohango af ganse, b« urlttau 

iy(oi) A iT I f ( 5 ft) 

irliere tt^e froiiuonclos ^(oj) nro glvon in tho form of ilio flinotlonal lair of nrrora For 
eonUnuoua tans of onors the dtflnitlon muit bo nrilUn 




(K» 


Tlms^ If WA tnoff tho functionil liv of Atrors and if wo can pArform tlio Intognlioiis, tho 
half invailinla mav be found If, laTRsely, na hnpv the Hi, then 11 may U ponlUt alao 
to dnioiminD tim uuiullonal law of orrors p (o) 

Kiimplo 1 Lot f (o) hu a tuia of typiral functlnnal laws of orrors, 

f{o) ^ 1 A|P , 

then )^2ir2lw^ and 


and inniioifiiontly 



1 , 

.a 




1 


1 


2 IA)Ni * 


I 



Ry lid or ib« rormolK (19) U»l tiproi ^ u Amcilo&v of the Jl jot /<) il Ji uj 
Alf&uli U eoDpiU th» prlboipd liiIr^Anriiati. the htiTM ptobliio, to oimpiU tbi 
Wrt ivi iQd k bj BAU of glren hilf-l&TtrUnti It fory dinietlti A> H t«iii)la In iqm- 
Uou «t I blgb degtMi aieo If ottly i luio of two lyploil IbnoltoDil Uwi of vron ii 
h qUAlUUl, 

RninpU 8, Whit ATtbrhiir-lanrlDiti of I pure bUomii] tiw of tfronP The 
obienillab r balig repaiM Umiit we vrtti 

.+W»»'‘'-U+»’r. 

oomaquMitly 

Hiri the right hiad ildi of the «(}iitl(iii oin bo doTelopod by the lid of BeruuUliil 
loBben into i lerhl oonliliilng only the eren poweti of r, cAiMqtieiitly 


tether 




fi, (- ’“Y lud /Ill'll — 0, (^■>0) 


7' r<i 


1 



u"’ 


M 


i t 


*1 


KlUDpIo ft Whit ire thi hilMiiiriuU of i eomplgti blooBlil Uv of Btin 
jibe coaplela tmii or (p+f)')^ Han 

from Ibli wa ofiUin by dilfarBiiUitloa with regvd to r 

by fbrtbAr dllhieihUiUoii 


pOtllhg r-'O Wa gal 





I 
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EitBpls 4 A Uw ol prMumpbTB emn la ^leq by lb bilMnT^rlaob fonolqg 
a gaopiatncal progrmloTki Jr ><• bo* DGlernDiya kha mertl obatryikloiiB ui tbdr fraquumlaa. 
Bttt lha ltd luQil ibe tqulkfi (IB) 1i 





bgl Uls )• ^ j tad hw alio ilw forcn ol On right 

alio of (18) Tfaqt the obattvod vilufa arTo^ a* Sii 8^, • ud tha r^Ura fraqaaDoj of 

If 

fd la — fir) Thla lair of amn la nearly related to tbi blhonlBl lavt thioh eu ba 
conildend aa a prodoot ol* two faoton of thta kltiii, 


hr 

¥ 


i«-f 1 

Er"¥ 




It li parbapB aoperior to the binomial Utr aa a repreaeatativa of aome akair lawa 
of errora 

Eumpte 5 A law of errora baa the peealtirity ibat all half-lnwlaiila of add 
order va — |0, while all aveo halMDrarlanti ara equal to eaeb other, p-i 8a Show 
that all the obaerrallona mail be Integra) numben, and that for the rolaUya freqnepolaa 

f(±r)-r*(^+-^+-^+ ). 

Kianple 0 DeUrmlna Iha halMoranaiiti of tha law of pnannptln enon for 0I« 
Ifratlonid raluoa In the tibia of a flinotloD, In whaaa eonpalatloD fracUana undv f ban 
been i^Botod and Iboaa over ) raptaoad by 1 1 

^0, i| ^ ihi " “ilfn ■" i1b» 


((25. Ai a moat ganiral fonothnul tam af a oonUnnona law af arrdn wa ban 
, prapaaal (0) 

wtai ^|r)— 


a 
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Jfow U 1b b very rtnmrkBblo thing thit vo can nproai the hBlf-lnvariuta vltJioiil 
u\j tnbigulky B0 lunoUans of the co«f&c1eiitA Ah aod rico versa 
By (20] ire get 


rrhsiQ Ip " By me&na of the lemna 

frhloh Id easily denoDutnled for any fi(o) hy dlfferentlillng irlfh regard to o only^ we 
Jure is this putloalor ease, where f (o) and e?«y iy^(o) is — 0, Jf o ‘•iofii 

Goaseqiieatlj, the relation bslweea the hal^itiTBrlaDU od onu elds and the ooefUdenLi • 
of the general fanollonai law of errors on the other, la 



u|.' 




-(i.+^r+^r- + |r' 


(HI 


If ve utIU here l\ - il,-w and d'i-*< the computation of hue aet of 
oouatanti by the other oan, according to (I7)i be made by the formulie flD) aod (21) We 
t sebstitete only in these the In for the a;, end /I' or d for /i 

U wlU be isen ihih the cobiiaote m and and the epeolal Lypioal law of errOre 

lo which they belong, are generally enperfluousi Tfali luperflully In^our tmoformitlon 
nij be ueeAi] In spoola] cases A>r reasons of conrcrgonoy, but In gen^ It must bo ooii> 
ildsred a souroe of vagueness, and the oonstants mest be ilxed arbitrarily 
It la eaalest and moat naturat to put 

ei « d, and ^ d, 

In thla oaee we get A, » 0, A| —0, A, M-Agdu K A, - A«d„ and fnrtlm* 

t. -i.(J.fiW!) 

i, - t.l^+Wl,i.) 

t ‘ ' 


The law el the ooefQoieiita la explalndd by writing the right side of equation (90) 


/ 


'i 
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Eiptcs^sd by htlf-lnviiTionlii In Ihia raaiiDer Lhe Blpllolt rofm of vQualion 

+T^ «*-<,)'- 10^. + IW! M,)) + 


(6) la 

HI) 


VUI LAWS OF BBROBS OF FONOTIONS OF OBSERVATIONS 

§ 26 Tbers u ootliing InconstataDt Fli)i onr debnUtona in ipenklng of hwo of trron 
relallng io any group of quBDllUfls whlobi though not obt&inod by repeated obaervillonet 
hare tha like property, nsinely, that repealed eaticDatlojie of a eipgie thing give rise, oivjDg 
to erron of one kind or othar, to mnlliple and allghlly dlffenog reaulLa whioh are prha 
fme equally valid The vaiioue fonne of lave of actual errore are indeed only eummary 
eipiesaloiiB for aoch mulUplIoity, and the trAiialtio& to the lav of ^reauniptlve eryon 
reqnltea, heeldea thio, only that the mnltlpllcUy la eauaed by fixed but unknovn olream- 
etaaoea, and that the values muet ba mulnally independout In that aanke tlidt none of the 
clmmatanoea lure oon&eeted aoniB npelitlona to othen in a menneT vhioh cannot ba 
nmmon io all Oompare §24, Example 6 

It in, eonaeqaentiy, not dlfBonlt to define the lav of tfiOTS lor a fnneUon of om 
ilngle obeerration, Piorlded only that the fanokloo ie unirooBl, ve oan from eub of the 
obieryed values Op o» determine the correepondlng Talna of the funcklos, and 

tiop) 

will then be the aeries of repetitions in the law of errors of the fqnotlon, and oaa be 
treated quite like ohservatlone 

With reopeol, however, to those forme of lavs of erron which make use of thq 
1dea<of frequency (probability) we must make one little reaeTriUon Even Ihoogb and 
oi are different, ve oan have /'(o,| p« and In thla case the heqnenolea must evidently 
, be added tagelber Here, however, we need only just mentiop thli, and rtioirk that the 
lava of erTDie vben expreaaad by halMnvaTlania or other aymtaelncal (bnetlMia ate &ol 
inBuenced by it 

Otherwise the freqnenoy la the same for f{(>i) n for oi, and Ukenlore alee th« 
probability The ordlnatoa of the onryee of errors are nek changed by obsemUona witk 
dleconilnnom ralueii bat Uu sbsclsaa ot la replaced by f{Oi), and llbewlM the argnnent 
In the fhDOtloiiBl law of erion, In contlDUOui functjens, on the Other hand, It li the 
ania between conree^nding ordlnalee which mnat remBln nnchanged 

a* 


I 



iCO 


In (hn form of tycamolrlcnl fiinoiioDB tbi Uv of orron of fnnotlou of obBArrAllotii 
My b» computed, usd sol Ob)y nhes Kb ksoif b\\ tbe leierul ol>BU?eA f slues, usd can Ihere- 
flM OjiDipols, for esoh of Uieoi, tKo corroapandlDg vsluo of the funotlohi sod si tssl Ihs 
sjantiricsl fanollosi of the litter, Id nuy and imporUnk cslee It le lufllDlenl If ve 
koov the ijftnnolrlul fusoUo&e of Uie obuttiUouSf se wi csa compute the eynmelriDst 
fuiKstloM of the fusotloDO direatl; Nm Iheee, Pot lulsuce, If /(oj-o^ for tbsii the 
nm of the porrero o’, of the iquercii ore sbo lume of lbs poivsrs \ of tha observallone, 
tf oely oQsilsalty m -> 2 h , Vo s', «■ S| , Vj » eio 


g 37 The prtnolpsl this; ie bers i pTopoiilios u to luira of onoTa of the iinvfrr 
fmHant h; hstf-tavirlsnla 

II U elmoet leiir-BvideDk kbal If o' - oo + h 





"■ flVi 

A 

-flVi 


elo 

A 

p- «>(»•> 1) 
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For the 'Uoottr fuDotlDns osa slvsjs bo coaitdorod u produoad by Ihe change of 
both len ind uuty of the obnnoUou (Compue (24)}» 

Eowerer •peolsl the liusii ruQollen oo-f h osy he, ve ilwsyi in pnoliee menage 
to gel os flth the fomsls (B9), Tbil fe out oscoeed In Ihii Is ouong to s boppy 
oUduiituM, Hie Tity esme se, In suisvlasl eoluttotii of the probtome of etsot mslhemollci, 
bitagi 11 ihost kbit we sre hat rsrely» in the n^ghbonrhood of equil roote, compelled to 
CBpliy the (onsvite foi the ioIsUds of olhw equiiloiii thus Ibope of the flrii degree, 
Hm fo are fsToorod by the foot that we may mppoas the erron Is ;ooif obaervetloBi 
to ho amiU, ao emil] — to ipeik more eiaolly tbit we may generally In repetHloni 
fw etoh eeriei o( elmretlusi oi, 0 |, , » Oi aeetgn o aumbcc e, lo near them all that 
the iqaini ud prodooti and higher powera of lha differencen 

Oi-e, -e, ♦ 

wlikeni iny peroeplihle vnr nij be left out of eoaulderetloo Is compullsg the fanclloni 
Lih Uweo dlifvaikoes are irtaled tike dUerestfale Tba diffwestlal dbIodIsb giyea a deflsllo 
aathod, In ouoh dlrenmakasoee, for Uanabrmfng uy funollon f{<t) Into a linear one 

r(«)-rw+n«) 

Thi low «f mti bew lMoa« 

tM “ m+fWOiiW-^ - «,-.(•» 

i*m “ It w !>’(•) 
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But dIm by quite elementary lueoDs and easy artlfloea ne iqbj gn^Q irangforn 
Cuncttona into othaia of Ijxear form If for Inetance f{o) — 1, then ve vnta 

]_ 1 ^ 11 . ^ 
a 0 -f (o^ c) c* <— |o— 0 ? ^ * 

tnl the law of errors is then 



^ 28 With respect to fun^iom of tm or mn oburtod quQHfttUii we nay alsog 
In ease of repetillooi, speak of laws of erroie. only we nmst deOne mere closely what mi 
ere to undersland hy rapetlUons For then aaother conilderatlan conan In, wMeh wsa cut 
of the question bk the simpler ease 11 la sUlL Aoceseuy for the Idea of the law of errors 
of ^|0i o') that we should hare, for each of the ohseited quantihse o and o', a Beties of 
statements which severally may be looked upon as repetlliona 

<>|* Sw 

o'i, (/i, oil 

But here this k not sulholsnt Now it makN a dUference if, among the special 
droamatances by o and o\ there are or are not snoh as are comnon to obeenratioiu of Iha 
dHTerent senes We want a teohnlcsJ eipreeslon for this Here it Is not appropriate only 
to speak of obeemtlons whioh are, reipeotlToly, dependent on one anotber or Indepondenti 
ws are lei to mistake the partial depindence of obaenitlona for tbs fauotlonsl depoDietica 
of tiBci quantltlei 1 shall propose to dealgnaie thus particular inlordspendeiiDt* of 
lepetlUoni of dllfOroDt observaLloni by the word <'boQd^, whioh prestiinahly cauiiob caiw 
iny misiinderatuidlDg 

Among (bo repetitions of a single obsorretion, no other bonds molt bo found than 
nob as equally bind all the repetitions together, and conieqaenUy belong to the peonlarlUsa , 
of ibe melhod But while, for mstlace, asTtfal pleua esai In the suno mould may he 
Ur npotitlonn of ono another, and likewise one dlmeDsioa meamiisd onca on auh plee^ 
two or more dlmeojions noasDred on the same piece nasi gooenhy be iQppoaed to be 
hoBod togothw And thns there mej easily oilst bonds whioh, by commiiDlty In a olt' 
oemstuee, u hen the parlloulBritiea in the seysral oastmgi, bind some or all the rop^ 
titioBi of a sariea aaoh to lla repetition of another obserrallon, and if obsenatioiu than 
Bonneeted ire to enter into Uih aame oaloulatlon, we must genmiily take tbsse bonds into 
loeovnt, This, ^ a mle, nan only be done by pToposlog a theory or hypothesis as to the 



mUiantUeil depondencq balurGoo IhQ obs«(veil cbjectu olid ihau OQinmon clrcutDaUeui 
ud ffballier ttre number vhlob upreuu Ibla le knovn /rom oburvElloa or quite upknoni 
tbo right troutment filie under Ihotw ntetbods of udjuelmoni which will U noDiloneJ 
Ihter oh. 

It lo tbeh Id h few tpaolii) cuea only UiAt wo tan doWnilph Iowa of erroro for 
funotiobB of two or more obeorved quuntlltoo, in wBye inulogous to what boldo good of h 
elagie obaorvitlon iDd ito fanotloOB 

If tho oboorratlonB o, o\ o" , » wfaioh are to onlor into the oaloulatloD of 
f{ 9 i o'l u"i . ), ore repealed In euoh a way Ihat. In genotal, oi, cl, Oh of the 
ropellUoD are oonnooLed by a oomiDen olroumaUncei the miiiB W eaoh f, bgt otfaerwlee 
without any other bondo, we can for etob i corapule r yaluo of the fuDDHou ^ ^ 
f{^i ell Oh >1 )i BQil laws df eriqrs can be delertnlned for tbii, lb |uet Ihe attue way (a 
for 0 aepArabely To do so wo seed no knowledge at ill of tbe ipwiil nature of ibo boiidii, 

g 29 If, os tbe costrary, Ibere ii so bond at al) between tbo repetltloDs pf the 
ohaarratlDSfe o, o', o", . ~ and ihle ie the principal dObO to wbtob wo muat try In roAnoe 
the othore then we muit, in order (o repreoent all tbo equally valid vatuoi of 
f{Oi o\ , .), bereu ooisblno orery obierved value /or c with ever) ono for o', for 
eie , and aU lueh values of y rsuit bo treated anilogouely to Iba iltnpio repoUtioni of one 
ilngle observed quantity. But while it may here eiatly become too great a Uab to ooo> 
puts y for eaoh of the numeroui comblnatlDOB, we ibill Is ihii oiae be able to eompnte 
p'l law of (rron by meaue of the laws of erron for 0,0,0''.. 

Coniiernlng this a number el tnpoeltiona might bo laid down] but ono of Bm 
la of epetial Impcirtasiie apd wtil si almoit BufAolesl for ua In whal folloin, via,, that 
wbloh teaobsB ue to delormlne the law of erron for the sum 0 of the obiorrod quauUUoi 
0 and o‘. 

If Ihe law of eirOTB 1 & given In ibo form of relative (Voquencln or prebabilltta, 
^(0) /or 0 and for o', then It le obvious that the product ^(o|^(o'| udbI be tbe fte- 
quesD) of iliB speolil sou o-f-o' 

In the calQulua of probabilities, ws Bboll oonelder Lbla foriu moro clooely, and there 
some cases of bound obiorratiODS will find their solution | bore wo ibBll oddIIdo osnelvos 
to the treatment of the said cue wlib half-^lnvarlanta 

If 0 ocours wlUi the obsorred values 

% . 0* 

and o' with 

frji a'li 0;. 

then by the mn repelitioDS of tbo Operation Ob p^o' we got 
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<*1 +®Ii ^1 

o,+o',, 




I f 

«-+o; 


lu^ScftUiig bj Mr Ibn of tbo toQ O-^o-f o', Jit gtl b; 

M M M 


irhore m utd m ue Ihe Dumben of rtpelilioiu of c ud o’ CopMqueallyi If fir roproiittl 
tha hllf-fQwluti qf a, and /i' of o', wa get 






aad Antllf 


*. -/'i+K 

I 

Iff ^ ^ + p' 


(M) 


£iiiplo|fDg the eqnatloD (17} Initaad of (1S| tro con ilio obtain falrl; ilnpla 
ttprautone for Un loiaa of poven of {o-}-o') ualogoos to Uh binomial fotmoli. But (be 
nlnpie almpllDltj of (34) rendara tha half-lnYarianta aniiiallaj) ai tha moil aaltabla iyo> 
nafariotl funatloni ud (ha noil powvfat iDaUameht of Ihe IhactT of obaamUona 

Kora gwiaiilly, for ereiy llnaar fhootloa ofobiarntloiu not eonneoted by any bond, 

0 » tf + bo -|- eo' -|- , do"', 


wa obUln Id the ume maanar ud by (B3} 

if ,( o ) — -(-yj + +^*^17 

df.fo)- 6y+»v,+ .+rfvr 

i 

M, (o) - + ^Pr 

r>l 


( 86 ) 


Whan (he arrora of obaorratlon are anfOdendy imall, ve ihi]l alao bare goDanlty 
be able lo glee tha raoal different Ihnotfona • Utear fora, In couadnatua of (bU, Ibt 
pnpoililoni (B4) ud (B&) aoqnlra u almoat nntTena) Imporiuco, ud afford neaily (be 
vbole neottMry fonudatlon for tha theory of the kira of arroia of flmetloDa. 

Eudpla 1 Datarmlna (be aqqiro of tha mawi error for dlffartnoaa of the 
ordar of aqaldiaUnt tabular ralnei, baiwaan fhioh there la no bond, the aquare of (ha 
mean anw for avary ealoa being » I, 



I 




^i(d») - ^,(fl|-Bo,+Bo,-tfo) - EO^i 


J»(^) 


1) 6 10 14 4h-3, 

ri'i T 


EumpU 2i B; Ihe QbMTfftUoa of m^rldionil Iranill w« obB«T« two (lun^tlllw, 
tIi Ih time, ^ wl|4fl A vtar 1b coTerad behind, n thread, and the djatance, ft Ibom the 
Utfidlan at that inatanl But u li mj be aanmed that the time aad the AlaUace are 
Dot connHled by a bond^ and aa the speed of the aUr la conotajit and proportional to tba 
bnown valne aln p (/)■> polar dlilance), we alwiya itale the DbBer7Bllon by the one qnia- 
Ulj, the time when the very mirldlui la peaaed, which we compnU by the formnta o - 

Tbe mean enor li , 

Eianple B A aoala ii conilruotid by oisklng marka on )t it refolar inter?alik 

In inch a way that the aqnue of the mean erroi on each inteiTal la — J|. 

To meaaure Ibe djiUnoe between two objeoto, we determine the dialanee of ewb 

object from the neamt mark, the aqvmre of the mlwn error of Ihii DbiMvatlon Mng * J',> 

How ([reit u (he mean error (n a meuntement, by which (Jure are k lalervati batweoa 
the marka we uae? 

ill (length) -* «il, + 21', 

Eiample 4 two pointi are sappoied (o bo deUrmlnod by bond-fi'ee and equally 
good (J, >• 1) measnremenU of their Teotangnlar co ordinatea The errora being imeii la 
proportiah to the dleUnce, how great la (he mean error In the dietance JP 

4,(4 - S 


Eianple 6, Under the aame mppoalljopi, what ia (be mean error In Hie jnclloa* 
Bon to the v-ailif 

Eiample 6 Having three polnle in a plane determined in the same maimer by 
their rectaogaUr eo-ordinata (w,,p,), (^nyi), find the mean error of the angia 

It the point 

dti Jf, di being the ridei of the triangle^ i, opposite to (>,,^ 1 ). 



hiBTApItt 7 BTid 6 Find Ute mein errors in dsterminillons of l)ie arsis of a 
Irlingle Uid a plane qaadrangle 

Jt,(lrlanKle) - ^ (j;4- j; + j;)! (quadranuJe) - + 

^ '10 Non-linear rnnclions of more Lhon qite argnnient pieaonl \eiy {real dilDciiltirs 
liven for inLegrll rolional funolions no general eiprossion for the lavr ol errors lan be reiiiid 
}levBrthalMi, even in (hie ease It Is pnesihle lo indIcaU a method for oompullng the hnlf- 
|ii>ir|Aii|i of the funcllon by means of those of the arguments To do bo It aeeniB indif- 
poniible lo Iransform the lava ol errors into the form of ayslema of sums of paerers ir 
0 — f{», o', 0 ") bo Integral and rational, both it and its powers 0^ esn be written oa 
B iimi of loiinB of the itandard forin Jilto" cf!^, and for every such (orm the sum 
rMulling /^om the combination of all repetitions is fa^ si iP (including the cases 
wliero d or ^ or (f may be 0), of’ being the sum of all c‘)> powers of the retentions of 
4^ thus tf S, indloalea the sum of the i powers of the Omolloa Cl, we gel 

Sr ^ ifei, S|, rfp 

or ceuree, this operation ii qnly practicable m the very slmplmt cases 
Kiample 1 Determine the mean value and mean deviation of Iho product 
of two obeervatloni without bonde Here \ •- s^el and generally S, — censequentl) 
the mean value if, — /v//, and 

already takes the cumbereome form 

/Ji/j'i f (Vi “H/i?) (3/r, 

Kumpie i KiLpress exactly by llie hnlMnvarlanla of the co-ordinates the mean 
inlue unit the mean doWnllou of the sqiiaro of the dlelance i’ ys, If « and y are 
ethM^rd vrlUioul bauds Here 

loO*) - SftlJ*) ■<«('/) 

s,|r)«a(if) f.2s,(rja,(yl 
anil 

/I, (1 •) - /I , (/} + iHt {r)ft , ( r) 1 - 2 l/j, (x))» -f 4/1, (x) (/i , (j))» f 

(v) + + 2(/i,(y))* -|- 4/1, iif) in, (p))*, 

H HI The moni imporlant application of proposition (B6) is cortnmly the deter- 
mination of the low of errors of the mean value ilealf The mean value 

- “(«i +0,+ a.) 


0 



Ii, va iinavi b liBear faoatlon of lha obiorred yaluesi and ve nay liaik tba Uir a( anota 
lor ocoordlog to lha aiLd ptopoaitlon, not only ifhara ira ImIc upon o,, , Oi ai par- 
fobtly oncoBnaoUd, bat alio vboro ivo uaune that Lbty rHoU (ton TapollUoBB noda 
imrdiiig U Uie eina sathod Pofi juit ttko auch iipollilonB) 0,1 0. mvai not biva 

uj olLv ciiDonitucfB h ooniBon u coDneoUng bonila Ihab aitch oa hl&d ihetn alt ind 
ehinotoiiia Iho DtlM 

da lha law of piauiopUfa atron of 0, la juai tha aama aa for a, with Uu 
known balf'liiTBHuta di> n ^ ^ 1 wa j{al aocordlng to (Sd| 


JiW-llilJi-l 

and lo gwaral 

Jr- 


m 


^bllai^ OonioqoBiiU;, tbo proBunpUye nan of a nan ibIuo for m ripalHIona li 
Ibo prmnpUya nua lUalf, tho naan error on Ibo mean ralna n^ ii reduced ^ ^ 
tbo non anor on Ika slngla obaorratloii, >ilban tbo nnnbor m la luge, the foinaliOB 
of nan nina anioqually rodnoa iho unuiUlnly ooneldarnblyt iho roduotion, boworvi 
la proportloD^lj gruUr with small than wllh luge numbers While slreidy i repelllloBs 
bring down Lhe unwUlnly lo half of ihe original, 100 ropetlUons its naeoiuj in otd« 
ia add one ilgillioaBl Aguro, and a million to add 9 Aguia lo thoaa due to iba olpgio 
atwcradon 

Tba blghar half'lnmlinta of ftt ara taduod atlll more If tha d|, Ip alo„ of 
the alngla obamlloD are ao largo Dial Ilia law of orrora osnnot bo ullad lyploa)^ no rary 
groat numban of w will be nacaaiary to rentlso the condiHona 0 * with 

an ipproilmillon tbal la infAiilrnt In praclloa U ought to be oboorvsd that tbii rednotioa 
la nol only abaolnioi but li holdi good also In ralallon to iba conupondlng power of Ibo 
mow otTM for (IW) giyw 

whUb, for Inilinco when iwp*d, sbowa that the doiialloh of j|, tlrom the typroal form 
wbicb appears by moano of only 4 repelllioni, la hslrod, that of j|| la divided by 4, tbal 
of li la divided by fi, st«, Thii showi clearly the ratton why we oltwA grut rw^orw 
lo Ilia (jipleol fam /or lAo low of arron and make arrangemenli lo sbfde by il in practice. 
For it appear! now that tea poaaata In Iba fonnallgii of wmm wwfwai 9 iWMi of w^rig 
Iba lava trrori lyploif, oven irbere they were ijqt i« oilglnally Thorafora tie atandard 
role for si) pnollca) obaarfatlou io thla Take cara not to nagloot any dpporlanlUaa of 
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r«|iejliii|,' obdnrvaliand nrtd inirU uf DbnoiviiHonH, sid (lial> you can dlreilly roriii tlio inuii 
vaTned 'VEiiih should he aiihslituUd for lliu obeenod loaulU. and IMe IB to be dona eepi- 
dally in the cjuu of olisorvutlone of u novel cliunicLer, or \tjlli pooullariUes wlilih load ue 
to doiibl whellior the lai^ of errors will bu typicul 

This Teinorlrsble properly la pcculnir, liowsvor, flol to the mear only, bul also, 
though with lous corlointy, to any linear funotion aeveral obaervallonu, provided only 
tho LOfliUclenl of nny singlo term Is not so great rdallyely to the eorrespondlng deviation 
from lliB typical form ihaliit throws all the other leriae into tho ebado from (95) It ii 
seen tlml. It the lews of errors of all tho observations o. o', o(>) are typical, the law 

of errors for any of their linear funcliona will bo typical loo And If the laws of errors 
are rot typical, then that of tho hneer function will deviate relatively less than any of the 
cbservallona o, o', Oq, 

To avoid unnecessary complication we represent two termi of the linear funcUoii 
simply by o and o' The deviation from the typical aero, which appears In the balf- 
iDwIanls (r > 2), measured by the corresponding power of the mean error, will be leu 
for 0«»o-['o' than for the most discrepant of the terms o and o' 

The Inequation ^ 

ii 


sayi only that, If the laws of errors for o and o' deviate uneqailly from tho typical form, 
It la the law of errors for o that dsvlalob iiioal But Ibis involves 



( 


or more briefly 

‘ r ^ R\ 

wliere 'J' IS positive, t > *J 

When wb Introduce a positive quujitjly f7, so that 


r ^ I/' > ti\ 


It Is evident Ibnt (ff-[ l)^ S lj’» and it ie oosily demonetratad Ibiit (f'l-i/ "i: 

(l/fl)', 

Hemeinberlng Ihul / f- ,< ‘ jI .£>0, we W ■’be uDiurulul founma 

+2^ -2 >(!/'+ £/"*)» 

Consequently 

(3'+ir>('/Ti)'5(*Ti)’ 




l)uk UiIb Ib the proposition wo Iiano aosortedi for tho extonolon to nny numbor of terms 
otMiHe no dlliAcuUy 

Qul if !l thus bocomoii a general Uv that Ibo law of errors of linear runclions 
must more or less approach Ibo typical forint the same must hold good also of all modO' 
raUly complex obsorvationsi such m those whoso errors arise from n considerable number 
of louTcea The expreasion "BOnrcB of errora'* is employ sd lo mdreate ciTovmstanoea which 
undeniably loHuencQ tbe resullt but which we have been obliged lo pass over aa unsssenlia] 

If we jniogioed those oircmnstancea transferred to llis cliUs of essential Lircumatances, and 
aubitantialed by subordinate observatlonst that which is now counted sn observation would 
ocour u a function, into which the aubordinato observations enter as independent varUblesi 
and u we may aaaume, la tha ca&e ql good obaervatiopst that the influence of each single 
source of errors ju small, this function may be regaided as linear The approiimaLion to 
lyploal form which its law of errors would tbua show, if we knew tbe laws of errors ol 
the sources of error, cannot be losli siinply because we, by passing them over as unosson' 
tial, rrust consider the aouries of error in tho copipeund observation as unknown More' 
over, We may Uho it for granted that, in lyalematlcally arranged obssivuUono, every euob 
souroe of error u might donijnaU ibs rest will be the object of special inveulignlion and, 
if neiossary, will bo inoluded among the essBAtlal circumstances or removed by coTrecllve 
calaulationa The result then la that gieat davialiona (lorn the typical focni of the law of 
errors are rare In praolice 

b 33 11 la of Interest, of course, oleo lo acquire knowledge of tbe laws of errors 
for ihq deteTininalions of /r, and the higher balf-invarianls os functions ol n given number 
of reputed observations 

Hero tha method Indicated in fi30 must be applied But though the synimotry 
of those functions and the identity of the laws of presiimptiie errors for o^, Oy, Om 
alford very easenlul aimpiliiutions, still that method is too difflcuU Not even for /j, have 
\ diBuveied Iho gewntl Uw oi anors In my idjitln^elsuliEre", Kobonhuvn 

IflHll, I have published tablu up lo the eighth degreo of pioducla of the sums of powers 
Sf9f , upreseed by sums of lorms of the form o''^, theso uro hero directly appli- 
lablu In W Kicdlor dtr nmre\i Nriif (fei Jsj iiiiir^sH 

Lelpstg 1863, tables up to the 10^^ degree will be found Their use is more 
dlfltuH^ beenuse tliay rei[Uire the proliminary InnBrornialion el llio Kf lo the coefllcianls 
Hf of the rational (Miuallons 31 There urc such lablu also in the ill^sbrd by Meyer 
Hlisch, and Cayley hia given othen In the I'hilosopbloal Transaotlona 1657 (Vol ld7. 





p I Imve Luiiipiilul llio tour pritiiipal hulf-InvHrknU ul 

^ “ O'^i ■!■ I*” ^ 0^1 

+8HiMW'i)i; 

-f- H«i (mi ^ 1) (4)H> - Dim + 11)2! + (mi ► l)’2,2| H 
+ DCmi* (ih - 1) (Ml -2)2; 2, -f (m - 1) 2) 


m 


H»r0 M )ti tba Durrber or npetilkni 

Ot fit uni fit only tbo mean valuea u4 Hm pitsit errora bavo been lanni 

tH‘2,(/j,) - (i«-l)MM-J<)*<i. + l)«i(w-l)(»*-5)»(2*2» + 2|) + 

+ 6ij*'i(w-l)(«-8)2;p 

and 

inM|(/4() " (w-'l)(«'* 'fliH4-ll)2j — 6 mi(mi — 1)2; 

f Hm (im - i) (IM* - Om + 0) (Dm* > 15«n + 10)2(2, + 

1 J Him (« - 1) (mi - 2) (mi - 4) (w* - dm + 6)2, 2, + 

-f 2 im (hi — 1) (l7«i‘ — 204in* -|- 852«* -i 14 Wih + 828)2! + 

+ !jjMi^(iu-l)(8ui‘-88Mff 1D0M)-I6a)2,2; + 

+ M-jw' (hi - 1)(hi'-2)(wi-4)(w-5)2;2, + 

+ J2(ij*(ih— l)(w’i -'dirt-|'24|2| 

Plirdier I know only Ihal 

«i*2,(/n) - (iM-l)(iH-2){(iH^-l‘iw+li)2[,-110in2,2,), 

M%int) ^ (mi-I)(/ji' -80mi=> ! 150ni<-220mi + 1!!0)2, - 

- aOw (Ml - 1) (7 hi’ - Whi I (111)2,2, - 

- (I0hj(/h- l)(Mi' ->){I)hi-H)2;- 

- IH)ih’‘(w I) (mi -11)2;, 

Mi‘2t(/(,) - (yN-l)(Hi-2)(Mii~l0wM 4.’0««» -72UMJ+ 31)0)2,- 

- IUOmi (mi - 1) (w - J) (Ml’ -8Mf +M)2,2( - 

- il0Mi(iH-l)(<H-2)(7»N»-48w+00)242,- 

- l2110w*(m-I)(#i-a)|Mi- 10)2,2;, 


(BO) 


(40) 


(*l) 


142) 


m 



I 


21 Q 


hl8O6w)<-N(K)/iiHl0liOO«i>-16l2O«i+6O40)^ - 

- a<]Hj(w-^lj(aiw»^MOji*« f 2340»)(»^3600wJ+iaOO)A,^, - 

- ie8Oifl(M-l)(i«-2)(3m'-40ift' + l20'N-U6)ljA» - 

- 70111 (fn-l)(4S)Ht*-720«iM 31(18Mi»-&400t;48240)A| - 

- B40ffl'{f*i-I)(7w* -160fnH6T6«i-640)A,i|- 

- 10080m* (rn - 1) (w - 2) (m*~ 10m + 40 )A;a, - 

- 840w*(m— J)(m' --90(11 f00)i{ (44) 


lioiiie A, 'a of produola of tho /(« present in |ioner>l the name rbatac- 

Urltl^cB u ihe tUVa foimule 'Hhe inoftl pYOP^ineht ot IhaBb obaTaQUriiUca »e 

1] II It eull]/ explained that A, is only U bo found iti Ihe equation 

ItideoA ikD etbsT halMnYarlanl iban tbe mean value can depend on VVie leio of Ibe obier- 

valloni* In my covpulallonB this ohnraotexiBtio property hu nitorded ii eyatom of mulllplo 
ebeoba of Ibe ooneotnees of tbe aliove leeulla, 

2 ) All mean A|(/jr) are funcLIopa of Ibe 0 u< de^oe with let'srd lo m, all squnrea 
of Tncan niotB A,|/ir),Bta of tbe (— 1 )*^ degrooi and gotieially encb Ajj^r) a fubotion 
of tbe ( 1 — degree, In perfect accordance Mith the lavy of large nunbere 

3} Ibe [ulor m— 1 appm unvveTBoliy u o nocosiaiy factor of li[ftr\ If oiil]| 

('>1 If ( le an odd number, even the factor m— 2 appeare, and, llkowlie, If r le an 

even number, this factor ie conaUMly found in every term tbni, fa muUipIled by one or 
more A's with odd Indices tio obliquity of Ihe law of errors can oreur unloee at least three 
copeUtlana ate under conelderallon 

4) Many partlculBre Indicate these funcliona as compounds of faoteriale 
2) (m— t) and pevieia of m 

If, eupposlng the presumed law of errors to be lypjonl, wo put ■» -* ^0, 

Ibtn eoi&e lurther indudione au ba oiode In Ibm ceac the law of errere of tnay bo 




(l'^) («t 


As to the squaros of mean errors of fir we get under lb. aanie eopposltlon 

I 

- ii: 

Ai(/Ji) “ AJ 

a,(/|()-ja;. 

Indicating that generslty 


(«) 


r 
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Thii proposition is of very jntereot If we have a numlier m ol repeUllons 
il our disposal for 11)0 coraputBlIon of a law of actual errors, then It will be Men Llial 
the Tolative main orroTa of /j, , /ij aie by no inea'aa unlfonn, but iDcieiise with 
thn Index ) If m Is large snongh (o give us /i, precieely and ju, fairly well limn /j, anil 
can be only approximately Indloalod, and llie hig[ior bejlMnvailaaU are only lo be 
guesaedi If Ihe repoUtiona are not counted by ttieuaandR or millions, 

As all numerical coeffloleats In ,l,({jr) Incrwo wllh j, almost In tiio same dogloii 
ai lliQ ('(lemciente 1, 2, 11, and 21 of jl^ , wo must presume that the Iniv of incroosliig 
uncertainty of Lite hair'invariants has a general oharaotor, 

V/e have hitherto been Justified in spoahing of the principal half-in variants as the 
complete collection of the or j|/a wlUi tlio toweet indlcea, considering a eemplote series 
of the hrst m heU-iniiBr]ant.B to he neceoBary to an unambigiioup determinalion of a law of 
errors for im repeliUons 

llVe now accopl that principle oa % syeium of telalivo rank of the halMnvarlailU 
wllh Increasing uncertainty and consequently wllh a decreasing Importance of the hnll- 
Iniarlanls with higher Indices, 

yit need scarcely say tlial Lftera nro some specli] exceptions to tins rule For 
Instance if jt, — •'illi as In alteniBlIvo experlmsitle with equal chances for and against 
(pitch and loss), then (/j,) is reduced to — which is only of tlie (--2)’"> order 

§ B8 Now we can underUke to solve the main problem of Lbe theory of obssr- 
ntlons, the Inmiltlon from laws of aolpil errors to Ibose of pieaumplive irrors. Indeed 
this problem la not a malhsmatioal ono, but it Is emlaonlly practical To reason Oom (lie 
iriual etaU of n finite number of obaarvallons io tbe law governliig inHnliely numeroui 
pffnumed ropoiKioiiB is an evident Irospaas, and U is a mere aUompt at prophecy to 
predial, by means nf a Uw of presumptive errors, the rcaults of [bture cbaervallQiia 

the alriiggle for life, bnwover, compels iib to ooneult the oraclsB< But lbs modern 
ofdiles must be silentlilu, partioularly Aflien they are asked about numbers and qiiinlltles, 
miUiemalical science dom not renounce its right of cntlcleni Ws claim that confhslon 
of Ideas and ovory nmbiguous use of words must be oarefiillv avoided i and llie nocossarv 
act of will muel be rsBlraiiiSd la the acceptation of lixod prlticlplee, whlcli muit ngru 
with the Ihw of largo numbers 

lb 1 a liardly poaslble to propose more eallgfaclory principles than the following. 
The merifl ealuf of all in>aiial//e lepefilWHt can If faieii dnedly, mthoiil artjl 
rbatips, ol ri» approniHaliOH la ilu preiumflife man, 

If only one observation without ropotlllon Is known, It muil Itself, (oniequeiill)f, 
bs conildered an approxlmallon to Ihs priaumplive mean value 

The sollUn ^aliio of anv symmclrlral and iiuhoial fiiiullon of repciil^M observillons 



Diuil In (ha sama tray, as an (solatsd cbiarrat(on, be cdDaldsred the preauniplne mstn of 
thh funcllon, for instinoe *- jl|(/ir) 

Thus, from tlie eqaatlona 61^41i wa by m tapellUoDB 


1 irt 
i 

" (ffl 

, tt* / , 80 

“ (•«-!) (m^j (irt* - 12«I + 12) ttT^ 


( 47 ) 


M to ilp It It ia preferable lo use the eqoatlona 42—44 tbetneelrea) puHIni; only 

Inreraelyi If the presunipllYe taw of errors la jcnovn in this way, or by adoption 
of any ibeory or bypotliesla, ire prtdtei iki fvtm sinmahom, ot fmctiom of iihamimti 
by coNJfNfiny Meir preffum^tire inenn onfura These predictions howovor, UiQiinh 
anlncal, ira never to be coaaldered aa eiaol riluea, but only ae the ftrsb and moat itnpoi* 
tant termi of ^yra of arrora 

If neceeiuf, we complete our predlotlone with the mean errors and higher half- 
iorarlanle, computed for the predicted ruochone of obaerratjone by the proeumed law of 
arrora, which llaelf belongs to the alngle obaervillona Tbeae BupplemenU may olten be 
iiaarul, nay necMatyi for the conect iDlerptelallon of the ptediclion The ancient oracles 
did not release the questioner f^oin thinking and flom teeponaiblllty, nor do Iho modern 
ones I yet there la a dHTer once In (he manner. If the croealng of a desert is calculated to 
last 20 days, with a mean error of one day, then you would be very unvlae, to be sure, 
If you provided for eiaotly 20 days, hy so doing you ineur as great a probability of dying 
ai of living, Even with provtsions for 21 days the journey la evidently dangerous Bui 
if you can carry with you provlsiona for 23-25 days, the undertaking may bo reosenabfe 
Your life must he at atake to make you eel out wilh provlslone for only 17 deys or leaa 
In addition to the uncertainly provided igalnsl by the preaunipLlve law of enor, 
lbs prediction may be vitiated by the uncerlainty of the data of the presumptive lav Iteelf 
When this law has reelilled Oom purely theoretical speculation, It is nlwaye Imposelble to 
calculate its uncertainty ft may be quite euct, or pqrtially or, absolutely false, we are 
left to oheose between lU admlaelon and tU rejection, ns long as no trial of the prediction 
by repeated obiervatlona has given ns a corresponding law of actual errors, by which it 
can be Improved on 



If thfl of prosumpljtQ orron W b««n eoDiput«t bjr mm of i lav of ooluaf 
etrorA, ve m, aciording to ( 37 ), employ Ibe fiJau i,, nA Lho number m of 
Boluil obiorvotioiiB for tha datorihiuaLion of ilr(/i|). In Ihli oaae the complete helf-|DVirU 
ante of a prodlcUd Bin gin observalion are glren anilogoualj to the law of erroTe of the mm 
of two bon^flest obAorvatiofio by 

Jii 'I* 

Though we can in the eamo way rompule the unberlolntlOB of , it,, atid it 
1b fur more difficult, or rather iDapoeelblo, to meke uea of theuo reaullB for the iDprorotnani 
of goDorfll prodlctJonB 

Of the higher halMovarlante we can very Boldom, if ever, got bo much as a rough 
eetlmaU by the method of lawa of actual errora The aama reaaona that eauie Lhla 
dlfflculiyi render it a matter of leai fmportanco to obtsin any preoise determfnadOD 
Therefore the general rule of the formalmn of good laws of prestimptire errors muBl be 
1, In determining and /Ij, rely almost onlirely upon the actual obuerved values 
2 As to Llio halMnyarlanls with high indicoa, say from ,1a upwardi, rely aa 
excluilvofy upon IheoroKcat coniiderutlonH 

S Employ Ibfl Indlcalione obUinabJe by actual obeerved valnes for the intermediate 
lialMavarlanta aa far aa posaibla when you havo Iho choice betwoon the theories in (2) 
From nhai la said above of the properties of Iht fypicof lour of more, it u evident 
(lut no otlifli iLeury can fairly rival It in (he muilipli^ity and importance of appUcAtiono. 
It IB not only iDnolanllv applied when Ht , and are proved to bo very amall, but U 
II imcrd almoBt unlverenlly ns long db the doiiatioUB bro not very conspicuous In these 
(luea iilee great eiTorla will bo made to reduce tliQ obBervotionu to the typical forin by 
modifying (he mothodB or bv substituting means of many observed valuos instead of tbs 
non-typicol filngle oIieenalloiiB The prafeienca for the typical ohservallona la Intenaihed 
by the difAculLy of estabhuhlng an entiroly coireit method of adjualment {see the following 
chopters) of observations which are not typical 

Jn Mmsc particular caaea where or or cannot be regarded u soall, the 
IheoreliLal conBlderAtlope (propoBition 2 above) »a to and Ihq higher halMovarlanta ought 
not to result In pulling Iho latter wO Ai shown In “yulmhbonti S^ekoht Otir*tgUr'\ 
llfllD, p 140, such laws of errora correspond to divergent aerleB or imply the eiistonca of 
Jraagliiflry obswratlMs The roeflidfirtls of the fiincllciial law of errors {wjaatioD {0)) 

7 



2H 

lu?8 t)iia ID wit in pidhrehcfl U the hil^liiYDrliTitSi thsl no lerm jmpliu the oiii^tenea 
of Any other 

This iMiies 

I ^ 

nhne (the d\i»t mptmbIoh (31) ib lontid p,B6), (i IWofoTo T«coniiDADd«d 

Bi pertapi the beat genenl uptoabIod for non-typical hwi of errors The runoLlonnl foriu 
of the Inw of errori has here, nod in every prediotlon of future reBultSi the ndvnrilage of 
ebowiog directly the probehilitlee of the different poeelblo valuee, 

The ikew And other don-typloel Inwe of errors poem to have aoipe very Interedllng 
oppUcftlione to blplogjoal obeervatloDB, especially to the vaiutlons of apedoA The icleDtlUc 
tnatmtnt of eiioh varlatlone eoetOB altogether to require i methodical use of the notion of 
lawn of errors Ur K Penieon hiy glveir a eerles of ekillful computAilone of blologjoal and 
other elmilot lain of etrom {Cc^nbutiatu to (fa Mn^ Thtort/ of AWliilieu; PKU, Trata 
V 186i p M8)i flere he uakee very InterMting efforte to develop the refractory binomial 
fuDotlcDi into a boeli for the treatment of skew lawe of errore Qut there ore evidently 
no ulurol Iioke betireen theie fnootloDe and the biologioal problemit and the above foimiilfe 
(81) will prove to be eaaler and more powerful inilrumeiiti In ciam of vary abaorpel 
or dleconllDtioui lawo of errotii more rodned methode of odjnitDieni ore required 

Eiinple 1 From the bOO eiperlmenU given In § 14 are to be calculated the 
praamaptlve helf'luvarlonts up to and by (31) the freqnenoles of the ipeclnl evenUent 
of I nunbei of e»^fl00 now lepetltlono. You will find di — H'S^i 1| ^ 

410^1 *8 BOA, and A compariien of the compotod f^aqaenoles with 

the ohoorved onee gives i 

fteqnenny 
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Rumple 9 DBlormlnfl tbe law errors bf OKperlments with sUernative results, 
, either "yes" observed w times end every time Indicated by 1, or “iio'* observed h Umee 
find Indicated by 0 Whal Is the square of the mean error foi the single experimeiitP 

inn 

’ "(inTfllOn+M-l)' 
for Ills praboblllLy deLermined by the irbole series P 


wN 

(p^i ) " I -q: _ j j I 

ind for ibe frequonoy of "jta" in tbs m n sipwinenti? 

” m-f «— 1 

9 84 If obssrvslioni are made and reputed, although their presumptlYO mean 
value Is previously hnovn, eisotly or very accurately, the law of prsgumptiye «rors of 
lbs hslf-lnvarlnnls ^i, ft, inusl bo computed by reducing the aero of the obierTillop 
to the known J, Fulling thue S| - 0 and 0 iq the equations {l&f and (21) vo 
obtain In analogy to (38)— (41) the foltowlag modlM eqnailoni, the nunher of iep4IUoaa 


IN. 


^(/‘i) " /<i - 
1 / \ 

- /fa - 


rn 




1 I \ H» — 10 , 90 , , 

JiW - /li - 


(48) 


From the flret of those equatioiia we daduco Ibe very important principle, that 
every mean «f the squares of dlfforencei between repeated bond-free ohservalloni and (Mr 
pTMunptIve neui vtlne Is approslmately eqi|d to the square of the moan error 

_ i, (40) 
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Conicqucnlh, for but udIbImI observed trIuo ivo muet eipacl tliak 


( 50 ) 


^ S)5 In the follow In j; ihepters ond In nlmoal nil practical applicBtions, we shall 
work only willi the typical law of errors as our constant auppovillon Tbls gi^es sinplicity 
ard oloarness, and thus may he leronnrmnded as a short Htatomont of the law nf 
Qirarv, « ^ indicollns a rebuilt of an olisorvallon found directly or Indirectly by compu- 
lalion iiitli ob^orvBlions, and b^VUt uipTeasing the mom error of the oBmo result 

Dy the ''luriy/i/j" ol obsorvaliQn'i wo understand numbers Inveraaly proportional to 
the snuares of the moan eitors* lonsoquoiilly u = [ The idea presents Itself whan we 
speilr of the means of vniious numhors of observed values which ham been obtained by 
the eame mothodt as the Inller numbern hero, according to (37), represent the weights 
When Vt Is the noighl of the parhal mean value nir, the total mean value ui must be 
computed according to the formula 


+lH|(>j 4 - + 


(51) 


nlilflh is unalogous to lbs formula for the abscissa of the centre of gravity, if lUr is the 
abscissa of any single body, Ur its totighl We speak also of the wolghU of single obaer- 
vatlops according to ths above deAnltion, and particularly In caaos when we can only 
eetlmale (he Telallvo goodness of several observaLione in comparison to the tmeLworlhinDsa 
of the means of various numberu of equally good obsorvalions 

The phrase yjrotiatfle riioi, which we still And frequently employed by authorH and 
obaervori, Is for several reasons objeotlonublo It can be used only nllb typical or at any 
rate oymmeirical laws of errors, and Indicates then the magnitude of errors for which the 
probabilities of smaller and larger errors are both equal to | The slmullanpoiis use of 
the ideas ''mean error" and "probable error' causes confqsion, and It la evidently the lalUr 
that must be abandoned, as it Is less commonly applnebtoi and as It can only be lomputod 
in the cues of the typical law of errors by the pioviously computed mean error as 
0 0745Vit|i while on tlio other band t)ie computation of the mean error is quiio 
Independent cf tlmt of the probable error. As errors winch are larger than llio probablo 
one, still ftequently occur, tine idaa Is not so well adapted as the mean error to serve as 
a limit between the frequent ‘^smBir' errors and the rarer "Urge' ones The ueo of the 
probable error tempts us constantly to overvalue the degree of nccuraiy wo have attained 
More dangerous still le another confusion which now and then ocluts, when the 
very eipresslon mean error is used in the sense of the average error of (ho observed values 
according to their nuneneil values wilhput regard to the signs This gives no sente, 
eiiepl whan we are certain of a law of typical errors, and with such a one this „mBap 


y 



error' li reason uhirb mn^ be adyanced m dolcnro of the use of thli 

idea \'\ that wb nro spared some llillo coinpulfllinns, vi^ aoine squarings and Ibe oviradion 
of a square root, uhuli, lio\^c\er no rarely need >rork oiil tsitli more lhan Ihrco sigiu- 
Heant llgures 


IX, FREE FUNCTIONS, 

(i SG Tho roregoing propoeiticins conconuiig iho laws of errors of funrhons 
especially of linear runctions — forin Lho buna of the Iheory of compulation nilh observed 
lalues, a theory which III several imporlant things dif1'Dr<» from exact mathematics ’Ihe 
result, particularly, ia pot an enact quantity, hut Qhavs a law of orrora which can bo 
represented b) lU menu value and ita moon error, Juat like tho single ahaervntliiii More- 
oier» the compiiUllon muat be founded on a correct approhcnsion of what obseryatioiia 
WB may consider mutually upbound, another Ihing which la quite foroign (o cvscl malho- 
mntles For it Is only upon the Rupposllion that the result -> i ,Oi r,o» « [lo] 
— observe tho Qlibrevialed notation — la a linear function of unbound obaonalicna only, 
0 i , , 0 |i, that uo have domonatratod the ruloa of compnlalion (95) 

- fi^,(0|) I- . 4*r-J,(o,) = [^;.(o)] (52) 

> J,(JJ)-r|J,(«,)+ + i-iJiM - [HJ,(o)) (63) 

While the roeulle of computalionp with obaervod quantities, Inked eingly, have laws 
of errors in lho same way aa tho obaervatlona, they also reaomblo lho ohaervaliotia In tbo 
cirrumatancea that there can be bonds bolwoon Ihonit and, unfortunately, there can bo 
boiiils boLivao,i 'resultn , evon though they oro derived from unbound observationa, If 
only some observations havo boon employed in the compaUtloii of both R — [r'o] and 
li" <=• |i'"o], Iheae reaiilts will generally be bound to each other Thia, however, does not 
proipJil us from computing a law of errors, for Jnslanco for Wa can, at any 

rate, repreaont the function of tho results directly aa a function of tho unbound observaLionB, 

" ' ' nJf -h 6^" - ((ai ' + tr") c] (54) 

Th|e possibility ih ol some importance for tho treatment of those raaoa In which 
the single obaonaliona are bound They must be troalod thon just like resultSi and iie 

must try to represent Ihem oa functions of the circumsUncos which they have in common, 

and which must be given Instead of them as original observations This may be difficult 
to do, but aa a principle it ^muat be poaelble and funotions of bound ohaervalloiia must 
Iherefoie nluByi have lows of errors as well os others | only, In general, It Is not ppaslble 
In rompnle tliese lawn of orrora correctly simply bv means of Die ).iws of orrorn ol the 



obtervftL Jtft as ne cannot, In gonoral, compulo the lav of errora for aS -j- bif' 
bj moane of the lave of errors for If and IP' 

In eiample 6, § 20, vs found Iho moeti error In the deUrminallon of a diieotion it 
belveen tvo points, vhioh were given by bond-fiM and equally good (Jifa) « jl,(y) i-* 1) 
measurements of their rectangular co-ordlnaUe, rlz , and then, In eiampla 6, 

we deterinlned the angle K iQ a Iriangle whose points wore determined In the name way 
It aeoiDS an obvloua concluelon then lhal, as »■ we must have ,l,(r) 

- * ' 

where J, J*, and J" are the sides of tbe Itianglo The cauee of thie is, of oourae, that 
the cO'Ordlnatee of tbe angular point enter Into both directions and bind If and £" together 
Bat it is remarhablo then that, when F Is o right angle, the eolullone are Identical 
With equally good unbound observations, q„ 0 |, and o,, we get 

Jj(0i 20j-b-0|) " d^i(o)i 

but 

>l,(o,-3o,^-3o^-flJ) - 20^(0), 

although 0,— Boj-fSo,— 04 « (Oi— — (0,— 20|-f ^o)* A<^<!ordlng to which we 
should eipsct to find < 

t,(o,-3o,+8o,-Oo) - ^(i>.-2o3+o,) + ,l,(o,-2i),-|-Op) - 
Bnt if, on the other hand, we combine the two funclions 

JP mm o^-|.go,— 4o, and iP' — 2i),jj-Bo,— Oj , 

where J,(JP)>i«63il,(D) and 14^f(o), and froin this compute for any funoilon 

oK'-fb-B", then, cunously enough , we get ae the correct reeult jtifo/f'-l-bA'') « 

Gauae'a general prohibition agalnet regarding reeuim of computations eepeclallj 
Ihoee of mean errora — fyom the same observations as analogous to unbound observations, 
baa long hampered the development of the theory of observatlODi 

To Oppermano and, eomewhit later, to Holmert le due the honour of having 
discovered that the prohibition Is not absolute, but that vide aiiepLIons enable ns U 
limpUfy OUT calculations, Wo must therefore study thoroughly the conditions on which 
acluatly eilsting bonds may be hariBless 

let d,, ^ 0, he mutually unbound obserratlDDS with known laws of errors, j||(o<), 
jli(oi), of typical form Let two gensral, linear funDllous of them be 

IH - 2ifl| + . + ?»«« 



\ 


for Ihdiie then ^\o knoir the luffs of errors 

^,(p] - J,fH •" " 0 I 

l.M"l!lJ.(»)li - W.Wl. 

For Lk goocrol fiiniHon of Ihose, »[/»>] 'f/'p/ajt UiB correct compulation of Iho bff of 

oitoi» bj iriOTftB o[ " [|up+hW Mhar give 

- f» 2 ,(po] + ii,[ 7 ol 

i,(f) - ((iiJ,-l-ir/i)'^,(o,)'|' + + “ 

= 0 lor r >2 

It oppraro tiion, both that Iho moan voluoi can bo computed uncoudltlonallyk u 
if |poJ Slid ivo] we unbound obBorvulmns, and that tbe lav of etrota tamaina typical, 
Only in tbe square of the mean error thoia la a dlfforeaco, ao tlm teim containing the 
fieler 2 n 6 In j, (f) ought not to be found in the fermula, if [^] asd [ 90 ] were not 
Itound to ono another t 

When consequently 

[pjAilo)] -■ p|i}|d|(oi)-l- ^ 0 (1^1) 

the functions [jioj and [^ 0 ] can indeed bo treated in allreapocts like unbound obserrailoni, 
for the law of errors for every linear function of them I 3 found correctly delerDlnod also 
upon tbiB suppoHllion We call such ruDoUona mutually "free rundlona", and for auih, 
caliBequantly. tlio formula for the mean orror 

0 f M b] - <»’ h(o}] + b' [ 9 * ^,(o)] ( 68 ) 

liolde good 

If thin fomula holds good for one eet of (iDila values of o and 6, it holds good 

for nil 

If two functions ara mutually free, each of Ihsm U said to be "frae of the oibet", 
and Inversely 

} cample I The sum iiiid difference of too eqiislly good, unbouml obiervatlohi 
lire mutually free, 

Kiuniplo i When tlie co-ordinatea of a point are observed with equal accuracy 
and wilhoiil any bonds, any transformed reiUngulur co-ordinalsB for the bsido will be 
laaiually free 

Kumple .’l The aum or tlia matn nlui of equallj good, unbound obaervathina 
ti free of every dlHiTciico bebeen two of llieae, and generally also l^ee of every (linear) 
(anotloii el audi dlfloreiuei 


( 65 ) 

m 


I 
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tijAmple 4 The difTeronces botffwtn ono obaflmllon and tvo other acbilrary, un- 
bound obflorvBtlona cannot be mutually free 

iiiiBiDpIo 5 Linear hinotione of unbound obeorvatione, which are all difTorent, are 
aliraye free 

Example 6, Functlona with a conetant proportion cannot bo mutually free 

g 37 In accordance with what wo havo now soen of free functions, corrospondmg 
propoeitions muat hold good aleo of obsorvatlons which aro influancod by tho samo clrcum- 
atanceo It la not noceseary to reepeot all connecting bonds, It is possible that actually 
bound obaerTBlIons may be regarded as free The condltioiia on which tins may be the 
case, muat bo sought, as in (bT), by means of the mean errors caused by each oircumstauco 
and the coofflcleDU by which the clrcunulance inhuoncsB the several observations — Note 
particularly 

If two observations are supposed to be connected by one single circumstance whibh 
they have In common, such a bond must not be left out of consideration, but 1b to be 
respected Likewise, If there are several bonds, each of which Influences both obsaTVationi 
ID the same directioQ I 

If, on Iho other hand, some comroou ciTcumslancoB Induenco the observations in the 
samo direction, others in oppoelto dIrectionB, and if, moreover, one class musl ho supposed 
to work aa forcibly as the other, the observations may possibly bo froo, and the danger of 
treating them bb unbound la at any rate leas than m the other caaes 

§ 88i Aesumiiig that the functlona of which we shall speak In the foUoving are 

linear, or at any rate may be regarded as linear when erpanded by Taylor’s formula, 
beesnse the errors are ao ama]] that wo may reject iqiiares and products of the devlatione 

of the observallone from Axed values, and assuming that the observallona o^, o„ on 

which all Ihe flinctlona depend, are unbound, and that the values of i,(oi) A>,(o.) are 
given, we can now dsiuonstrato a senes of imporUnt propositions 
Out of the total syaLem of all functions 

ljw>l “ JJifl, 4- -<-piOp 

of the given n observations we can arbllrartly select partial lystoms of functions, each 
paillal Bjfltem containing all those, which can be represented as runolions of s number of 
m <. » mutually independent functions, repreBentalivo of the system, 

[oo] — 0,0, + 

[do] - rf,o, -j- l-ii,o,, 

of which no one can be eipresied as a funotion of the others We can then demouslrate 
tho eilstonce of other funotiona which are free of every function belonging to the partial 
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g^tlflin npreienlod i>y |uo| • > ii- ia Bulfifient lA prove that surh a furctiDii 
^ g^Oy + (/tOn Is Oee df [<;«] , [r/dl In cdnfleqydnie of ths equalkpB 
— O Mr If * 0 . \go\ uiiivl tic frfio ol every funUion oi Ihe parlml 

syNteiDi 


bdiauRO 


[(frt-j- I jJjo] i*= 




a. 


Any fnmllon of ijia lolal svitem |;w| run novv In one «iiiiglc way be i evolved 
into a oI Uo Ivinclions of the same obacrvaliom, one of wlmh iv free of the pnrliai 
eyaleni iipievenUd by [i;oJ [r/oj, uliilc tlic oilier baldriga to (his ‘tinleni 
II ufl (all tlic free addendum [p'o], llila proposition may bo nritlen 

[J)0j [jl'o] + (X[tl0] J- -L 7[ffo]) (59) 

Dv meuna of tha conditions of freedom, ~ Oi nil thnl 

concerna llio nnknoivn funrtioi) [ji’o] can bo eliminated We llnd 




(00) 


fron irlilch iv« delermlne the coefflclcnU x z imamblBiioualy 'Iho number iii of tlieae 
aqaaliona a equal to the number of the iinknoini quantltiea, and limy mual be aiifllclcnt 
for 'the delermlnallon of the latlor, boinuao, according lo a well known propoaillon from 
Urn Iboory (if dnUrmmante, the deUrminanl of tbo loeflioienla 


_ ^ 

[cw/d.l, [dd;l,]l |rf„ 


1 ^j(Oi) 

rfll 


la poaliive, )ielng n aiim of aquiree, and larmot be => 0, unleea at leiat one of Ihe func- 
llouA [ao] [do] could, contrary to our auppoaitlon , be Tapraaeiited u a function of 
the others 

From the valuei of x x Ihus found, we find likawiae 


[p'o] - [po]^xH^ -x[do] (61) 


If [po] belonga to tha partial Byatopi re])resented by [no] [ijo], the da>. 
terDinatioD of x e eiproBiea ita coofficlenle in that ayatem only, and then we get 
IdenUcally (j/oJ — 0 , 

H 



But ir ne Uke [po] out of the pullal ByaUiu, then ( 61 ) ^Ivea m [p'o] u dilFeiauL 
frpni leto imd free of Ihit pvtliil syglotn II helonga to the pirtUI ijitem o( 

[m] [do], [90] roust produce in thlo rotBuer the very umo iVe« fuDolion u [po], 


Let [po] [ro] be n — >fh (buoLlouSt Independent of one mother and of the m 
fuDolloDB [oo] [do], ir we then dud [p'o] out of [po] and [r'o] out of [ro] ea tbo free 
funoUoDil parte In reepoot to [00] [do], the n rtinoUoni [ao] [do] and [p'o] [r^o] 

may bo the repreeentallro functlona of the total ayaUro of the funollona of Oj 0., becauae 
Qo relation a[p'o]-|-' -|‘d[r'o] — 0 le poaaible, for by ( 61 ) It might result In a reUlien 
^ [^] ^ 4, ^[ro] 4- v [im]+ -f f ~ lit contradiction to the presumed rcpreeen> 

talire oharaoter of [po] [ro] and [oo] ,[do] 

If we employ [p'o] [r'o] or other n— n mutually Independent funotions 

[gc], .[to], 

all free of the partial set [eo] [do], as leprSaentatlfB functlona of another pullal aysteoi 
of 0| 0| , then erary funollon of thle system roust he free of erery fotiotlon of the partial 
system [oo] . [do] (Goropue the Introduction to this §) No other tunclion of 0, o< 
can be fteo of [oo] , [do] than those beloiiglBg to lha lyiUm [po] [to], otherwise we 
ahould hays more than n independent functions of Ihd h rariablee 0, 0, 

I 

Thus seleodnj! arbitrarily a partial system of fuDcUons of the observations 0, . Oj 
WB can ^ with refersnco to giTon squires of mean errors t,(o,) 1,(0,) — dislrlbiile 

tho Uneai homogeneous hDolions of these obserralloDs Into Ibreo divisions t 

1) lhe glfOD paillat lystero [uo] ,[do], 

2 ) the partia] syslsiD of functions [^0] [to], which are free of the fotroer, arid 

8) all Ihe rest, of which It Is proved thot every such function la always In only one way 
compounded hy sddltlon of one function of the flrsl parllal syalei]] lo one of the second 


The freodom of functions la a reciprocal property If tho second parllal systern 
[po] [to] were selected arbiliinly lueteod of tho dret [aoj [do], then only thu latter 
would he found as the free funcllons In 2), the compoeltion of every fmiDUoD In 3) would 
vemain the earoa. 

Eismple, Determlue the parts of 0, |-Oj, 0, f 0,, ocf-u^i end o^ which 
are free (iro,-|-Og and o^-f'Og, on the auppoalllQn that all 4 observations are equally 
eiacl arid unbound 

Answer! l(o, j’Oj — oj -0,), oU. 





1)30 UliB all olhn fumllDiiM f>l Ih^' olts^rulirjriH 4, oj, or IIipiq observed 
Ter ir^HUme oi. U (tie sum «( l«<i (|U%n(iii*'S. o,' (jelonfiln^ to iKe uy^tem of 

fcro] [</«], I'be olher o, lo the pirlUl snhin nr |j/4| |U|, uhlrii is Ikm of (his Uul 

Oora ot - Oi + o\ followB, generall), Ihil (^,9'), end (/<o"] evidenlly belodgn 

to the eyetein of |(fo]i |j/o'| (0 flu MBtom iihiih i« free of (hie Accordhitly there niuil 
botween the n funilionN u\ % oxtsl in relalloiii |Wj m, [(jo*) * 0 , likewise h-^hi 
teUllons f^'l — fi-o"| «- 0, bBl«ppn o\ fC. 

I| 40 That the rumtinni of obbcrialionv lan be split up, In an annlogout way', 
Into three or itioTe free i^uanlllies, is of no (Qn''njiiciic6 for Ihe follotiing, txfept uhtn ir^ 
mitfftftf OjieiHflon io bf //tt/ieti In the Himoti U H Oiuy enough to SM, 

however, Ihht also the pnrtiel sisiems of funilions ion bo split up, We rriiM, for Instance, 
among the repreaanlalivea |/ro] [/fo] of one pirlial Mslem seleil n smallPT nombcT 

[iw]ii Ibo], and Fiom the others |cfr] nciordinp to (ftl), Hpttale the funtlions 

(c'o] vhich nero free of (oo] ftia] |c‘o| [eTo] ^ould then represent the «ub< 

ayeterq of functions, free of [no] f^, ulthin Ihe partial lyelem |an] and In 

this way we may conitnuc till all repiesenintlic funrllons are mutually free, every single 

one of all the reel Such a (o)lecllon of represrnlilive runclions we call a empUU vl 
of fm /'NNoliowe Thetr number l» aufllclent to enable ye lo exprese all the oburrallono, 
and all funclioriB of thaae eboervAtions, as (unctions of litem, and Iheir mutual freedem 
has Ibe elTeot that thev cao be treated, by all compiitalloni of laua of errora, (lullo like 
unbound obearvatlona, and Ibua wholly replace lha original obeervalioni, 

[; 41 Tlia mathematical tboori of the traneforroallons of obiervilions Into free rvnc-> 
tions li iiiia)oi!Oua to I he Ihoorr of the Iruiaformailon of rectangular lo-ordinaleo ((.omp 
example 3), and is treated In levera) int'booka of the higher algebra and dotorminanta 
linder the name of Ibe theory of the oilho|ona1 lubBUbtlons I ihill here enter Inlo 
Ihouo propoaillopa only, which m are to use m uhal follone 

When we have Iranorormeil the unbound obiemtiona o^ ,o« into the complete 
set of free functioiiH [no], [b'oj It li often Important lo be able lo undertake the 

opposite IraniforiDatioD bark lo tbe obperralions ThU li very oaally done, for we have 

which II domorstratfld by aubilltiitloQ In Iho equalloni for the direct transformation 

I (19] - ojo, + +Mi 

becamw l«A'Ji| - [fHf'J,] » [b'lTd,] - 0 

8 * 




t 



As the ori^nal obBenrations^ conilderod bb functions of the Irensformod observallons 
[ao] 1 iDUst be tnulually fiee, Just t» well a Ihe lalUir are free futicdonB of the 
formar, ve Qod b; computing ihe equates of the mean errors it (‘’() the equation that 
eiprSBSDa the formal condition that 0| Is free of two of the moil remarkable proporLks 
of the orthogonal lubstUulloni' 


and 


_L^ X x_^ 

A .. I I 


(03) 

(64) 


If all obeervatloilB and fuDclbne aro staled ufith their respecllre mean error as 
ufilL^, or are divided by their mean error, a reduction which girei also a more olegmit 
form to all Ibo preceding equadona, the sum of the iquiru of the thus reduced obserTalioDa 
Is not changed by any (orthogonal) IransroriDBUoD into a complete set of free functions 
We hare 



■ [d^o]» ^ o\ 



( 05 ) 


which, pursuant to the equatiopi (63) and (64), la easily demotlilnUd by working cut lha 
iqios of the squares In the numerators on lha left side of the equation As this equation 
is Identical, the same proposition holds good also, for Inalance, of the dlfferencea between 
«! , 0 , and n arbitrarily selected variablee conespondlng to them ui v,, and of the 
ccrreepondlng dHTerenoes belrreen the values of the funcllons Also here Is 


(H"W)» 


•f 


, K . (o-e)]« 

- (Pl-Pi)' I ,(^-*1.)' 


S 42 For Ihe practical ecmpnUliOD of a complete set of free functions it will be 
the easiest way lo bring forward the funolions of such a set one by one In this case we 
mutl aeleot a sufficunt nambei of functlona and 6i the order in which these are to be 
taken Into ponsiderabon For a momenl we can imagine this order bo be arbitrary 

The lunctiQD [no], ^ which is the first In Ibis list, is now, unchanged, taken into the 

slants of tho form 
in the list, we can, 
free of the selected 

fonclloD Of these then the one which Is founded on function Nr 2 on the Hat la taken 
Into the transformed set, This function ie multiplied In the same way and aubtracted from 


transformed set 


acccT 


By multiplying Ibe aelected function hy autbable con 
and aublractlng the products from lbs rsmainlDg functions [ho] 
pg to § 88, l^om each of these separate the addendum which Is 
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Ibe akUl r«in&lniii|; funrllnnyi no Lhiil they givt up Ihe addenda ithlrh are free of both Ibe 
leleoUd funcliotiai and so on Tbe following achedulo abows Iho courao of Ihe operation 
for the (BIO n 

Coofflcieob Buojg of the FrudncUi Sole el Cninuitillnii 

[ oo] d, d, (I, a, [ddil] fd^^] [ dOii| [ ud)] \ ao\ li lelocUd 

I fcol i. fi, 4, 4, tdoJll [Hill [ 6cA] [ 5dil] [ liol^too] [ *iU],l ial] - [ fc'o] 

[ co] c^ c, c, a, (cflj] [ei;] [ rp^] [ cdd] f (;o]'-[flo] [ Crt/lJ f oo/ll ™ [ d(i\ 

[ do] d^ d, d, d, fJd/l] [<fA^] [dci][ dd)i\ [ (fD]-[«o] [ [ aak] ^ [ do] 

[t'o] b\ 4; a; a*. [m][AVi] [A'd'i] [ A'o] li ibIbcH is free or H 

[e'o] o; c; o\ c; [dA'^J[cV^][dd'iJ [c’o]-[i‘s] [c'i'-l] 

[do] < d, <f, (j; [dc'l] [d‘dl] [ci'ol^[4o] [m] tA'A'/l - m 

[dd] dl (l{ if; f’ [ddVWd'd'i] [e''o]laBBl«W,iifT»of[4'olandKo] 

[d-o] < < d: d'( [dV'il] ld^if'^1 [d"o]-(d'o] [M] [M] - [rf"o| 

[ro] < d7 C < [^"o] Is ft« of [c'H [i'fll, and [ao] 

Tbi ccHDputatlona of the lumi of the prodiiola (In which for the lahe of bfoTlty 
wo hm wrltton i for (o)) could be loBdo all Ihrougii by idoiuib of Ibo ilnglo coef- 
AcloQti In the tfanBfoioiBd fundiQive, u tl muot be dont In the beginning by moani 
of Ibe cotffii irnli In the original functioni it is mtioh euiBr, bowenr, /pBrllpularly if 
for some reaoon or other no night olherwlio do without the conpuUUon of the coefH- 
clenle of the iTanafoTinBd fnndloni), to rouVe ubi, for Ible purpoiei of the following renuk- 
able property of tbeee lune of the producta We hare, for Inilanoa, 



Consequently* the isne general rule of conpuUtlon ae, according to the schedule, hoUa 
good of the functions and their coefilcleiile, holdi good also of the lutni of the pnducli 
and of the equara The ichedule gels the following appendit 



[^AJl^fnU] [infl fWJ'tii«JJ-[frV^l, [fina] - IViTJ) 

[cjll-[uii] [OTi]’fna^]-ff'6'/ll, (ceil]-[rtt^l.[wi] [dail-tc-iUJ, [“^J Lm'fl - [e'fl'J) 

[<i‘i'A]i[i'6U] -KV'i], [m\^[m] 


A> will bfl iflfiiit tb®™ 1® * chaflk by moutB of doubla conputitloo for eoob of 
Iht aiinii of Ibe producla proporly so called* The euins of lb# squires are of special 
jinporUnoe at they ore the spites of the mean onora of the Iriniformed fuhOlioiM, 
i,[ao] " [oofl, A,[H - [U'ft'd]. ;i,l®"ol - (f'V'dl, ind ^,[d"'tij- [rf'Tfl 

f^Mpfs Fi?o equally ^oodi unbound obierntionB On 0|i "n Opond 0 | repteuiil 
values of a tihle with eqoidieUnt arptnenle The funcllon kihulaled is knoitD to be on 
integrol olgebiaio one, not aiceediog the 3^ d*pee The tronsfonuallon tntfl free fuDolloiu 
Is to be carried out, in such a way that Ihe higher diffeienoes mo lalected before the lower 
onea (Becauee j*, certainly, J’ etc , poaelbly, repreeent equotlons of condition) With aymbols 
for the dlffetenceet and with 
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The conplate »«t Oefl obierf^tloni and tha aquam of Ihalr mean errora 

ira thus 

(0) — ^ i(®i+“i+°i+Ot+«*)t <^1(0)* i 

(1) - - ,V(-2e.i-o,+o,-j-2o^), ^,(1) - 

(2) - - H2o,-o,-2o»^o,-|-2o»), ii(2) - J 

(8)- - i(“0i+2<».-2o.+f*). Mfl)-* 

( 4 )- J<o, -. o,- 4 o, +60,-484+01. i,( 4 ) - 10 

Through thla and tho preceding chapter we have got n huie which will generally 
he Bnfflclent for coraputatlons with obaervatiopa and, in a wider aepae, for conputatloni 
with uunarloa] raluei which are not gluea in eiaot fenn, but only by their Uwe of errora 

We can, in the flrat place, campule the law of errora for a given, linear funolion of recl> 

prccally fred obaervaticna whoae lawa er preaumptlve crrois we knew Qy thia we can 
aolve all problems In which there li not given a greater DQmber cf obiarvationa, and other 
more or leea exact data, than of the reoiptooally independent unknown vakea of the 
pToblem, When we, k ewch caaea, hy the means of the exact mathamnlica, have eipteeaed 
each of the unknown numbers aa a function of the given obiervatlona, and when we have 

succeeded la bringing theae fooctlone into a linear form, then we can, by (36), compote 

the lawa of errora for each of the unknown nnnbers 

Snob a Bolutlon of a problem may be looked upon as a Innsformilion, by wUoh 
M observed or in other waja given values ate transformed into h knetioni, each eorre* 
apoudibg to Its particular value onoDg the Ipdependent, nnknowu valuea of the prohlen 
It lies often near thus to look upon the solution of a problem as a traneformation, when 
the solution of the problem la not tha end hut only tba raeana of determining other an> 
known quantitlea, perhaps many other, whioh bre all aipUoIl knotlona of the Indepeqdent 
unknowns of tha problem. Thu, for Ihstanee, we compote the 6 elomoqta of the orbit of 
a planet by tha rectaacenalons and deoUnationa coneapcndlng to 8 ttmea, not praelihlj ai 
car end, hut in ordor thereby h> be able to conpnte ephemOrldea of the kture places of 
Iha planet But while the valldlly of this view la ibaokte In exiot nithamatlci, |t 
is only limited whan we want to determine the piesomptive laws of erren of sought 
fhnctloDo by the given laws of errors for the observatlonB Only the mean values, Bought 
•a well IS given, can be treated just aa exact quantltlos, and with theoe the geoMl linear 
timafonDition ofjw given into w nought nuraben, with allogethar arhltiary oonotanli. 
lenaras valid, as also the employment of the found mean numben la indep«n4«Dt lacialiUa 
ip the mean vake of the aiplldt functions , 

If we want also correctly (0 determine the mean arron, we may employ po other 
transformation than that Ink ftoa funotiou And If, to some extant, wo may ohooio the 



lad^peuimt unknownn of Ibe problem u we ploaaoi we may cftea succeed in carrying 
through the IreaLment of a problem by IranBfoTinillon Into free funoUoiiBT for an anhnown 
nuipber may be choatn qullo arbitrarily in all Its n coelAclentSi and each of the following 
uDhnoafhB looaeiii as, a funotion of the obiervatlone^ only an arbitrary cOdfUoleiit In com- 
puison to the preceding one, eron the unknown can atlll gel on arbitrary factor 
Altogether are i »(»+!) of the n' ooefflclentB of Iheae transformatlone arbitrary 

But If the problem doee not admit of any solullon through a tranaformatlcn Into 
free (naotlonB) the mean errors for the aeveiat unhupwiiOi no matter how ruuiy there 
may be, can be romputed only m auoh a way that each of the eought numbers are directly 
eipiessed as a linear function of the obserratlone Thu same holds good also when thp 
laws 6f srron of the observations are not typical, and we are to eismiue how It Is with 
jl, and the higher half-lnvailanli In the taws of errors of the sought functiona 

StlU greater imporlance, nay a privileged position aa the only legHimale proceeding, 
gels Iho traniformitloD into a compleU sst of free fnaotlons In the OTer-determined problemsi 
vrhiob are rejooted as self-Miontiadlolory In eiaot matbemalios When we have a collection 
of obBorvallonS whose number Is greater than the Dumber of the Independent unknowns 
of the problem, then the question will be tc determine lavs of actual errors from the 
standpoint of tihe obsemUons. We muBl mediate between the observations that contradict 
one another. In order to determine tholr mean aumberi, and the diiorepanoloi tbemt^Tes 
must be employed to determine their mean deTUtlonsi etc But u we have not to do with 
i^tltlons, the dliCTepanclee conceal Ibsmeelvee behind the ohaiigH of the olroumstancei 
and require trSnsformatloDa for Ihelr detection All the functions gf the obaervatloni 
which, as the problem Is over-determined, have theoretically neceesary valuest as, for 
instance, the sum of the angles ef a plane triangle, most be seleotod for special use 
Besides, those of the nnknowns of the problem, to the determination of which the theory 
does not ognlrlbute, must come forth hy the tnnsformqtlon by which the problem ii to 
be solved 

Ab we shall see In tbs following chapters on AdJuBtment, it becomes of Bssentlsl 
moment hers that we tranaform Into a system of free fuDctlons The transformation b^ins 
with mutuilly free observalloiu, and must not Itself Introduce any bend, beoauee the trana- 
formed functions m various ways must come forth as observations which determine Uwa 
of actual errera. 


X. ADJUSTMENT. 


{1 48. Pursuing the plan Indicated h {|& we noW proceed to treat the determina* 
tieb ef laws of enon In some of the cases of ohservatlons made under varying or dilTerent 
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eeseoliBl clrcunsUDcas But hero Te ipuat be contant vilb very aisall rflaulLi Thfl 
geneiol problem will bordly over be solved The DecoesBry equolions nust be Uken frooi 
the totality of the hypotheaea or theories which oipreaa all the torms of eash law of error 
— gay Uielr bglf-lnvariants — as funcliona of the varying or wholly dlffereDl olrcungtaacei 
of the obaervatioTia Without great regret, however, the mulLiplloily of these (Jtmrefpeoi 
iguaimi oan be reduced couBldenbly, if we suppose all the laws of errors to be eaclusively 
of the tjpioai form, 

For each observation we Deed thon only two theoretical equations, ono repruentlug 
its preaumptWo nean valuo l,(oi), the other tbo square of ila mean error >l,(od, as func- 
tiona of the esaenllBl circinnalancea But the theoretical oquationa will generally conlain 
other unknown quantities, the arbitrary conatanta of the theory, and Ihoso must be elimi- 
nated or detorinlnsd together with the laws of eiiora, The compleiity is atiU great enough 
to require a further reduction 

We must, preliminarily at ell events, suppose tho moan errors to bs given directly 
by theory, or at lenat their mutual ratios, tho weights If not, the problems require a 
solution by the Indirect proceeding Hypothetical aasumpliona concerning the lg(oi] are 

• j 

used in the Aral approiimation and oheokod and corrected by special operationa which, ss 
far as possible, wo shall try to expose beside the several solutions, uaing for brevity the 
word '‘ciHIoIsid" for those and other operations connected with them 

But even if we confine our theoretical equations to the presumptive meana it|(oi) 
and tho arbitrary unknown quantitlea of the theory, tho Bolutioua' will only be possible If 
we further suppose the theorntlcul equnllona to be linear or reducible to this form 
Uoroover, it will generally bo necessary to regard as exactly given many quen titles really 
found by ohsei lUiion, on tho auppoalUon only that the coneaponding iinettn errois will ba 
small enough to render such irregularity inofTensive 

In the solution of such problems we must rely on the fjiund propositions about 
fancUons of observations with exactly given coefScients In tho theoretical equations of 
each problom sets of aiioh funclIoDS wfU present themselves, some functloDS appearing as 
given, others sfl required The abservatlone, as independent vatinbles of these functions, 
are, i)ow the given observed values Of, now the presumptive means j|,(o/); the latter ore, < 
for Instaneo, among the unknown quantities required for the exact salisriutioo of the 
theoretleal equaUoDU 

Whit u aaid here provialonally about the problems that will be treated in the 
following, can be Illustrated by tho alnpleil case (discussed above) of n repelltioni of the 
nine obiervatloD, ranlllng in the observed values 0|, ■ Oi If we here write the Ihen- 
retlool equntione without introduoing any unnecessary unknewn quintitlaa, they will show 
the formi 0 il|(od- d,(o 4 cr, gananlly, 0 — [0(01-01)] But these equillona are 

0 



«V]disnU]i not tilfliufint for lb« ■loluiniTiallO'' of any A|(qi)i vbich thoy only ^to If inoUui 
jl,{oi) li found boMiand. The Mvglil common moan caonoi be formed by the inbroduc' 
tien of the obauved Takes into nny function [n(o(— 0j)]i these efroneons Takes of the 
funotlona beiug useful only to check (o/] by our orlllolsin, But vo must romember nhat 
we know about free funotloni that the whole lystom of Ihoao functions La^-r-ci)] is oifly , 

a partial system, with dlferencea 04-01 as repressntatwes, The only fnodloiu 
which Gsn be free of this psilisi systen], muet evidently bp proportional to the sum 
°i + ' + <)■« and by this we find the sought deterQlDatlon by 

I , 

the presumptive mean being equal to the actual mean of the observed values 

If we thus coneidei a general idee of unbound observations, 0^, . It ji of 

the greatest Importance to notice drat that two sorts of speak) casee may ocou, In which 
our problem may be solved iniuedlately II nay bo that the lhaoretloal equations cenoeini. 
lilg the observations leave some of the obeemUous, for lnitani;e Oi, quite untouchedi it 
may be also that the theory fully determines cerlalu olhen of the obiervatlons, for 
IniUnco Oi 

In the ferjuer cue, that li when none of all the theories In any way concern the 
observetlon 0,, It is evident that the observed value o, muet bu approved unconditionally 
Even Ihough thli observation does not repreaent any mean value found by repetltloDi, but 
stands quite Isolated, It must be accepted as the meeti d,(o,) k Jk law of prseumpllve 
errors, and the corrMpondIng square of the mean error dpki) mnet then 1 be taken, 
uDohioged, from the aiiumed InveelfgatioDe of the method of nbaervatfon 

If, In the latter oase, o» li an observation vhlc)i dlreetly ^onoenu a quantity that 
can be delermlued theorellcally (for Instanoi the sum of the angi >j of a reotilmnr triangle), 
then It ie, u eucb, quite luperfluoui as long as Ibe theory k mslnblnod, and then it 
rnasl la sll further compuklioai be replaced by the tbcoiellcally given value 1 and In 
the lime way /I, (Oi) must be replsced by lerOr as the iquare of the Dean error on the 
ertorlasB thsoretioil value 

Tbo only possible meaning of such euperfluoui olieervatloni muiL bo to teat the 
ootreolnese ol the tneory for approbation or rejection (a third roaull la Impofslble when 
we are dnlkg with any real theory or bypoLhesie), or to be uud in the crUlekm 

In luch a test 11 DUit be assumed that the tbeorellcil value correepondlDg to ««« 
which we will call Ha, Is Idenllea] with the main vilue In the law «( presnaptivc Wfrera 
ler 0., conseqnenUy, that Ua^Jli(Oa), and the lendition of an afflrnailve reinll mnst he 
abta|Md fnm the aquan sf the devtatlin, (oa'-Ua)’ In ooqpariaon with The 



equation - ii.]' (fl«) naed not lio ouitly iiilialied^ hut (b a^ifirovlniiillon muit 

at any rale hp iia dole that wo may enpeot tg And connnj; out aa the mean of 
numeroua obaorved valuoa oI K — u«)^ Comparn §34 

g 44 If then all the obaervationa o, o, All under one or the other of Ibeae two 
caasH, the matter la aimplo onouj^li. But generally the obaervaDopa Oj will be coRnacled 
by theoTfitIcal oquallona of condiUoti which) aepaiately, ua wauBlcleni At the dabeiRitTmllon 
ol the eingle onea Then the ijueation 13 whether we can Iranaforn the aorlee ol observatlena 
In such a way that a cl our acparation belwoen Lho two opposite rolaliona to tbe theory 
can bo made, ao that aomo of the Irauarorinad functione of tlio obaaryaLlona) which miiat 
bo mutually free In order to bo IronUd aa ivnboiind obsorutlDnai become quite Ihdopeudent 
ef the theoryt while the teat are enlwely dependent on it Tbe oan he done, and the 
computation with observationa In oonsoquenLe of Iheae principles, m what nn moar by 
the word “adjnatmenl' 

For aa every theory tan be Tiilly etproaaed by a certain number, m - m, of IheoTetiral 
aqiLitlona which give the exact valiios of the name number of mutually iiidepondant linear 
fttuetiona, and aa wa are able, aa we have eeon, ftom evory olBervalion 01 linear fimullQU 
of Ihe obscrvatione, in one oingle way. to aepnrato d funclloii which \t free and independent 
of theae juet nftmad Ihooreticolly glion runctlohs, and which niiiet Uiui enter into, nnnihor 
oyoUm, repreaonted by i/t funcllone, this ayolom must liidudo all thoec runctiono of the ob' 
eervatlone which are independent of Ihn theory and cannot be determined by it hadi of the 
IhriB mutually aeparuted aysiemn inn be imagined to be YeproaonUd, iho theerelloal ayatem by 
ri'-'i/i, the noii-llioorelunl or omplrlcnl syeUm by m mutually free rimtllonui which together 
represeoL all ohaervotlonB and all linear runtfloiis of the Bnme, and whltb may he looM 
npoii as a complule, traniirorme^ oystem of free Ibncllono, consequently ns unbound oboer* 
vallone Tho Ua vyaleme cun bo Bepnrnted In a single way only, although llio ropreson' 
Lalion ol each paiLliO Hvatein, by free runrllons, ran occur In many nays 

It la Iht ideu uf Hio udjwitmHlf by means of this transformation, to give the 
Iheohy its duo and the ohservilioiis thelrsi 111 such a way that o\ery fuiicllon of the thee* 
rolual sysUm, ond puTlIiulnrly the free reprosenlatlvcs of tbe same, are exchanged) 
each viflth Its llieorelually given ralim, ulildl, pursuint to the theory, is free of error On 
the other hand, every rnnclion of the empiric system anil, partlculnrly, its free repre^ienta' 
lives remain iimbangod us the observations determine them Every general funcUon of 
the H observnLons [rfo] and, particularly, the observations themselves are during the adjust- 
nioni split into two univocally determined addenda the theoretical function [d'o], which 
should have n Axed vnlue D', and (he non4lieoroilca1 one [tf'o] The farmer [<fo] Is by 
the adjustment changed into 1^' and made errorless, the latter Is not ohonged at nil the 
ruult ol the adjustment, il’-|-[(l''ej. Is oalleil the ndluiled tiIus of thefuncUen, and may 
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be litdjcaied os [dM]i the adJUBled vdluna of Iho obaervalionii themeotYOs being wtiklen 
Ui Jig The foriDe of Iho Tunctiona are net brolten, u the dielributlve principle 
M hotde good of aver]! homogedoeui linear function 

The dDUrminatlon of the a^jueted veliiea la enaiogoue to the forniBliDn of the 
piflu valuee of lawe of erioro by ropelllloPB For thoorotloally doLerimned funcbiiB the 
u^uitod raluB U the moan valuo on the very law of proauDplive errors . for the funcLlona 
that are free of Ihe whole theoryi we have the extreme opposito liuiiLing case, mean YBlueo 
roproao&ted by an Isolated, single obeerration In general the adjueUd values [du] are ana- 
logoue to actual mean valuoa by a more or leas nnmotouB series of repetitions For while 

- dil^^)'l-di[d"«] •“ consoquonlly 

siqillsr than /l^ [do] The ratio Is analogous [o tho number of the repotltlona or 
the weight of tho mean Talne, 

§ 4B. By we masn the trial of tho — hypothetical or theorolical — 

suppositions, whloh have been made In the adJnilsiBnl, with respool to the mean errors of 
tha obiervatloni, new dotertninatlosi of the mean errorB, analogous to the determinaliehs 
by tbs square pf the mean deylabns, pi, will, eTsntuallj also fall under this The basis of 


t 


tbo ontlolsm mint be taken fbom a comparison of the observed and the adiusled valnes, 
for IneUnce the differences [do]— [dii] According to tbc principle of g 34 we must oipect 
tho square of such a difference, on an averige, to agree with the square of tho correspon- 
ding mean error, jliit'fol't'fullt but as |]ifo] — [du] — [d'o] — Xl', and ii[d'o] •- 




-l.W-[d«])-i,[do]-^,[du], 


whioh, by way of paionthesle, shows that tho observed and the ndlualed vsluos of the same 
fancilon or obseriatlon cannot In general bo mutually free. We ought thin to have 

- 1 (fl9) 

an the nvoraga, and for a sun ofitorpis of this form we must expect the mean to approach 
the nnmber of the lerms^ nola bene, If there are no bonds between the functions [(fo)-[dK]| 
hut in general snoh bondi will be pneent, produced by the adjustment « by the w\v> 
tlqn of the fanglipns, 

It Is no hslp If wo select the original and unbound obserralions tbsmsolTiie, and 
conaoquetitly (otm aiime such as 

[ 

U.W-d.fP-)]' 




for after the adloilment and lU change of the mean errors, iii are not generally 
ffee functions ouch as 0 | ,ffp Only one single oholoe Is ImmsdlaUly safe, vlj , to sUok 
le the syeleui of the mutually free runelioni whiob, Id the adjiiHtmant, have tbunielvai 


y 
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\ 


roprsspiiN llifl obervalionis the n-ifi Dieorpluallh given funclions and Lhe w winch 
Iho AdjiiBlmcnl determines by the obaervetlons Only of liisee we knew that Ihoy are free 
both Wore end niter tbc ndjustmenl And aa the difTereneea of the lisUmenlioimd »i 
riincliona identically vinuhi the criticism must be bued upon the n—in terms correapondinj; 
to the IheDTellcally frto lunciione [no] «• /I, » B* oi the senes 


(IH ^{[no]^Ay 


+ 


T5'j'5;r 


, m 


lhe Slip] of which must be expected to bei^ii — m 

Of cDune we must aot expect ih» uiuntien to he slnctty uilsited , nccoTdtnfl U 
the iiO(ond equalion (dH) the equate of the mean error on I, u/lhe expected yolup of each 
Uim of tho eeiiee, ought to be put down — 2, for the ffbold eerieo, eoneequenUy, wo can 
put down the expected value oe w — 1 ^ 2(11 — ffl| 

lint now we can make uea of the proposition (H6) concerning the free funotlotie 
It oilers UB the advantage that we can base the criticism on tlia deviations of the aevaral 
observaliona from their adjusted uluea, the latter, wo know, being such a speolol sol of 
uliins os may bo compared to the obeervatlona like e, .o* loo clt , ir^ • ore only 

dialinpishod from u, u. by giving (he ruhclione wbicb ore free of the theory the eamo 
values aa flio obserrallons We have coneoquetitly 






'WiT 


(0-«)' 


^»|o) 


— rt-wiKii-Hi (71) 




If wo comparo the sum on the right aide in (bis expression with the above men* 

![ -Ji vfhtch we dwe not approve on account of the bonde pioduMd by 

.(0)--J,(»)| ™ 

j,(»r 


llui adjusimanl, Ihen Ihore is no decided coniradlctlon beUeen pulling down 


ut llio bmalloT value n — m only, while 


, by the diminution of the denoml- 


(o-u)» 

(®) “ ^ 00 

iinldra, ren get tho value iir only ne ion get no coriainty for it 

llio ratios htitween the lorrespondlng ternii in these two eumi of squares, conao< 

iiuenlly i "scales*, vli ica/ej for meaaucliig tho Influence 

(i(«) 

of tlie odjiiatmonl on the single observitlon More generally wo call 


1 


the acale for the functloQ [{fo] 


m 


If the Bcsle for a function or observation has lie greatest possible value, vli I, 
«ltWu]^0 Tho theory bos then enUrsly decided the result of the aiUustment Bat If 
the scale sinks to its lowest limit ^0, we gsl Just the revsm I e, tbo 

llLooty has hud no influence si alli the whole determlnatlan la based on the occtdeatal 


1 



vblu« of obwidfjoni foT obMivaliono In Ihm cane w« get 


(o-B)* 0 

-liH-Vlf'l" 0 

Evon though the aci^lo haa a Anile, kl vory onaU value it will be Inadrliliuihlo U de- 
pfiod on Ihft value of eiioli a tnrih becoming ■» 1 Wo underaUnd nov, IhDrafore, I|ib 


Buperbnly ol the sum of the aiiiibtm 
(o - m)* 


[o^u]* 




II ^ w to Iho lUDi of llio erjuiirtt 


n aa a boaror of the eummary crtllclsiD 


Wo may also very well, on pnnolple, elifirpen Iho detnend for adjuBlmeiit on the 
part of tlio GrlliolBm, bo that not only tho whole sum of the oqiiuea ^nliat 

approach the value n — m, but alao partial oumo, oitractod from the aamp, or even lie 
eeverpl terniB, must approach certain valuoi OnTyi they are not to be oddod np an 
numbers of unilsi but mUBt be boitib of tho ecates of the corresponding terms So much 

UBliflod 


wo may truet to tho sum of the uquarcfl 
cloilBly applied, nay bo conaldered aa fully 
Tpa BUS) of the equarea 


that thill prJncIpIo, when judU 




^ 1 ( 0 ) 


pOBBOBBee an Inkoroating proporty which all 


other anlhora have need aa the baeia of Iho adjualmenli under the name of "Ifie inrIliDd of 
file Isasi s^urei” The ahove sum of the aquares gela by the adjuatment the leant pobbIUo 

value that ] oan got for valuea tr, ,■ o. which aallafy the conditions of the Iheoryp 

The propos tlon (06) concoioing the iVoo fhnctlone showa that the condition of this tuialmoni 
1b that [ef'o] •. for all the free funcllonB which are deleiDiined by 

the obaervatione, conaequontly Just by putting for Boob v the correapondipg udJUBled 
value u 


§ d.6 The carrying pub of adjustmenta depejidB of courso to a high degree on the 
form in which tho theory le given The theoretical equations will genorally Include some 
obeervatioDB and, beside theae, some unknown quanlltlee, elemenio, in smaller mimber thao 
those of the equalionsj which we juat went to determine through the Bdluatment This 
general form, however, Is unprnctiGal, apd may also oaatly lie traniformed through the 
usual mathemstjcal procesaea of ellmlnatloo Ws always go back to one or* the other of 
two eilreme forms which It is easy to handle siMbt, we aasume that all the eleiusaU 
are ellmlnatod, ao that the theory la given aa above BBaumod by w— iH linear equalloDB 
of condiUoA with theoretically given coefBolanU and valuee, adjuttmtHi dy oorrofcdss, 01 , 
WB manago to got an eqaation for each obBemtlon, conaequontly no oqualioni of DOiidIUoi| 
between several chsecvatlona Thla ta eoally attamei by meUng the numbec of the eUoaonti 
U largo (— ffl) as may be neceasary we may for Instance giro loms valoeo of observitloDl 
the name of elaments This sort of sdlustmoiit li called ly efsMsnia Wo 
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ihill ilIsLuta ItiMO lu foima in Llie foiiovlnif cl)n|itera M und Xll, firak khv ftdJuaUnenk bv 
corralak^ wlioao ruins it la Aanloal; to deduco In practico no profor luljusttneiit by cofrelAldii 
whon ni is nearly as liirRo hm adjiialmonl by ukmonlH rrliun w Is amnll 


XL ADJUSTMENT BY OORliKUTES, 


47 Wo ouppoaa ve have ascerlalnod that tlio nhole Ihury io oiprossoii iu the 
oijUBlioha [nul»<v4, irhtfo Ibo adjoaUil toIum u of Uio n oboorvationH 

ar« thfl only untnonn quantltlea, no prefer in doubtful cn^^os to horo loo many o(|uDliona 
rallior Ihon too fon, miit ocoosloniill} a supernumerary oiiuaYon to ihock the compiibtllon 
The Aral thing the a^jualmopt by correintoa then rwjulrea is that llio riini:.lioiia |no] ,< 
correspond mg to Iheie ei)uoUons, are mode free of one nnolher by fho schedule In 49 
Lot [oo], [c"o] Indicate the u— j>i miiliially free fiinitlons vhicli wo have got 

by this oporallorii and let us, beside tlieaoi imagine the system of free functions coinplotcd 
hjf til othot athUrwIly aoleded funcllona, . [i/'oj, tepteacntalivos of llw omplrw 
funotlons) the ai^JUBlinenl la then prlncipnlly mndo by mlrcduiing Lbe Iheorctlcol rnluos 
Into tlua ayelom of fioo fiinilloni» U \i Anally aicomplblied by liBnefumiuB baik rriim 
tho frM modiAod functions to tiio ai^iisUi] observations for tbia inverse trarsformAllon, 
according to (63), tho n oquatlono oro 



' 'I" ijC 


oT 




KT'd,! 


\ro] I 




and according U (Ab) (compare also (dA)) 





KV"j,r 



(74) 


As Llio n4Juslriiciil inlluoiicba only tho /; -w liTst lorms of each nf tliuso ei|iiatloni, 
no liiiMV briwiNo |r(i/( « vt, and j|g[rt//J »= d, [</'«) =» 0, 


Ml 


nnd 


^ A i 


hM - 









(«) 
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\ 


i 





ud 


Of- Hi ^ 




yc\ 


[0"o]-Cl 

[M^] I 





1^7) 

I 

(7S) 


Thai for ihi computiUoA of ill the dlflenncei boLweeu tbo obsorTod and Blasted valuea 
of Ihe HToril obwrntloha md the pquiToa of their mean Briora, and thereby Indirectly for 
the nhelo adjaitmoiki. ita aeed bat a«o ibo vakea and the Tn»n orroM of the Beireral 
ohearratliinBi th< ooefBotenia in the theoretically given funotiona, and the two vaIuob of 
each of IheiB, niniBly, tho thwroLloal value, and the value which Ihe oboemliona would 
give them 

The faolon in the expreulon for o«— a, 


if.- 


[a^-^A 

wri' ’ 


. if.*- 


fo^'o]~C" 


which lie common to al) the oboervatloni, are called cert^fnloi, and have given the method 
Ita nine The a4)uited, improved vnluei of the oboervatioui are computed in the eaelest 
ny b] the (omnia 


By wtltmg the equation (70) 



and Mamlng up for all valnea of t from 1 bo Ui we demonatrate the proposition concerning 
fke tun, of Ihe eoalea dlaoDsiod In the preceding chapter, via 


' !.(«), 






m 


§ 48. It deaorvea to bo noticed (hat all theee equations aie bomogoneoui with 
rmpeot to the eymbol J|, Therofora It mikca no ohange at all In the resulta of the 
idlutoeiii M the oompatallon of (bo loieB, If our aaailiniod knowledge of the mean errors 
la the Hvetal obaarvatloai hia lUlod by a wrong eaUnal^ of the unity of the moan errm 
If only the pnporUeaalUjr h preaervedt wa can adjuit rorroolly If we know only 1 ^ 
w^U of the ohnniltoni, The Wogenuuenwa te not hfVfean ilU we roach the 
oquatloBB of the crlUdami 



' 2JT 

fiw^ I '■ 

-iO|wi^,|f - (82) 

“ +c''A, )'^(o)] ^ H-«iJ-|/J[HZSii) 

it iollowB that crlllcisiD in Ihia form, ihe "nuninitTy cntlciBir*', m only be used to try 
the correctaeas oC tho hypothetical unity of the mean errors, or to delermlno thla if It 
has originally heon quiLo uniinown The epecjal oillicianii on the other hand, can, where 
the qerlea of ohsorvatioDa is divided into gronpa, give roller mrormalion Ihrongh the surna 
or equaroB 



talren Tor each group We may, Tor instance, test or delermlno Iho unlllea of Lhe mean 
errors Ibr one group by meona of obaerrallonB of angles, for another by measurements of 
diaUnceo, etc 

The criticism baa also other means at its dlspoeal Thus Iho dHTerencea (s ti) 
ought to be Biiia]|, particularly those whose mean errora have been small, and they ought 
to ohange Ihetr signs in euoh a way that sppiDiimate^y 

for natural or scoidenlally seieoted gronpB, eapeoialiy for auoh aerlea of obaervalloDs ai lie 
nearly Tepotllions, the esBentlal olroutnetaacea having varied very little 

If, Llliinntely, the ohaervatlons can ho arranged ayetematioallyi either sccoidiDg to 
eeaentlsl olraumatsiioea or to suob as are considered inesaential, we must npect frequent 
and irregular changes of tho signs of o - h If not, we ore to auapeet the obeervatlona of 
lyalemnlical errors, the Iheoiy proving to be InaufQolenl 

§ dOi It will not be superfluous to pioienl In the form of a Bchednle of the ' 
adjuitmeal by cortelatce what haa been said hero, also as io tbs working out of the free 
fiinfitlona We suppose Dion that, among 4 unbounil obaervatione o,, o„ o,, end o,, with 
the squares oD their mean errora , 1 ,( 0 |), j|,(o,), ili(o,), and 11 ,( 04 ), there eilat reUtiope 
whtob can he eicpr&saod by the three theorelioal equations 

[au] - fli«,+Oiii| + •,«!+ 04*4 - A 
[ 64 ] - + - B 

[ru] « r, u, -|-ei“i +c,«, ,|'CiW4 — 0 > 

The aobedule Is then is fallowe 

10 
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Free tonetleni i 
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C" 


e, ;,(o,) d, b, Cj 
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0, 4,(0,) fl, 6, 0, 

K < 
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», 9, K 0, 

b; 



[ao] [io] [co] 

N b’^] 

[<f'o] 


[od^] [obit] [dtfij 
[bo^] [bU] [btl] 

[b'i'bj [bVJ] 



[cai] [pbfl [eofl 

m] 

[m] 


A [M v^M] 

(mJI 
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AT.— 1 

jifoj-C" 


idjulgd TiliiH 


Bcklti 


^ 9 aa pi«f 


CrlUdiDi 

(o.-J*,)' ^.( 0 .) 

(O.^Ul)* ^(®,) 

(»■“«,)' ^|{o,) 

K-m,)' ; ,K) 

Suifl for proof 
and BOTuniBTy 


The bee foaotlou eie oompaUd b; mesei of 


JJ* iP B — 
i{ 

[^ 4 ] 


O' - i-rA 

Ci - «r-rft 

N - M'tH 


[(/Vil - iobi]-^[edi] I - LH-rNl 

Bj the edlualmeht propeilj eo celled ve compote 


0 ” - 

Ko] p* [i/ol-f'P'o] 


o<-#< •■ {oA+bJifk -f'Ci'Jr,f)^i(0() 

^iN 

ead for the lommery erltlelBm 






Bil'e 


b oidiii to get 4 oheek we (ngbt (tvihei te oompute [n] ^ i, [bn] ^ Jl, pad 
[m] * 0 , with the vildoi we hire foind for Wn K|i w,, end w,. Uoreorer H Is uiofiil lo 
edd 4 Bupirgioiia theoroUeil equatioai for laiUaoe [(e+b>|-e)if]^^-|-B-]-(7, Ibroogh the 



oompuUlkn of the free fundi one, ifhich le cened enlv if oueh b eupetflulty to 
identical renlle 

§ DO U IS a deDclenoj in the BdJuetnieDt correlates that it cannot well b« 
employed as an intenoediale link In a Gompulation that goes beyond It The method io 
good Bi fai aa Uid dBUitninaiion of the adjusted imluea of the several Dheervatleni and 
the orjUclem on the saino» but no farther Mfe are odcn in want of the adjuatod values 
with deUruiinalionB of tho mean errors of lorlam fuQDlloDB of Ibe observatioaBi in order 
to Bolre siieh problems the adjustment by corrsiales must be mode in a modlfled fettn 
The iiropleat eourse isi I Ihinki immediately after drawing up the Iheoretiial equntlona of 
condition to annex the whole series of the fundlone that are to be exammed, for Instance 
[do], , [eo]i and iDcIqde them in the compiitatioi] of the free fiindions In doing so we 
must take care not to mn up tho IheoreticRlly and the empirlcBlIy deLerminod fnnations, 
10 that the ordei of the epwallon mn&t uncondlUonelly give the precrdenco tn the 
theoretical fuDcUonar the othere are not made free till Ibe treatment of these is quite 
Hnlshed The funcUons [rTo], [c^oj, wlilcb are soparaled from Ihme — It Is soarcely 
neoeenary Io montlon it — remain unolianged by tho ailDuBlineiit both in value and in 
mean error And at Inst the adJUBled funotloni [du], [n^], by retrograde transformation, 

m determined as linear fdholions of Ay By , [«^o] 

Eiample 1 In a pleoe Irinngle each nngle bai been measured semi times, all 
Dieaiurements being made according to the seme matbodi bondfico and with tho same 
(unknown) mean orior 

for angle A hse been found TOGO'S'' as tho moan Dumber of 6 measiirenienle 

i I il . • < b(r(yD" < i < • ilO 

I I 6* 1 I 00° O' 9*' ^ • • • > ID • 

The adjusted values for the angles are then 70°, 60°, and 60°, the mean ener for single 
meaiurement » ^ 17''di Iho soaleii 06, 03, and 0<it, 

fiiample 2, (Uonp eiample § d2 ) Eire equldletenl Ubulsr valueSi 12, 10, 39, 
4 If 65, have boob obUlnod by Uking approxitntle round values fr^m ari exact table, from 
which reason their mean errors are •It - |/x, Tho udjuslmont is performed under the 
BQcoesBive hypothesea that the tabln belongs to a function of the 3*^ and 1*^ degree, 
and the hypolhcsia of the second degree ii vailed by the special hypothesis that the 2*^ 
dllTerepca li axaotly ■» 2, In Ihe followlpg sohedule miikod (or) The eami nbadale nuj 
be used foi all four modilicalions of the problem, ^ that In Ihe eumi to the right In the 
schedule, the first term oOiruponda to the flrit aodifioalloo only, ind the lunt of tho 

two first lermi to the eecoad modlflcatloa , 
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For the eummery cntlcliin 



AJt. 

1 

10 


fJf,<-8(orl| 


[(.-H)*l 6 « 

.T:(ir, 55+35+ 

7680 [or 120) 
15“ 


Tht h^polhttis of thf third 7b«r9 the n\m of 70 w< and Iheir 

din^raiicea aie 

830 1334 0024 2874 8B40 

40b 600 8b0 076 
10b 160 126 

-36 -06. 

B||tWB Iqo w«I 1 with tho obaervationai and muel be BUipactod of boitij^ underadjuglad, for 
the mm of the aquvei of the eutomeiy orltieiim is only 

where we might ejpeot 1:1: |^< 

Th» Aj/jiofAeM of ihf mnd dtifne, » 0, - 0. gives for 70iii and 

dIffetencM 

882 1948 2024 2380 da&b 

616 676 936 DD0 
ICO 100 160 

r 

The adjuilnent Is here good, Ihe lum ol I he iiqiinros 19 

If, and we might espeot 

TAe of Ihi firif dtpru, J*~dO, j' »0| giree for I ho 4 djusUd 

rilues md their dUlorencee 

90 204 312 420 528 
108 10<8 10 a 109. 



Tho dirlalloDi ar« evldanlly Im luge {o-u It -1-24, -14, -Sh2, -1-0, -fB2| 
to ha due to the use of round numbera , llie atim of the oqutrea Ii otao 

220 8 Inslwd 

cenMNiueiilly, no doubt, nn oiBT-ndJnatmeni 

7^0 ipecio/ iu(fiu<i?tMi of iht suondd^Ut J'^0, Kj'-iO, end J' a-B, glTei 
for U( and lU difTerencUi 

lid 1B4 202 410 54 8 
78 08 118 138 

The deviallone o - u — • O'!, -0*4, —0 2i 0 0, -l-O*? 


DOffhere reach f and may cODHeqaently be due to Ihe uee of round numben, the lun of 

bIjo agrees very well. Indeed, a oonilanl aubtrutioi] of 004 Froin Uf would lead to 
(8 4)\ (4 4)*, (5 4}*, (6 4)'t and (7 4)', from wliloh llie example la lahen 

Example 2 Between 4 points on a straight hne the 0 disUncea 


®nt On 

“ii 

are measured with equal exaotneae without bonds By adiuitment we Dnd for instanu 

“ii "* + + 014)1 

we notice that every scale ^ | It Is reconunended actually to work the eiamplo by a 
Dillllmeter si'slo, which ie displaced after the measurement of epoh distance In order to 
avoid bonds 


XH. ADJUSTUGNT BY BLEHUm 

j} 81 Though every problem* in adjustment may be nlved in both ways, by 
correlates ai well as by eleioents, the difflcuUy in so doing is often very dilTerent The 
most frequent cases, where the number ol equations of condition is large, are best suited 
for adjustment by elements, and this le therefore employed far oftener than adUuetmeat 
by oorrelatfli 

The adjustment by elenenU requires the theory in such a form that eodi o&serM. 
Uon u rifrimtod by one e^ioM which eiproaaes tha mean value Ji(o) eipIlclUly as 
linear functions of unhnowti values, the 2 , y, », 



( m 

^i(M - P**+ 7 .y+ +/*i!-pu, 

Vh«re Ihe f, r urA lliMKtIoilly given All obeervallons '!iie ^u^ippsed Ui be 
unboiind. 

The probloni Is then flrit td deUrnine llie AdJUHUd ^iihici of these elemenlB 
X, y, e, after irhich eitoh of llieee equallons (66) • which wc cell ^'tqiitUim fai Ikt 
oAierealiom", glyea the adjusted value it of the observation 

ConaUDtly aaiuiDlng that ^,(o) Is hnowo for eaoh observation, vre can from lbs 
lyatoiD (66) deduce the following nwwiU eguotians 



tho mil of rernitlon being oppirent frcni the loft hand tenna Of Lheoe normtl equations 
we can prove, Qret that they, fh In number, are suited for the dolerminatlDn of the m 
elementi, lo far u theee, on the whole, can be detenu) oed by the equatlena (86), ind 
then that the hinctiona of the obeervatlonii which foioi their lolt hand terrue ire free k 
all the theoretical condltlona of the problem, so that, aa indicated by the last aign of 
equality In the normal equotionsi tbay can and niuit ba deternolned by the directly 
obaerved valoea o, 

For If we aaauine, aa to the Hrit propoaitlon, Ibal any of the normal equabons 
can he deduced from the othera, ao that all Hie eletnenW cannot hj determined by these 
equatloni, then there moat be m coerdolenta A, A, I, eo that 



I 



TAB 


>ir«jwhN« UMd for Jl|(dl)i but ir vb laulUply these uggjn rapecllTely by t, I ind 
^d, w« get 

[(Ai'+k«+ +fi);i „ 

I ■ -1.(0) 1"“’ 

tbit 1 b , 

+ +tn-0, 

BO Ihil not only the norniil equatlona, but the lary equitleiis for tlio obiorvatioee cm, 
conMquBTiLly, all be written i *h ifi— 1 or a itnallor number of sleinenla 

Out Further, the Byalem of fanollone reproeeitted by the normal equaLlouii ii Free 
of every one oF the condltiooi of the theory The latter we can get by eliminating the 
olentente x, y, g ftom the equatlone of the observatlona (85) But ellinlnation oF on 
/jment, aay for Instance x, leada to the funotlona p^jl|(o>) '-'p.jli(or)i und among the 
llpaar funotlona of these muib be founA klio functlona from which not only j- but all tlie 
other elemente are eliminated, and, conaeqiiently the condlllonnl equaliona of the ilieoiy 
But it IB eaally aeen that the fiinotlana 

IxAi(a»)-pa,(o,) and 

are mutuallj Fioe The latter ii the left hand side of the norma) equation which ii partl- 
oalarly aimed at the elenieot x , it li formed by tnulUplylng the equaltoni (85) by the 

oflefAoient of x In eaoh, and baa the lum of the aquuea aa the ooefUoLent gt llile 

eilomentj 11 hna thua baec proved to be (live of all the conditioiii of the theory, and mint 
Iberefoie in the a^luilneot bo computed by the directly obierved valuee, for whioh reaun 

we hava been able In the eqvitleni (66) to rewrite the function ai 

way we prove that all the other uormnl equallohi are free of the theory, each Uiroiigli 
the ellmlnailoa ftom (65) of Its parlloularly prominent element While, In ilia ndjiiBlniPnl 
by rorrelatu, we exiluelvely made iiae of the etjualions and Turn Ilona of Iho theory, wo 
pul all thaae aaide in the ndjiiitmont by clementa, In order to worh only nltli the empiri- 
cally determined rpncllona whlnh the normal oquitlona represent 

The Goeffloients of the elements )n the normal equntlons are, iu II will be aocti, 
arranged In a remectibly eymmettltial manner, end each of them has a sIgnlAcnnce For 
the problem which it la eaay to state 

The coentclents In the diagonal line, whloh are respectirely multiplied by the 
olemont to which the equation particularly refori, are os bumib of iii|iiarw all poailire, and 
each of thein la the square of the mean error for (hot function of the ohiervatlone In 
whew equation it oocuri. We hare for Inatance 



M 4 


The coefficlnis onUlAe tbe Une ue lAeaUc&l Id pUTa* the uqrflGieDt of 



f{ Bl!» If DOW Iho alemonlo h&ie boan lelfr’Ud Id sncb a convoDlent way tUi all 
UifSA SDnis of Ibe produota venlsht end Ihe norinal squatlonB consequently appear in tbe 
tpeela] forin ■ 



theo they elTer ui diteclly Ihe eelulioA of the ptobleoi of B^ustment The adjusted Talueii 
fpr the elementt aie 

■-l5|'|fl''-|!lW' -ItII?} - 

and the iqnaiei of the Qean vrora 

Ji(») - [f]". W») - [f]''. JiW - [ 7 ]''. (W) 

and Iron theee we can then compote both the aijuited nlue and iti jj, for twj linear 
fopetloD of the elenenti, beoiuie theee are mutually free fuDolloDB In partloular froni 
the equationa ( 85 ), 

■r--P<* + 3iy+ +'(Wi 

we oau compote the adjuited tbIoob of the obMivatione, then from ( 85 ) the squares of 
the nan enon Jl|(wji and also the law of errora for every futiotion of observations and 
aLenenti, 

§ hh. In otAlnary «bms b tranafonnatloD of the lyiken of elenente is required 
le required for the eolDtloii of the norms] eqnaUoni In order to And the values of the 
etonenta, hut wa mutt tenenber that we hive here a double prohlenik aa U is alio our 
ot|j«t to free the Innsforned elements lO that they nay be need for delerminatlont of 
the mean emn, The Innerortnatlon therefore cannot be eeleotod so arbitrarily aa In 
analoiou prohlene of pure mathoioatloei yet there li a nulUpIioity of posalbiliUea, ud 



r 


m iRUn^ spenal cftiw M\n\ chw^flca tan lead la \ei^ bcaubfiil sfll\il,ioiis (see g 02) The 
Drill thing, honevtr le to aecurt a inelbod wliicli may be ahays applit'd, and Ihia must 
be letflctad In sucli n way lliut tlie elernenla aru eliniinaled ono by one, so Llml tlie later 
computation of Utem' la prepared, and moi cover, conntantK, in such a wav Ibnl freedom 
la attained 

Thia can, If ve cotnnience for malance by eliminating Ilia element a;, bo attained 
In the fotlcmlng way The normal equatjon which particularly rafars to x, 



•ad which will be put aside to be uaed later on for the computation of x, la multipljed 

by luch faetora, that x vnjiialica when tlia 

produoti are reapecliveii subtracted from the other normal equations, hut it must be 
remembered that we are not allowed to multiply the latter by any faclor The equation 
for l ean then be written 

t 

+ i -I-M- ^ t9i) 

WhHS 


The fpqctlons in the olher equationa 



become, by thly meana, not only Independent of s but alio ftes of |y or of fi for 

The equations which In a double eenae have been freed from get eiaelly the 
lime oharacteriatlc functional form as the normal equations had If we write 

to that the equations for the observations become 

we not only get, u we aw at once, 
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11 



but ilao 


I 


^4e 








Hence ve proceed euotly In (ho enine wnj from (hie Dret of the (rftiaforisntlob of 
the Dornel eijunlloM 




(06) 


ntln^, for iqiUnce, the Aiat of them for the elimination of the element y 


1 


y U replaced hy 



7 -y + 



If 


(06) 


ivbloh li free of the element ^ and for vinoh ve hare 


- [^j"' (S7) 

By meini of oi and corresponding coefAolenli we have, analogously to (0d) and (94)i 



which art Ipdopendant of any apeolnl coniputatloli of the coefliclenta f 

Continuing in Ihia way, till w« have obtained a eel oonalqllng only of ft'oe funo* 
lioni, we dud, conie<|ueiit1y, just a systiiD of elemenlfl, f, C» ^hioh poeaaef the ahore- 
oeolloned deaired property, ita normal equaliona being of the same form 'an (67), vii 
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liVUh tbeae clemonls tlio oqualions for llie n^UBUd vtlues of llie lovefnl obswrAtkoDi 
bdcome 

ind for the iquatea of Ihoir itfean orroro 

f ' iTr+ [’/ r+ + [’ ] t'" W' 

If wo It Bill lo oompiife adjusted vflhicu And (nean errors for the orininal elomfnls or funr- 
tions of llie same, the mcaiia of so doing ii ghen hy llio equaitoiii of tronifonuatloi 


* 4 ' "I" + “» f 

y+ 

j - C 

or by [Ml, the first equation (0fi) and the last of (98), being idenlittl with (101) For not 
only (ha original elemenle x, y, z &ro easily comiiuled by Lfaeee, bub also the loef* 
lleJentB in the inverae iTaDarnrmntlon 


+K 

y- 7+ +dC im 

f _ f 

Now, If f la a given linear funetion of x, y, i, then by obvious numwini 
opnstlons iro gel an eipreesion for it, 


and for the square of its nun enor we got 



If for special crlllclsn ne want the aomputallon of it|(iir) for many obiHVidoDi, 
wo Diy lake advantage of trsnsfonning the equoltoDi of obaevvatloni, compuUilg their 
(oefdcieDta by (|i2), or 

si - 

but VO rcrnemlicr that g', r" m uiperttuoua for th« eoefUtlanta of (Q(l| 


S 64 In the theory oi the adjualment by elemenls we nnal not overlook- the 
proimviUon lODcernlpg the compnletlon of Ibe mlnimuiB sum of squies for (he booeflt ef 
(lilt miinniiin (Titliism si veil ns for checking our eompqUlioD We are nble to oompiiU 
11m N|im , vbich Is to approach Ike value n-'iu, u iood os ve have fauud 

oulv llm Hemenls, vllhoul beiog obliged to hoov Ue a4jvalad vilaei for Iho lepmM 



obaervBlIonf And thia comiiutBlion can bQ pirformed, noL only for tho lo^ritiniDto adjnat- 
ment, bul for M) values ivlialovor of Iho olcmonts It is ojaictt to aha\r IhiB lor trans- 
formed olomanta, fn Ci Tho vuluos for the observation*! oorros ponding to thesa 
mmt lifl Lompulcd by (DOj 

Pifi + yliJiH 4 'b 

Froni this we got 
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(103) 


If wo Jiore Biibstitua for 


¥ 


^6 


thoir values In torms of tlio alemonta 


1^, of the logitimate adjuatment, wo rind ftoni Iho eiiualions (DB) 


|o-oj' 


+[f ]«fr + 


,yi 




(«,-0’-C'l (IQi) 


It Ifl evident from this that the condition of imninimn is f, ■= f, i?i “i?! Ci — f Tho 
nlDlinum eum of squares is Iborofore obUinod only by llio dotcrininatioh of the functions 
thqt are Ibee of the theory, by means of Ihoir directly observed vsluea And for this 
tuvnlmum * 
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(105) 

( 106 ) 

( 10 ?) 


It dnetves (o be noticed that the middle one of thcea expressions holde good, in unchanged 
fo/m, alio cf the orlglnali not iTanaformed elemenU and coefflcletits We have 


-1,(0) 




y- 


ro 

r*‘ 


(108) 


irhlcb la easily proved by substituting In (106) the values obtained (tom (lOl) The 
A|vatloD la parUculetly valuable us a obeeb on the acounoj of our conputatioD 

§ 65 In goiug through the theory of adjualment by elep$nla here developed) It 
irlll be seen Ihat a very essential part ol the worV, via the coinpotatioR of the tnni- 



formod valuer of the coefQciBnta m the equBtlona for the floveral oheeiTatlons, jnay neatly 


alwaya ba dispaneed with The euma of the equaree, 


1 


and the aune of the produclai 


, must be ItAnsfoimedj but they are in themadvei aufflclsnl fei the delermlnatien of 

the traiiBrornialiOQB, and by their holp we And \1lue9 and moan errere foi the alemenlsi 
Aral Uio Iranarormed onoa, hut indirectly alee the original anoB The adiusted raluea 
tt, Un of the observations can, consequently, alao be computed without any knowtedgei 
of ^ rj Only for tho iomputation of ^,(u,) JI|(Uii), conBuquently for a 
fipeciol crlLiolam, we cannot aacapo the ofien conaidorahte work which le necaaiary for 
the purpoae 

For the luipmary criticism by 

I 'III®). 


H— wiFS(n-w), we can even, aa 


we hnve seen, dlepcnae with the after computaluin of the aovetal obaarvatlons by mtane 
of the oTsments We ought, however, to Toslriol the work of adjuitjnent eo far only, when 
the case la either very difAcult or of slight Importance, for thii mlnlmuoi mm of equarea 
Is generally computed much more ebarply, and alwayB w|tb much greater certainly, directly 
by Of, U{, and ( 0 ), than by the rormuls (105), (106), and (lOTj 

Add to IhiB, that the apecial orlticlam does not eaelaslvely reat on djui) and the 

Bcalea i — , bet Lhai the very deviations oi - Ui, when they are arranged accoidlDg 

to the more or Iobb eseenliQl circumalancos of the oheervatlons, are even a main point in 
the critloiani Syalematlcal errora, eBpeoially inaocoraejes or defects In hypolheseo and 
theories, will betray themBelvea In the surest and oiuiest way by tho progreuion of the 
errora | regular vanation in 0 — 11 as a function of some circumBlance, or mere ibeecee of 
frequent cbangee of signs, will dlaolose eiiots which might remalii hidden by the cheek 

according to *''**' progieision in the errors may, we 

know, even be need to indlcolo how we ought to try to Improve the defeotive theory 

g 56 By Berlea of adjustment (compare Dr J P Gram, UdJevuingarBikker, Klohen' 
havn 11119, and Crello'a JouinaV vol 91), I e where the theory givu the ohienationi in 
tho form of a seriea with nn iDdetertnloBte (lohnlte) number of terms, each term being 
multiplied by an unknown factor, an element, and whore consoquenlly adjuBtment hy 
olements must be employed, tho crltlciBm gets the speoial task of iDdioBdng bow many 
(or which) terms of the series we are to include in the adldslmenL Formula (107) fur- 
niBhea us with the meaoB of doing this 
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For Ilia i» teriHB in tke BBriea, )rliich iB horo mdicBled by cotraa(iond, aacb of thtm^ to 
n. element, coneequenlly to ono of Iho tornis of the series of adluelmenl For aaph term 
we Uko tnlo this, the right mdo of tho equ<(tlon of cnlloiam is dimlmehed b; about i 
unity, the reauU of the cilticlBo, oonaaqiiently, hecoitioa more fiToursble if wo leave out 

-I 

< I If wo relnin sny terniB which esBontlsUy fell 
i«a an under'bdjoatin^nt, If, on the other bond, we 
Y > li tie make ourBelves RulUy of on over- 

odJuBtment 

Riomiile I The ilTa-FlBco logsrithms in a table are looked upon m mutually 
unbound obsertrutiona for which the moan error ib cOnBlanllf 1^^ Of the fifth decimal 
plica The cobeervalions", log 795, log 7G0, log 797, leg 79B, log 799, log 800, log gOl, 
log 892i log 803, log 804, nud log 80&, are to be adjusted aa an Integral functioa of thi 
aecond degree 

log (800 ft) + 

In order U reclion with ainall integral numbers, we subtract before the sdjuitment 
290809-1-0 00054 both from the ohaeitaUena and from the formulD Taking OOOOQl aa 
Our unity, we have then the aquBtlone for tho obairTalions 


all the termi for which 


under this rule, the adjuBtmeht 


pj 

UBtmeht bocoi 


fO 

leave out Urtna for which 1-^^ 


—2 — a — 5 y 4 - 25 a 

— 2 *-> «— 4y-|- J6a 

•” ft^ 9 y-l- 9 a 

— 1 I- aj — gy-f 4 a 
0 — « — ly-|- la 
0 ^ » 

0 - «! + ly-|- la 

0 - ui-l-Sy-f 4a 

1 - ir + 9 y 4 . 9 a 
1 *• a-f 4y-|.l6a 
1 — a-l’by-l-Gba 



— 166, and the normal equaliona 


_ 30 ^ I82i-|- Oy+ 1320# 
420 0w-|.l320y+ Oa 

— 540 *" 1320»-|- Oy-f- 29496a 


I 


Tbe' elemeut y la conaequenlly immodlataly ftee of x and a, but the latter muit be made 


I 



PSt 

free of one another, which is done by nmltlplying Lhe Aiit oqmilion by 10 end Biibiraolips 
11 froni tho third Tha traneforiDAlion into froo fiincliont then only roquirea f — x-|-lOe 
aubflllivlod for £, tknd wo hnTO 

- 30 ^ I32f , 

420 » 1820 jf, 

-180 ™ 10290 z, 

conaequahtly, 

S 0 2727 , 1, (f) - 1 132 - 390 , 6N80 ~ 007670 

If — 03162, Jii(y) - 1 1320 — 99 61460 .. D0076B 

^ 0Q17B, /,(a) 1 10268 _ B 61480 - 000097 

The mein error of y la consequently ±00275, and that of e ±0 0099 The olemant s 
It found by a: — f--10a = —00977, to which Lorraaptnida ,l,(x) — + I00(l|(e) 

- 00173 - (01815) ■ For log 800 we And thug 20030890 ± 00000013. and tha 
correapondlng difTarence of the table ia 64 318 ±0028 

For the earn of the aquitoa of the deviatlona wa have, according tc (LQ5)— (101), 

- 156-982-133 04-315 ^ 030. 

which shown that tho term of the aecoud degree contrlbulea Bomewhat to (he gaodDtea 

the adjualment Thia suin of aqiinros ought, according to the nuiuber of the obaervatlona 

and the elementa, to bo 11 — B — B, with a mean uncertainly of ± 4 

Tho boat foimula for computing tho adjusted values of tho aoreral obserTatlopa 


and their mean errors U 

Uj _ f±yj±*(ji_lO), which gives 




u 

o—ti 




4i(h) 

Scale 

log 795 - 2 9009608 

+ 12 

0144 

390 ± 39 25 + 5 226 - 2490 

04B4 

419 

log 106 - 29009136 

- 36 

1298 

890 + 39 16+6 

36 - 1194 

0232 

722 

log 797 - 29014580 

± 20 

0400 

390 + 30 9 + 6 

1 - 746 

0146 

826 

log 798 - 29020019 

~ 19 

0361 

860 + 89 4 + 5 

36 726 

0141 

881 

log 799 - 2 9025467 

+ 4B 

1840 

390 + 39- 1 +5 

81 - 834 

0162 

306 

log 800 -> a 90S0890 

± 10 

0100 

300 + 39 0 f 5 

100 - 890 

0173 

792 

log sol - 2 9036321 

- 21 

0441 

B90 + 3D 1 + 5 

81 - 834 

0162 

800 

tog 002 - 29041747 

- 47 

2209 

3B0'+30 4 + 5 

36 - 726 

0141 

'8S1 

tog BOa - 2 9047170 

± 30 

0900 

390 + 86 9 + 5 

1 = 746 

0146 

•620 

log 604 - 3 9052690 

4- 10 

0100 

3DO + 30-16 + 6 

30 - 1194 

0232 

729 

log 806 - 2 9068006 

-■00 

0096 

390 + 39-25 + 5 226 - 2490 

•04S4 

410 




s 

12870 


8-ood 
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Dol;)i the cliecbs agree the sum of squares is I 3 x 07836 » 940, and the euin 
of the scalee la 11—9 

It ought to be nollcod that the adjustment gives very accurate results lliroughout 
the greater part of the interval, with the eiccQption of the beginning end tlie end The 
eiBclneaB, however, is not greatest In the middle, but neat the 1'* and tlio 9*^ quarter 
Example 2 A flnite, panodlo fvmellon of one single oasential cnemn stance, an angle 1', 
Is supposed to be the object of observation Tba theory, consequently, has the form 
0 , » Cj-fciCosF-i-jjBln K-|-CjC 08 2 T'’+ i,sin 2 r-|- 
,We assume that there are n unbound, equally exact chaervations for a aoiles of values of T, 
whose difftronofl is conatant and for inalance for I'— fl.COMUflMBO^ 240^ 300* 
Show that the normal equations arc here onglnally free, nnd that tbev ndinit ol an QM^ecdinglv 
simple compiitalion of each Isolated teim of the periodic aeries 

Bumple 3 Determine the absciiasi for 4 pointe on a slraiglit Imo ubose meluol 
I dleUncee are measured equally exactly, and aro unhouiid (Omp Adjiistnunl bi ( orralntee. 
Biample 3, and g 60) 

Example 4 Thrpe unbound observations must accoiding tu tlioor), depend on two 
dernenls, eo that 

0 , - a;*, M«i) " 1 
Oi - ^,{o,) - i 

flo - 1 /*. ^(«i) = 1 


The theory, tlierefore, doei not give ub equations oI tlio linear form This may be produced 
In several ways, most simply by the common molluid of presuppoamg approximate values 
of both elAinenls, the Icnoun a for x and d lor y, and ronelderlng the corroitlons ^ atid'ij 
to be the elemente of the odJuBtinent We llicfcroro put ^ — ir + f, and y — d-f ^ 
Bejectlng terms of the 2^ degree, we get the equations of the oheervatlons 

0 ,— 0 * — 2nf 
Oj — (lA »" fcf 
0 ,-Ai — 2 A)j, 


where the rplddlo equation has still double \i eight The normal equations are 
2o(0;-o'| + 2AK-flt) - (4fl'-|-2AV \-2ahri 
2fl(o,-ft6) + 26(o,-M) - 2ff6f +(4AH2“*)>?. 


f Ip oonaoqiieutly not free of but we And 

2 m -«, + .■ V-fty - ■!.(*) 

HW. . I k> , |„i 


WTW 

ijjqrpji* 



2aa 

Fh tbA **1 midAe observalion vo Imve 

(n'+iVu, - «»'«, + ("•+»')«, + «■<’•■ . !■ (“i) - I 

ir vre bad IranBforined the oleraenls (coop § 62) by pulling 

f in« sC’- b(l 
^ 

* « flU-f-f) — it> 

y- + 

m ihoutd buTu obUinnd (Vee narmal equations 

2(a‘o, + 2dAo,+fi'fl,)-2(o'+AV - 4(tt‘+tTC 
2(— fl6oi-|-(ii’-6*)Oj'|-£)fio,) — 2(a’ + 6’)'y 

If ffs had placsd absolnle conAdonse in tho adjusting pnociplo of the sum of 
ujasTM as a minimum, i solullon might havo boon founded on 

(0, -«*)* + 2 K-6’)* - “>»'» 

The dondltlona of minimum are 

T (o,— rt*)ii + (®i-“*)* " ® 

- (o,— ff6)a + { 04 — i*)A - 0 

The solution with respeot to a and h is not Tory difficult Wo sue for mstaDu 
imtuodlalely Uial 

(Oi— fl*)(0,— fi*) — (0|-fl6)* 

or 

0 , 0 , — o| — — 3<i6o, -f 

Still belter is it to introduoo si »> aH^*> oquatione become 

(Oj— a*) 0 + 0,6 — 0 

0,0 + (<>(-»*) 6 — 0, 

coniMaontly, 

,*_jl(o,+Oi) + 0,0,-0, - 0 



If the errors Id Op o,, and o, are not largo, o,o,— o| must bo amalli ono of Ihs 
two Tiluos of s* must then be small, the other nearly equal 1* U|+o,i ohlj the latter can 
be ued 


II 



iS4 


furthir, ve get 

a fl, Ji— i* 

“T " <),— I* 



In tbie ir&y ire iroid gaeaelag at approilmate values (for which otherwiBs we 
sheiild perhaps hare Uheo a**-o, and The ralues which we tiaye here feund 

fsr a* and and to which may be added 



va really eiaoti and If we lubstituU Lhen la the ahora nerinal equations, we get f — 0 

ttd )) — 0 

Even vheOi aa in thia ease, the theory is not linear, It la not unhiua] for the 
np of the sqairea to bo a iniDjmuni Ciutton, however, ib necosseryi parljonlarly, it 
Bay happen that the sutn of lha squares becomes a iDaxImuro for the round elements, or 
for some of then 

TVe may also In another way mslce the equations of this exompte linear, namely, 
by oopilderlng the logarithms pf 0 |, e|, aa the observed quantltios, and finding the 
logarithms of the elements f^om the equations which will then be linear 

logoi -X 2logv 
logoi - loga + logy 
logoj — 2 logy 

f 

la this way we throw the difficulty over npon the squares of the mean errors Aa 

log(a-|-(ta) - log?-l- j , 

we may ipproxlmalely take 

If e and fi also hers indicate approiimole values of x pnd y the weights of the 
8 eqaatloBS, respectlTely, baoobe proportional to a^ 2a*b\ and Thus we And the 
hernial eqnaUoiio 

2<i*logO|-|- 2o*i*logo, — log i + logy 

2flV log 0 , 26‘ log 0 , - 2a<J* logai + +2a*fi') log y , 






(Pi-s')s* 


I 



2JT 


vblob lh« Bimple ruulU 


''I'l - 

91«g»-lo|o,- (p|p)'logi|‘ 


^,(lDg®) 


fl'+2fc* 

4fl'To'+4')‘ 


;1 ^ Sa'+ft’ 


Tbis ulullon Bgreaa only approilmaUly wiLh tho prscsdlng one It minhl e^om 
foi ■ momeal tbat, Id this way. to might do without the BUppoolllon of opprodmaio voluos 
for the elemantfl. but tbia ia far IVom bemg the cue For the sake of the weigbto we 
ffluat, with tbo aamo cue, demand Ihnt a and a, u alao A and y, agree, and we muol 
rnpeat the adJuitmoDt till the aquatea of the tnean errora get the iKtorUteaUjf correiL 
raluea And then It la only a peoeuary, but not a eullloient condition, that z — n and 
y-b aro email llDleae the eiaolneu of Ihe oburraljoiiB ii also eo gtoal IhnI the mean 
errora of ot are sidbH In proportion to ot Itaelf, the laws of errore of the logailtbma cannot 
be coDsIdered typical at the eame time u tboie of the obserratloiiB themKlvee 

Eiample b The oo-ordimlea of four polnla In a elide are oburvad with equal 
mean errora and without bonda yi >-10, z, — 16i yj — 18| z, mB, y,ni7, 

and — 2, y, 4 In the odjuilTneDt for the co ordinatea o and A of the conlto and 
the radiui r, we oannot uae the comiDon form of the equatione 

'(z-fll' + ly-ft)* “ r\ 

baoaQBe It enbtaoea more than om obeorved quantity healdee the elemonta In order to 
obtain the aopiralion of the observationB neoeoBary for adJuBtment by elemonta, wf must 
add a lupplemenliry elemeot, or paramela, Vi for each point, writing for Inelance 
«( - flrl-rcoflKi, y^i-h + rBlnKf 

As Ihe equatioai are not linear we must work by luccessWe correolione ^u, Ab,' 
Ac, of the elomeoU, of which the Ural approximate system can be obtained by 
ordinary computation from 3 points For the theoretical oorrectlona and Ayi of the 
co-ordinates we get by dllTereDtlation of the above equallona 


Azi Afl + Ar coiF<-AFi rainVj 

Ayr Ab-|- A»‘’Blnri-l- AFj fcobFi 

These oquallona For the obBorvatloDB load ub to a ayatom of seren nonnal equallona 
By the "method of parttal elimination" {{| 61) these are not dilBoult to solve, but here the 
limpllolty of the proUem makeo it poulbla for us immodlalely (o discover the arllhce 
We know that oruy tranirormation of equally well obaerved Teotangulai co-oidinales resalls 
lb free hmotlono The radial and the tangential correctlona 


and 


AftcoaFi-f AygilnFi — Am 
Azydnrj— AyrCoaFf — Ah 


I 



m, oonBequBQlly, beie be taken directly for the raean values of cDireoliona of obaerved 
qaanlltiee, and w only tto fouT equatlone 

A (i - Au sin Ff-- A i M8 - 1 A Kj 

contain the four oorreolloni A Vi of the paranetere, they can be Ultimately reserved far 
the lucoeMivo cerrwllons of the oUmenta In this way 

A Uf ^ A 0 eoa Ff-|- A i am A ^ 

vrilb equal mean errors, >!,(«) - are the ‘'oquallona for the obaervations" 

pf this adjualnent, and pve the three normal equationa 

[AncoaF] - Aafcoe'F] 't-Ai[coBFainF] + Ar[MBF) 

[A n aln V] - A a[ 2 oa F am F] + A fc [sin* F] + A r [sin V) 

[Aul I - A£i[coflF] -t-Ait«nFl H-Ar 4. 

1 a the apeoial caas undoi coneideralloni we eeaily see that the Drat, eecond, and 
fourth point Ue ou the circle with r-10, whose centre hae the cfl-ordinalea o-lO and 
h _ IO 4 the painmetera are conaequently 

Fi - O^iyo. F, - M-rs, F, - laB^iyO, and F,- SIB'S?!? 

per the third point the coopulod co-ordinates aro c ,- 2 0200 and y,- 17*0710, 
«M«Hieotly, Ao-i"+ 0<5710 and Ay,- -0 0710. A<,-0, and An,--0l005i 
uU other dlffermoee Am -0 and Ay<-0 The ’'equBliDna for the obeervatloDB" are 

lOOOOAfl + OOOOOAH lOOOOAr- OoOOO 
Oe 000 Afl-l- 08 ()OOAh+ 10 OQQAr- OOOOO 
^07071 Afl + 0707lAft-|-10000Ar - —01005 
-OflOOOAu-OeOOOAi + lOOOOAi*- OOOOO 
The norinal equattons are 

2 5000 Au + 0 4000 A i-}' 00929 A r ^ -j- 00710 
0 4600 Aa + 15000 A 5 + 09071 A r — —0 0710 
S - 0091l9Afl + 09071 AH ^0000 At* - -0 1006 

By elimination of A r we get 

24978AH0^5^^^ -+00739 

5-* 04990Ad + l 2949A6 — -0 0482, 

and hi eUmuiaLlDg A 5 

i-+2 34WAo -+00896 

Prom /it B and A wo compute 

Ad — +00381 1 Aft — —00601, and Ar«-— O*Oj406 
The 4 hHhl are found hy oubiiiluUon cf Ihue In the aeveral equatlone The 4 equationi 




^s^ 


Tor tli« «lwfTntiAni g^To Following i^viUd itluu of Axj 

+0*0334, Zitt,- -0*0310* Zirt,- -00770, odd An, 

tto HID of *qD»rB8 ^ I* Mniequently 


-00131 1 


- {0-02I14)* + (0 0319)1 + (0 0335)' + (0-016l)> * mm 
For thlo, by tbo oqutlloB (100), wo got 

0^1010 0*00371 - 0-ODS50 - 0-00147 - 0*00286 


II tkf Am) chMli of tke idjaitnoiit 

Thi 4 eqaiUoni for A h gin UN 

+17*3, AK, - +20'9, aK, - -S'O, ni AK* - -31'6 

Thu, bj idditlon of tbo found eorrooiloni to the approilmito nlnn, 

f- 0 98035, 0- 10*0981, ft-9D40O* 

Y^ - 0*17'9, V, - W''98'6, K, - 134“6ri, ind V^ . aW“ 3 O^ 0 , 

fi hue Itao whoU lyilen of oleminta for the nut ipproilaiUoD, if Ihaj irt not the 
deAntiva tiIum- In both ouao we muit coQpnto by then the a^juited Tnln« of Ihe eo- 
ordlnntai, oMrdfirF to Uto aad /brwftfs, the reuilUng differoitc«, obi,— Mmp , ue 

PdIdI Aw Ay A « A 1 

1 -0*0232 + 0-0003.-0*0283 +0*0008 

a +00191 +0 0967 + 0-0820 OOOOO 

8 +0-0106 -0*0168 -0O3M -(HlOOl 

4 -OOI23 -00090 +00162 OOOOO 


The lam of the i4|nar«, [{As)*+(^ylM^(l^ll^i 
which Indioitoe tbit tbo ipprotlmillon of thli flrll bypothwi my hue bun lafBdent, 
Indeed, tbe itadenta who will try the nnt ipproxloition by mouii of our flu! dlffareneo, 
win, In thli ciH, Atad only emill eorrectiou. 

From the oqmtloDB A, B, ind J7, which upreM the hie elenenti by the orlginil 
bound elemcntB, A e, A3, A we oilly compute the equntloni for the inTcm liui- 
fermition 

A fl - 0-4367 A 

AA - -0*1444 ii + 0 7726 B 

Af«- 00228 ^-01753. B+0 35*B 

By thew, iny funotlon of tbe elementa for a giren piriiqiler oin be eiprened u a llnanr 
fnnettep of the free funotfoni J, B, end Bi ind by 1|(.4) ^2 84903|, 2|(B)^1 9940i|, 





asB 


BitA (i{) * 4 1 (|, Ibo [Quu Qiror li eully found Thus the squoros of Ibo ifioau errori of 
the co-ordinates a and y aio 

4,(a)-{2IMM( 04257-i-0 0228co8f')»4-l2041(-Ol7&2coBy)' -h4(0 26 M8K)')j, 

il,(y) - {2 34DO(-O'1444 + 0 022B eln Vy f 1 2043( 0 77SO - 0 1752 aln K)' -f 4 (0 25 sin K)*)4| 

Only the votuo 0 00230, found by tho eutnjiiQry oriLiciBin, la hors very 
uncoiloln , 


xm SPECIAL AUXILlAllY METHODS 

g 57 We have often ocibbIoh to uao Die motliod of Joaat squareit paTllcularly 
adjuBlment by elemenls, and this gomelltties requires ho rauih ivork that we mnst try to 
shorun li BA much aa potaible, even by meene wliloh bto not quiU lauful Several temp- 
tatloHB lie near enough to tempt the mnny who UTo soon tired by a somewhat lengthened 
coropulallon, but not ho much by looking for BubllelioH and abort cuIb And os, moreover, 
tho notbod WM formerly conalderod the host solution among other more or lesa good - 
not the only one that was justified under the given euppoeitlon, It Is no wonder that It 
has Come to be used In many modiflcitlona which Tnust be regarded as unsafo or wrong 
After whet we have seen of the difference between free and bound functions, It will ha 
understood (hot the GonBequencss of IrnnegresajoHs against the molbod of Just sqiisrei 
stand oul much more clearly in the mean errora of Lha roHulla than in their ndjuated 
valuofl And as — to some aiteni justly ~ more ImporiBnco Is atiachod to gotllng tolerably 
correct values computed for the elements, than to getting a correct idoa of the uncorlainty, 
(be lai morals with respect lo adjiistmonts hare taken the form of on aasortion to the 
effeot that wo can, within this domain, do almoet as wo like, without any great linrm, 
eapeolally if we take caro that a eum of squares, either the correct one or nnother, bocomeH a 
mlnlmuiD This, of course, is wrong In a teiUbook we should do more harm than good 
by slating all the artlOcas Which kven eipe lenced compulors have allowed themselves to 
employ, under special oiroumslancee and In faeo of perticnlarly great dirDculllee Only 
a few auilliery methods will be mentioned here, which are either quilo correU or nearly 
M, when simple Gsntion is observed 

g 58 When methodlo adjuslmcnt was first employed, large numbers of ilguree 
ffsiB used In the compuUtlone (logarithms with 7 decimal phees), and people often coin- 
plalned of the great labour this caused, but it was regarded aa an unavoidable evil, when 
the elements were to be determined with (olorablo exactnese ¥fs can vary often manage, 
however, to get on by means of a much piDipler apparatus, if we do not seek lomolblig 



vhleh cannoli bA doUrmined Dliiln^ the idjustmenl properly u celled, we ought to be 
Able to work rrith three flpree But thie Ideal preeappoaae that two conditions are satle* 
Red the elenonts we seek must be iraall and Um of odo mother, or nearly ioi and In 
both reapeota It can be dlffloult enough to protect oneself In (Ine by appropriate Irani- 
ronnation Often it li only through the adjnalQient ilaelf that we learn to know Ibe 
artlRceo which would haro made Ihe work easy Thu appllea partiaularly lo the mulnal 
freedom of the elements Tho condition of their amallnesa Is satlsAed, If ws everywhere use 
the Sams preparatory compulation aa la neceasary when the theory is not of linear farin 
By such moans as aro used In the eiact maihematics, or by a proviilsnal, more 
or laaa allowable utlustment, we gel, corresponding lo the several observatlona o, 0|, 
a act of Tnluea e, Oi whioh are computed by meani of the reluoa 0, of (he 
ssTsnl elementa a e, and whioh, while they satisfy all the condltlona of the theory with 
perfect or at my rate considerabla evactneesi nowhere show any greet deviation f^om the 
corraapcsdlng observed value it Is then these deviations and whieh are 

made the object of the adjustment, instead of the observations and elementa Iheoiaelvsi 
with which, we know, they hare mean error In common 'When In a non-linear theory 
the oqualioni between the acyuoLed obaervation and the elemenls are of the gsDsral form 

f (*, s)i 

they are changed into 

br nieina of the lerma of the Brat degree in Taylor’e serlea, or bv scmo other melbod of 
approalmatluji, If tho eouationi are linear 

wo have, without any change, for the dovlaliona 

«( - Pi — j>f(® - Jo) + + r<(* - *•) (110) 

i I 

No special luck Is neccsairy to And acts of valusa, or, j||, Sg, whoae devia- 
tions o/-f*i show only two slgniAcent Agures, and then compuLatiou by S flgures la, as 
far aa that gosa, aufAcieni for the needa of tbe a^JustmenL 

The method certainly requlrea a couaiderable ailra-work In the preparatory com- 
putation, and it muat not be overlooked that computallons with an Biactdsaa of many 
declmil places will often be neceaaary In thu parti eapeolallj ought to be computed with 
the utmost pare aa a function of fi, lest any uncerlilnty m this compntaUoD ibould 
IncreaM tho mem errora, no that we dare not put J,(o-v) — l|(o) 

Thin additional work, howerer, la not quite wasted, even when the theory Is lliiear 
The list of the devlnllons Oi — will, by enay eatlmiies, graphic coDslruclioni oy directly 


I 



bf ihs tjty with tollable cartalDlj Ind to the dUcdTor; of gross arrors in Ihs lerlea of 
obwTfttloDB, slips of tho poDi eio, which nuBt: nol bo allowed to get Into iho a^got- 
noDt. The prolltnlnsrf lejeetlon of each obserratione may eare a whole aiyuelnient, the 
oUlmata loleotloD, however, fblls under the orttiolsiu aflor the uytielaienti 

In oonputlDg the adjusted valaoe, particularly «<, after the solution of the uorius] 
oquatiDns, ws ought not to rely too oonAdeuUy on the traDafonDatiou of the equations Into 
linear form or Into equations of devlalloni fer oi-oi Where It Is possible, the ootuel 
eqoations iw - F{it, «) onght to be employed, and with the same degree of eccnraoy 
ao in the compalallon of 0 | In this way only oin we see whether the epproxlmate system 
of elements and values has been so near to the final resnlb as to JnsUiy the r^eoUDo of 
the higher terms in Taylor's series If not, the a^uslment may only be regarded aa 
provlalonal, and must he repealed until the values of Wf, got by direct computalion, 
agree with the valuee through u<-or in the linear equatiene of a^ustment 

On the whole the adJUBlment ought to be rapeatod froquently kill we get a sufBclant 
apprellmatlon, This, for InsUnca, Is the rale where the observations represent probabilities, 
for which il|(o,) Is generally known only as funoiione of the nnknewn quantibei which 
the a4)uslment Itsolf Is to give us. 

§ 5B The form of the theory, and In particular the soleotion cf lin eyatam of 
olomonts, Is as a rule determined by purely mathematical coDiideraliona as to the 
shgance of the formulo, and only eieoptlonally by that freedom between the elements 
which le wanted for the adinstment On the other band It will generally be impoisible 
to uringe the adjustment In suoh a way that the free elements with which it ends, can 
all be of direct, theoretical interest, k middle course, however, Is elways desirable, for the 
rsaaoni mentioned in the foregoing paragraph, and very frequently it Is alao poulble, It 
only the theory pays so mnoh respect to the idjuBtmenU that It aroids selling up, In the 
same system, elements between whloh we may expect boTorehand that strong bonds will 

nisi Thus, In systemB of elements of the orbits of pianola, the length of the nodes and 

the distance of the perihelion Item the node ought not both to be iutroducod as elements t 
for a posltfro obaoge to tha foriBV will, in coDBoqDaaca of the foaquant, amall anglas of 
InoUnalloiii neuly always entail an almost equally large negative change in the latter If 
a thoory eaye that the obaarvafaon is a linear fusolion of a single parameter, f, the formula 
ought not to be wrlUon unless all the i’a are small, some positlTO, and others 

negative, hut u — toll where le an average of the parameters corresponding to 

the ohservatlons If we succeed, in this way, In avoiding all strongly operating bonds, 
and this can be known by the coelAoients of all the normal equations outtide the diagonal 
line becoming numerically small In oompulBOD with the mean proportional between the 
two corresponding ooeftlolonts In the diagonal line, then we have at any mle attained so 



Zfll 

nucli Ihnt ve need not use In Uje alculktioDB for ihe &^u»tmenfc nftD; noTB dooimil 
pUcMi iban Bbout the S. which will olweyB be flufllolent when Ihe eleniBiiU ve onginBlI; 
muluBlly IVee, end nol during the e^uBtmcnt are Arst to be trenaforaed into freedom 
with punful accuracy In the tranarormatioa operaUenB 

If, by OBroful aclBction of the elemenUi we even gel bo far thnl no Bum of the 
pToducU [ j}^] ') in numorlcai vsloa ercceda about ^ of Ihe mean proportional between the 
cerreiponding Bums of eciuaroa kOipn^i or in tsapy oases only ^ of IboBB amounta, 
then we may CDnsIder the bonds between the elements iQglgDlAcant The norinal equalioni 
tbemsolrOB msy then be used to determine the law of error for the elomente, we cempute 
proTiBionally a firet approiimation by putting all the small auma of produols >» 0, and In 
the second approiimflllon we correct tbs by substJtutlDg the euma of Ibe produols 
and the values of the elemerta aa round in the Aral approiimation For instance' 


fpol-fpjly,- 

- [pp 1 *i 

(111) 

- w(w+-^’+ 

+MI- 

(till 

-1 (m-^- 

-Ml 

(lU) 


Aa the errora In these deter mlnaliona are of the second order, It will not, If the o'b 
themeelvea are eraall deviatlona from a proYlalonal computation, be DeoesBary to make any 
furiher appreitmatlonB, 

Eren If the bondB between the elBinento, which ire alated In twniB of the budb 
ef the products, ara strocger, we can eomellnios get them aalled without any JrsosfonDs- 
tlon If we can gel new obaervallona, which are luat Buch fiinctiona of the elemeals Ihit 
ihe inns of the produols wj)) vanish if they are also laken into cooelderablon, we will of 
course pul off fha adjustment until, by Introducing lham ialo It, we cannoi only faolUUle 
the GcmpnUtlon but alio inoreise the theoretical value and olsaneu of the remit And 
If we can attain freedom of lie elements by rejicllBg from a long asrlea of obsarvatloni 
Bonie ilngle onaa, we do not heallalei to use this meana l eepeoiilly ai moh unuiad obisrTa- 
tlona may very well ba employed In lie crlUoiam If^ for initance, an arolio eipedltlon 
has made meUorologlcal obaervatlona at aome flied atallou for a little more than i com- 
plete year, we ibill not heiittU in the a^mlment, by msMS of perlo^lioal funcUoDi, to 
leave out the overlapping obiervallonsi or to inpke uae of lie meui of the double values, 
glvtag them the weight of single ohierratfona 

'] IR irht( tolloiri wi write, ter Ihe uke of bwrtfy, (pel ftr [^] 

IB 
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g 00 Tbodgh of courae Ibo hbiicotioD of obaerraliona is, in general, Die greafoal 
bId vhioh an appllsd sclsncd can cointnlt, there emts, neverlholoae, a rather nnmeroui and 
InporUnt clau of oaaoa, in which wo both can and ought to ueo u raothod whloh just 
dopehda on the fabncalion of such obsorralloDs as might bring about the freedom of the 
Iheorolical elementa As b warning, however, egalnst raleuee 1 give it a harsh name the 
iHftlKKi of fdhfiealtd obisrvatioiM 

U| for Inotuce, we conaider the problem which has aerved us as an oiample in the 
Bdiuitnent, both by ooireUtes and by elements, via the determination of tbe absclBaae for 
4 points whoso fi mutuel dUlancea hare been measured by equally good, bondfreo observe- 
lloDB, we can scaroely after the now given ludlcatlonB look ut the normal equationi, 

‘’|l + ®|B + ‘*U “ SaJi — liBi — llj - 1«( 

— 'OU“0u-^0j| llBi ” — llBj Bxi. 

without Imraedlately feeling the want of a further observation 

0 « lx| ^ Ici ^ Ia)| lfii| I ^ 

which. If we liiiagme it to have the same weight ^ I as eaob of the ntemuremenls of 
distance difon) « 0 ,— 3!|, will give by iddition la the olhors, but without epoolfyitig the 
valae of 0, 

"I" ‘’ll ”* 

0 — Oi,H-Of,H-Oi, - 4«r 
0 — Oi, — 0,, + Oj, — dm, 

0 — Oi^ — 0,,— 0,, — d»4, 

and consequently delennme all 4 abscissae as muluslly free and with fourfold weight 

Wbal in this and other cases enllDes us to fabrioate obiemtIoriB le nuieier 
imalttMt Id the onglnal problem of adjastment _ hero, tbe ImpoBsiblllty of doLermlnlng 
uy of tbe abealssao by means of tbe dlstincea between the points, When we treat 
itflli problems in ovaot matbamibcs we get simpleri more symmetrical, and easier aolu- 
Uona by Introducing vakee which can only be determined arbitrarily, "nd so it Is also In 
the Iheorv of observation. But the arbltrarlDess gats here a greater eitent, because not 
only mean values, but also mean errors must be introducsd for greater convenience And 
while we can always make use of a fabrloated observation In indelermindte prablerne' for 
tile complete or partial liberation of the elamenta, we must here caraflillv demoBeirale, 
by critlclem in each oose, that the fabncalion we have used has not changed anylhing 
which was really determined wltliont it 
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Ln fh0 Biimpli, Ihis k mji \\\ \h Ural plwe 0 lli»PP®*f‘“B •'* 
llie 4 i^]uatod ijiiluoB for lha dlaUncea i,, and then by ov“ iidjo"^ value, 
dalermined as the aum bnd leadinji only to the Idanll^J Xbe 

a4|uiitnient mill lonaequimlly ncllhr delarmlna 0 nor Ut U gal *•* 

oilier deUrmlnttt'ona, 'fha meaii errora eliflw tho eaine and, moreover, in ‘ ^ 

Ibe crltonon beconieB indepondont of whelhw 0 haa been brought into the computatlOB 
as an IndeloTininiitfl number or with an nibiltary value, tor, iTtor the adlmtoent M Jfdl 
as belore, ivb have for Oj »■ J The teah for 0 u swiyuerK/y ■" ^ ’* 

alto generally a aufSciont proof of our right to uto the method of labrltot®^ obaifvatloJio, 
§61 3^ method of pariwl afionjiolfotia, When the numh*^ ^ ^ 

luge, It bocomoa a very oonaidarablo task lo UaDiforip the wnnal eqiioll®"* ^ 

the atemanla The difficulty le nearly propoitloual to the wjuaro of th‘t 
before the elemenU would booome no nuneroue that aiyuilmeol bj tovroUlea 
Indicated, a coriMl idJuaUnent by oltnonia an becoma pricticaliy imp®*"*^^* !,j*a 

critlclam la (]Qlle out of the qneatioa, the auioiDarj critlrfem can eoarcely be auggv • on 


the very ellmlnatloii mutt be made eaeler at any price If it than happ^ni 


that aoToe of 


rilV v^wtvi BV IIU^ |fli 4 VV •• ■ - 1 I l| 1 

the elemenU enter Into the eiproealont tor ume of the obiarvallona onlpi ond no n 

the olhoft, then Him oaa bo no doubt that the eipadlenl whioh ought flnt ^ !i^ 

b the partial ellmlnatlcn (betor* no form the normal equationi) of aueh ola®® ^ 

obiervitione ooncornlug them Thew obaervatloniwlll by thia meana bo ^ 

tonelloDa of two obaervatlona or moro, lodfeA mil gnerofly be ioNinf I * 

to in a higher and more dattgerooa degroo the toner elemeato wo havo 

Ihia proceeding no may, conaequently, impbrll tho whole aneulug a(|]uatnionli the nun a 

of which, wo know, la nitbwwf or fra obaervaiiODi aa funcliona of It* ' 

U|at V0 cunoi 

If now It miiBl be granted that lha dlfftoolUea can bacomMO 
Inaiet on oh obaolir/c prokibifton upoenU dUgiimoU elirtiHoliowi wa 
hand opipliaUoaliy warn agalnat ovary elimination which ia not "to which 

funotloDO, and much the more so, aa 11 la quite poBalblo, In ■ gv**^ runoUoiti 

ibuM have taken plate, to remain within the atitotly lagilfmato llolto the « * ' 

Ir ll» uu •! '(*. n*M ifpdM 

ThIa la connwled with the caw, Id which lome of the obaorv** ^ ^ 

0 , omi according to tho theory, depend on certain olemonta, for ^ 

do qo| oooor In the theoretical eipreeilOQ for any oUih of the obeermU®**' " ^ 

then, by the toroitlou of the normal oquntloi)f to leparato o, j 

obiervaUoni Wo begin by forslng the puila) normal equiitoni for ’ J* 
dlately perform the ellmIhatioD of j, g (tom then, without dawnte, 

whether theae equationi alone would be aoflUeie&t foe n detomipatlon ^ ^ 





(ki BDon u f y aie oliminalod, tlu procosB ol olimjnition Is Qugpendod Ths Irtsa. 
formed equalions conlalDiiiE o^entonb (irhloh looit Tepressnt funrilooB kbst aro free si 
sll ohaBrvstiona, and fgnsUoDfl whlsii depond onlj or tfie retnsinmg alemenli n), ve 
pul mide ml we come buolt lo Ihe deteriDinsUon of st y, The olher putmlly trsnBforined 
jioimsi equsllonB, origlDuting In the group Oi o., sro on Iho olher hsnd to be added, 
term by toriu, to the normal squelionQ for the elemente 3, n, formed onL of the romsin- 
Ing obaarvallans, baforo tho procoao of olimlnstion le continued for these elemoole 

That this proceeding la quits legitlmBte becomes srldont If we imnglnB tbe 
elemonla :e y iToniiforiiied into the oleinents s' y'l which are free of 3 M| and then 

Imagine 1/ Instnled rneUad at r y in the original equations for the obsonhllcna 
Por then all Ibe sums of products with the coefllcientfi of ^ y* ivill idenlicall* become 
B 0 , and the sums of squares and sums of producU for the separated part of the oboerva* 
tlopa will, as sddends In the coerflcienls of the noimsl equatlope (compaio (b?)}, come ooti 
Immedlaloly, with the ssme yaluea se now the iTansforTiiod normal oquslions 

As an oiampla we may treat tbo following serios of memuremonts of the poiitlon 
of H points on a Blralghl line fhe mode of obeeryslioa is as follows Wo apply a mllllmster 
Bcalo BOTeral limsa along tho etrsighl line and then each Ijme read off by mepoction with 
the unaided eye either (he placoa of sll tbe polnle Bgalast tho ecalo or the places of two 
of IheOL The readings for each point are found In Its separnle column, and thoee on the 
sanifl TOW belong lo the seme position of tho aoalo (ConBldered as abiolute abtdioa< 
oheeryalioTis each obaoTvations are bound by tho position of the im by oiOTy laying 
ddwn of ths scale, hut thoBe bonds are evidently loosened by our taking up ths poBitioD 
against the scale of an arbitrarily selooted Hied origin yr aa an elo&ient beside the abiciBBse 
«i, 2,, 2, of the Lhve poiota] All mean errors are supposed to ho equal 


FwUbu 


Point 


ol 

Uo Boilfl 

' I 

11 

in’ 

1 

60 

2r64 


2 

636 


5496 

3 

7-9 


54 b 

4 


31 16 

47‘2 

5 


1074 

36 7 

6 


400 

801 

7 

pi 46 

5108 

7006 

8 

83 9 

58 fi 

70 5 

0 

06 

00-3 

56 39 

t6 

2016 

4076 

668 

11 

189 

B05 

6656 


EUhilimted Irw Slemenm 

17 33 ■» f- i (sj 

31 65 jTi + 1 {J( -|- *i) ^ 

also- y. +*(»,+»•) I 

alia- f, +!(»,+*, ) " 

2372 -y. +»(», + *,) 

17 00 " yj ^ (2| + *1) 

5383 - y, 

6630 - y, J-H®i + ifi+»i) I 

B20d — yi +l(*i 

42 6B « j/,B+ j(®|-h«i+a|) I 



Afl lh» (hfiorelical equation for (ho obaervallon in the column \m Ibo form 

Or I yi 4- I 

nod ovory obaervallon, therofore, la a funution of only Uo oleraonlB, thoro le every reason 
to me the method of pnrtial elimination If wo chooaa Drat to eliminate tho ya, ne have 
consequently to form normal eqaallona for each of tho H rows Whore oily Ivro points 
are obserred these normal equationa get tho form 

I 

Or-l-o* ‘= 2yf+-rrT*i 
0 | ®= J/| 

for Ihrso pDinls the form of the normal equatlonB la 

® I "I" “I" 3y( Ml "f *1 "h 

“i “ yr + 3!i 
0, -- }fi -l-i:, 

«• “ yi +«, 

Of these equationa thoae I'ererriag to the yt have given the ahminaled free sleioonla 
stated aboTQ to the right of the oheervatlons after the perpsndicuUr 

By Bublraollng tbeeo equations (tom the conwpondlng other equationa we gel, 
Iq the coBflB where there aie 2 poluta 

Of ^ (Of “j* Oi) “■ 1 

0| — ■ ^ (Or f- Oj) 4 ** "1" i < 
and m casea where there are 3 pointa 

+ + “ l®i“4*i-'4** 

"i'4(«i +«!+«.) “ -4»i+4»i~4®i 

0, — 4(o,-l-o, -l-Oi) =■ — Jji 

By forming the eum of these differences for each Coluinn, and counltog, an the 
nght aide of the equallom, how often each element occurs with one other or with two 
others, we consequently get the ultimata normal equationa 

-UBBS- 

+ a)««9 + 

The coae la hoie oitnple eneugh to be solved by a fabrlcaUd obiervation How la 
its most advantageoue form foand, when Its euatenca la given f 

ro “ ni+5l+^ ■ 


Answer 



1 
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ifler Yibch Tio gat tbe noTirial equationa 


™._ 16 e 09 > 2 !l., 


J 77 i _ 

0 + 20060 , 

coDBaquontly, 

as, «- 0 — 26 38 , ®, — » — 4 77 , and o + 21 24 
From these wa now CompuLo the y's 

y, «= 322I){) — 0, 
y, 8372 —0, 

M 3327 — 0 1 
y, -26^146 — 0, 

!/, - 15486 ^ 0 , 

y, -M 8845 — 0, 

0 need not hero olalo the adjusted vsluoe for the several observatlonii nor their 
dilTerenceSi of which it is enough to say that thslr soni vanishes both for each row and 
for each column i Lbolr squares on the other hand) will he found to bei 


Fa ' 

y* 

Viu 

yit 


66 80 ~ 0 , 
6827 -0, 
8601 -0, 
45 55 — 0 , 
44 20 0 < 


I 

n 

HI 

Ta(«li 

0002 

0002 


0004 

1 


OOOl 

2 

1 
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2 


2 

2 

4 


6 

0 

12 


2 

2 

4 

0 

26 

4 

36 

. 1 

0 

1 

2 

0 

36 

D 

64 

1 

0 

1 

2 

1 

4 

0 

14 

Total 0026 

0077 

D036 

013B 


a - 0028 


£ - -OHO 


For the aumiuary critiolBiu we notice that the Bumber of obaervatioha u 97i the 
number of the elements is 3 + ll'-l * 19, divisor lonsoquoutly ^ 14 (ope element being 
wholly engaged by the fabricated observation o) The nnit of Ihe mean error Is tberefoie 
delevDlaed by £*>-00010, and the mean error on alngle reullng +0*0321 which agiosi 
well with what we may eipeot to attain by pmoilce In eellmatea of Innih parti. ' 





At lo ipsolfl] oTiliclim 11 la hare, nhen the veljhta of the eKmlnaLed free 
funcUoni are reipulivelf 2 and D titnes the treighl of the elnxle observallen, while the 
welghta of ct, , v,, and «, after the adjuatment faecoma reapeotively and rery 
oaay to compute the aoalea 


1 ^(**1 . 1 

j|(a) Wolghtaftw the adjuBlmenr 


With 7W aa common denominator we And for tlio ea\Aral acalae and the auma of llteir 
moat natural groupa 



J 

ll 

III ' 

1 

1 

927 

' 327 

1 

(164 

2 

9316 


9916 

U(19 

3 

5316 


331 6 

009 

4 


990 

B 30 

072 

fi 


933 

330 

072 

G 


936 

dSO 

(172 

7 

430 

443 

448 

1320 

B 

430 

442 

448 

1320 

9 

4 SI 1 

442 

448 

1320 

10 

430 

442 

448 

1320 

11 

436 

442 

448 

1320 


8170 

3646 

9911 

loose 


I 


I 


I - 9996 


i? * G636 


The comparison with the auma of oquores In the groups, divided by ihows then for 
point 1 2b Inatead of ^ - 42::bl^* for point It 7 7 Instead of 47 for 

point III B6 Inateid of &l , for all poelUona of the ooale with two readinge 

28 Inelead of B d t^lO 6 , and for pooilione with 8 raadinge U 0 Instead of 
The limit of the moan error la conaeqnently reachod only In the group of point II, where 
(77 — 4'7)* B IhO < (I'd, and It le nowhere eioeeded We have a check by aummlng 
the eoalee, 


'- 5 J- 14 - 27 - 11 - 3 - 1-1 


( 63 In inch ouee In which Ihe oiroumitaoceo and weights of the ohoervallona 
lie dlotiibuted In oome regular way, this will often faellllale the treatment of the normal 
aqaatfou The ellmipatlon of the elemente and thg traflarormalloir of the normal oqtiationi 
Into evoh whaae left hand ildeo can be regaided m unboqnd ohoerratmaa as they are froe 



^68 


hDoUoDi of the original oborntlont, noed noUlwayo bo bd Urmly connected nlthoue anolher 
u In the ordbary method If ir«i b i Bullablo wayi Uko advanlagu of regulinty m the obaer- 
fetlane, and thereby are able, to And a traneforinalion which aete the normal equalloni heo, 
then the determbatlon of the eeveial elements will acaicoly throw any material obataolee 
Id oqt way But in ordei to And ont any epeciel IranarormaUDUB, we must know the 
general foim of the ohangea of the normal equatione reaniting from Iranerorination of the 
original elemenla into such as are any homogoneoui linear funtlons of them whatever 
If the equationa for the unbound obsorTallona In terma of the original alemente 
have been 

the normal equationa will be 

(H ' fpp|*+l?9l!/+[pr]« 

(9«1 - [9Pl® + [«ll/4-[9rl* 

[rol . Irp^a+lriily + lrrlfl 

And If we wleh to aubatltute new elementei (, jj, and for the old onea, we make nee of 
eobetltutleni In which ih« on^nul tlmtnti an rqtrisentid as funciim of Ihs nev mu, 
Ihenfore 

X — Aif+Aiy-l-lif I 

( 11 ^) 

® “ Aif+frg^ + ljC J 

The equallone for the obeervitiona then have the form 

The new noraal oquatioBa may be formed from thepe, but the form becomea very cumbrone, 
the equation which apecially refera to f being 

+ [(pfti+jA.-|-rt,)(j)i,+jr, + fl,}]C 

The ceopntallon ought not to be performed BcGordlng to the espreeslona for the coefDoiMle 
which Qome out when we get rid of the round brachela under the signs of aummaltou ( ]. 
Bat it 1 b easy to glva the rule of the compaUtlon with full otearnoie The old Domal 
^oatlona are Aral treated eiiotly ae If they were equations for unbound obseiTatione, for 
X, y, and u, reepeobvely, eipreesed by the new elumente, conBequently by multiplication , 
by ooJumfM, by A|, and A, and addition, by muUlplioatlon by A,, Je^^ and A, and 
addlUoi), and by mulhplioation by 2 ,, and and succeeding addition Thereby, certainly, 
we gel the new normal equationa, but sllll with profierrallon of the old elemonti 
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[(P*i+9'i - I(^^ + 9^-|''^)P^'+[(p^+S^+^^i)9]y+[|p^+9^+^^)^•i^ 



■s. 


The eecond pftrt of the (iperalloh meet therefore conilit In the eubeLllullon of the 
new olementa for the original ones In the right hand eldea ^ theae oquationa In oriler 
to find the coofflcientB of and Ci ire moet therefore here again multiply the mi of 
the produolBi mio hy rowe, by 


end add thain up 

Eramplo It happene protty often, for Instance in Inveatlgatlotie of ecelea for 
linear muaurea, that there ]i ayaimelry between the eUmenlBi two and two, x, and Xa-,, 
w that for InsLance the normal equation which epooially refen to has the eame ooefA- 
cienle, only In mrerted order, aa the normal equation correaponding to , of courae, 
Irteapectlre of the two observed terms (po] on the left hand aides of the equaliona 
Already F A H ana on pointed out that this mdlcatoa a transformation of the elementa 
Into the mean valuea a- i<- their half ditacw ir « In 

thle caae therefore tho equations for the old elementa by the new ones have the form 


*1* *• Br"!' 

®B-r “ lir * 


and the Iraniformatlon of the normal equaliona la, consequently, performed jnal by ferming 
biuhb and dllfereDcea of the original coefficients If the normal equations are 

Jdo] ™ 4i 3y -j- 2i 1 m 
[Ao] - Bx-|-6y + le + 2H 
(coj * 2i + dy-f-6a + 3u 
[dol-l* + 2y+9j! + 4u, 

the procedure la as followi’ 

(ao] + [do] ™ B®-l-'5y-|- Bx-fBii ” 10-^— -|- 
[6o]-|-(floJ ^ 6* -|" lOy "I" ^ 10 *1^ * -f- 20*^-^ 

0 y V ^ 9 

[flo]-[tio] - fl3!+ ly- le-3« - 2 

[Ao]-'(eo] - 3y— 2e-ltf - 


14 



ig in Ible mmplt, we elweyi laccMd b upintin^ the dau r&)gee frotn the bill 
dliTffeoNB, u two Biiitudly free eyeteni or fiiaclloiii of the obiervitioDi 

II 68 The great ilopljftoition thit reanlta when the obrnralloju ere tdvi repe- 
titloDi, Id conlredliUnolioD (o the geoerel caae when there ire vtrylDg olroitDieUflcfli Id 
the obMiritlDiu, Is owing lo the reel Ihel the whole s^ualment Is IfaoD lednced to the 
HetermlDStloD of the mean rainu and the meen snori of the obeerratloDs fisforo an ei|]uil- 
menl, thereforoi We not only Uke the means of any obBerralloni, which are strictly speaking 
repeliUoDB, bat we also sare a good deal cf work In the oases which only approxlntsle Ic 
repeUlionst tIi Iboee where the varlallons of oIrciiniiUDcee bare been sman enoiigb k allow 
ns to neglect their prodnota and scineres It has not been necessary to await the systematio 
derelopmenl of the theory of ohservalicns to know how Lo act In snob eaaee 

Wbea aetronomers hare ohserfed the plaoe of a planet or a comet urersl times 
In the aame night, they Ibrm a mean time of observation i, a mean right ascension o, 
and a mean deollpalJon d, and consider a and i Ibe spherical co-'OrdJnatea of Ihe star at 
the time t 

With the obvious siteneioDi this Is what Is called the nomal ph» methodi lbs 
met Important deriee (n ptacUcil adjustment Boob obeerratlone whoee eesentlal oiroaDi' 
jtancee bare ‘‘emair yailatloDa, are, before Ihe idjnetment, brooght into i normal plapa, by 
foming mean vilaea both for tbs obSerred relnaa t|iemaelrei and for each of their esaehllal 
olreadutanoM, and on the euppeeJUon that the law whlob eoDneots l',^ ohsernlloiis and 
otrenmilanoei, bolda goijd ilsoi wllhcut any change, wUh reepeot te their naan raluei 
Mnoh trouble may be ipired by employing tbi normil place method The queitloD 
U, whether we lose tbeyeby In eiactdeas, and then how muobi 

We ahall flret consider the oase where the unbeoiid obionatione o are Uneii 
Ainelloiu of the varying eieential elroamstanoei w, a, the eqiiatton for the obsena' 
tiom being 

J,(o) — I +dlf 

1 

WIU the weights e we rorm the Dermal eguatlonet 


[»]-.[.]+»[«]+ 

+ d[rs] 

(iiji 

[mj ~ d[fz]-|-i[^]')- 

1 r 

, -j- dfpw] 

(III) 

[ew] ^ i»[pa]'j-J[«w]'f 




If the whole eerlea of obeerfallens Is gathered Into a single normil plioe, 0, 
eetrapohdlng to the olroamslanoee y jdE, and with the weighl F, we ehnil haves 



in 

V -[M 
VO - [IKJJ 
VX - fw] 

VZ - [»3j , 

*nd tB 

O-pfl^tA) -^-dZ, (117>) 

IhiH normnl place will eihausL iho n^rninl equation (117) rorreopanllng U thb consUol 
term, both with roapoct to moan valuu Rud nioan error Dut If we mako iho other Dorinil 
eqifalions freo of {1J7), wo get, by t/i« torrc i rnolhod of leaal aquaros, 

- b[o(*-A)'JH +d[p(,-AKa-j?)| 

' (Il8a) 

Mo--0]{f-Z)] _ 4to(3,_A)(a-;f)]+ Jf.d\p{^^Zn 

for tho detorniYiation of Ihe olomenta b rf, and those determlnatione are lost cemplelely 
If the whole eenoa logallierod talo a alnglo riorwal placo Oertaialyi Uis coefltdiinte of those 
equBiions (llBa) ate amall quBnllhee of IIjo enoiid order, if the ^-X end i—Z ore 
email of the flret order 

If, on the other hand, we split up tho senee, forming for each part a noritiaj 
place, and adjuelltig Iheee uoimal placed inalead of the obaervatlonH according lo Iha 
method of the least squarpa, then the iiormal equBtion corresponding to (he eonetant 
term le atlll eihausUil by the normnl place method, and beaidee Ihu dDlermlnatlon of 
-{-dZ the normal place method now aloo alTorda a detorminatlon ol the other 
olemiDU h rf, In euch a way, however Diet wo Buffer a loss of the wolghU for their 
determination Thie lose ran become great, nay total, If the normal places are selected In 
a wily that does not suit tho purpose; but il can bo made rather inslgolllcint by a 
Huitable Heleolion ol riornml pla^^ in not too small a number 

Let us suppose, in order to Bimpllf) matters, that the observations have oiily one 
variable ossentlal cIrcuniBlaiico i, of which their mean values are Imeir Ibncliona, coa- 
soquently 

, 1 ,( 0 ) — 

and that the s pro unifernily dlelributed wiUiiii the utmost limits, eip and z, , we then let each 
norma) place encompass an equally large pari of thus Interval, and we aball And then, this 
being the most ravourabis caao, with n norma] places, that the weight on the adjiieted value of 
the element b hocomea 1 — (,^]' , If by a correct adjustment by eiemenU the correiponding 
Wtiglit Js taken as unity The hiis le there, at any ralOi not very great And Jl can he 
made still smaller, if the distr'ibutlon of the eagenllal citeumetance of the observations ii 





uneren, and If m cun gat n normil plice flverywhm ffhare tho obsorvaliona bBcomi 
pMlIcutarly frequenl, «bile aoiply spaced aeparifa Ihe nerual places from «cb other 

The eaao ts tnalcgoua also when the obeervatiDoa aio ellll funcllCDB of a aiDgla 
or a font eenantiftl clicumaUncBs, but the rnnctlon Is of a hlgh^T ddgru. or iTanaoendDiiial 
For it ie poeelbla aleo to fOTiD uormal pliicea Ih those oases, and we can do eo not only 
wher) the varlatlans of the oircuniBtancsa can ba directly treated as iDfleiioly einall within 
each nermal place, which cass by Taylor's Iheerem filla wjihln the given rulo, her If we 
have at our diaposal a provisjona) approximato formulBi y -» /'(«), and have calculated the 
dovlaifon frpm thia, o — y, of avory oUervation (coTiaiderlitg the daylaUona as DbaarvatiDne 
with the esaotillal clrcuraalaneea and moaii errors of tbs original ohaorvationa), then we 
can 1184 mean numbora of deviations far reciprocally adjacent mrcnroslancas as correclioDs 
whiebi added to the coireeponding valuoa from the approiimalo formula, giro the normal 
Tolues Furtbor, it ia required hero only that no normal place is made so comptebenslve 
that the deviationa wllhin its linili do not reniaiJi linear funotions oi the eeioDlial 
chcuiABl&ncoa * 


Also beta part of the corrootnesa is lost, and it la difflcuU to a«y how much Tba 
loss la, under equal circutaBtaiicee, aiDsIler, the rnore normal places we form With twice 
(or Ihrea tlmea) as many normal places as the number of the unknown elemonta of Iha 
problem, It wiU rarely become perceptible ^itb due regard to the eeaenLia) ciroumilaneea 
and ihe diairlbnilciti of the weights we can reduce It, ualwg amply apacca as bentiiiantt 
batf sea the normal places 

A Bultsbie dlairlbuiloD of the normal places also depends on whst function the 
obaeivatioOB sre of tllelr esaentlal clToumsUncoa As (o this, howerer, It la, as a rule, 
sUfflcIenl to know the behaviour of the integral algebrsio fuDotlona, as we generally, when 
wa hlYo to do with funcllouB which are eBsenUally dl0erent from those, will try Ihrougb 
trauaforniatW of the variables to get baok to them and to certain functioni which 
resembU them In^lhla retpeot 

Iffe need only coiiiilder the oases In which we have ooty one variable asaenllal 
oiroumatance, of which the mom value of the observation la an ilgebraio function of the 
degree We are able then, on my auppodllon as to the dlitribntlon of the obaervalioDS, 
0 , vA Ibelr eaeentlid circumatinDeei and WBl|bU, v, to dtietmlne r-t-1 subatituUve 
obaervallona, 0^ logetbw with the eeaentlal oiroamatances, and woigbla, F, belonging 
to them, m auch a way that they treated according to the method of the least aqnaM 
will give the same reaulta u the larger number of actual obiervallona The condltloni are 
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Thfiw ar+g equationi'aro nol quits sufficlint for the deteTminnllon of the 3r-l-3 
unhnoirns We reniDve the dlffloulty b the beet V|iy by edding the equation 
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The elimiimtMQ of the V't (end 0*8) then leads to in equiUon of the r+l degree, whose 
roots ^g, Xt ere all reft) quinUtles, If the given x's beve been real and tbs p'l 
positive When the roots are fonnd, we can compute, first Kg, K, and afterwards 
Og, On by means of two systems of 1 Ibear eqnitlona with r A - 1 unknowns. 

If, for Inalance, the eaaential oircumstucea of the actual observations sre contained 
in the interval from to ^j-li <rnd if the observations are so numeroui and so equally 
dlatrlboted that they may be looked upon as contmuoui with conilant meao error evsiy- 
where In Ihle interval, if, bitber, the eum of the waighla 2, ilien the distribution el 
Ihe substitutive obaervaliotis will be eymnetncal around 0. end, lur functions of the IownI 
degress, be 
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If, In another esenple, the dlaUlbhtion of the observations la, likewise, coatbaous, 
bui the weights within the element dx proportional to r^, qousequenlly lymmstrlul with 
maiimuD by « ^ 0, then the distribution for the loweit degreu, the only ones of any 
praollcal latmeil, will be 
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If wa wara abto now lo ropl'taent llioao iiulnllhiliva obsorvAtlons as norrnal pUcMi 
than \ife ahoTild ba able also, by the ueu of enili Inblos in aiialoj^tiua ('Oaeai lo praienl Qiiy 
lose of aKActneae, U would bo possible ontrirolj Lo ovudo tlio applitiilon ol the molhod of 
the least squared, wo had but to form auih quslillod normal places In Just Ihe game 
number u the adjiieltnent forinuln conlBina oloinenia llial nro lo be detorinmod This, 
bowevert is nol posoible Certainly, we ran obtain normal plaiea correapondini; lo Ihe 
requited valuea of Ihe eflaenlwl cutumalaw-e but wo catiwl by w sLinple (omaUan of 
mean numbers give them the weight which eB(h of tliom ought lo Imvo, without omployihg 
oomo of the obaervalione twice, othois not at all By Uking Into lopeideratlon how rniii>li 
the extreme normal places from this rewon must lose in weight, compared to the aub- 
alltutlvo obeervationB, we can eatimalo how many per vent the loss, ir Ihe worst coie, 
con amount to In the hret of our eiamplee we Hud the leas Lo be 0, for ^ » 0 and 
r “ 1| but for »* "s" 2 We lose 16, for r ^ 3 we lose ID, for r ■“ d we lose 20, and 
for grenler values of r* 21 p o > • 

fiiample Eighteen unbound oboervallons, equally good, ^,(o) yj, coffeapond 
to ai) osaanllal olrcumalance whoso values are diolnbuled as the prime nmnbera p from 
1049 to llil Taking (f — 1105) 100 — ® as the essential circum stance of tba obeorVa- 
tlon 0, we, have 
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Dividing oIjservoiionB into gronpH indiu«t«d by tlifl liorixonlal llni’4 i;i>l 


Ilia 0 norifBl pIbchs , 

X H Kdl^lll 

— 6110 1-046 2 

--407 ■\-m 3 

- 108 ->034 6 

+ 146 ' +*116 4 

+ «0 + 2 M 2 

h 020 - 316 2 


If we lappoie Ihe mean valuei ol Ihe obiarvatloBi Ut be t rundloq el Ihe ihlM. 
eventuelly leundi degree of 2 , l|( 0 )nn+li/+ej’+d!a!*( wo hare by erdlnitrv applicallon 
of the adjustment by elements the normal equations 

072 -^210000- t20b + m8e+H4rf 
-'l-OT - -120O + 29 98A+ lOdo + SlU 
-lOH- 21)08n+ 1946+ 8aie + 12]d 
-144- H4n+ 8116+ 12ie + 2'b0d 

Uv Ills Ires eriuiillmii 

072 - 2)0 00//- 1*206 + 29'06/< + l'94d 
-609- 29976 + 2)le + B12(l 


-l'7D- 8-80/5+ '37 d 

- 1)4- *3054 

ue irel ' 

„ « + 00, o' - + 10, 

i _ + 40, 6' - - 07, 

r 80, d --*4^, 

4 - -1«77* 


arbare o', 6', e' are the ^oeffleleals In the fanaUoni of leeand digree, ahtalaed by pr^ 
puppailng (I — 0, 
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Not, by tpplicatlon of Iho nornml pluces Instead of tho original obBerrallons, wo 
obtsln on the same auppoillloni tho noriiiBl eqnaliono 

672 *.ai0OOa- + + 

* -2 94 - -1,20 a -l-5{9d66+ 187c + 7-08 d 

- 64- Z046b+ 187A+ 7 09d + U4J 
-157 - lfl7fi+ 7 031.+ 114C + 245J 

By tho freo oquoticna 

0 72 - 2l6 00«- 12OJ + 29 4Bc+l07d 
-2 80 - 29 446+ 203c + 7B4d 

-126 - 8T7fl+ 34d 

- 76 - 263 d, 

wo get 

a — |- 07, ft' — + 09, 

6 ™ + 09, 6* - - 07, 

c — “ 07i d ^ — 39, 

d- -288 

k. Goroparlion botweon these two caloulatlona, pulicularly Lotveoa thp leading 
ooefAcionta In the free eqaatlons, ohowe that the looi of woigbt amounle to 1 — ^, or 
14 per cent But It Je only In tho equation for d that the losj la so great, In the oqui- 
tlona for 6 and e, roepoo^Toly, it la only two and one per cent 

Our normal plicep are very good if the funolion la only of the Aral or eocond 
iogreei for the fuDcllon of third dogrso they cun bo admitted eren though the values of 
the oleuenta o, 6, c, d huTO ohangod considerably For runctlona of 4^ or higher degrees 
these Bonnal places would prove iDsufAciODt 

b 64 That jrrajiAicftt adjmtnunt li a moons which can carry us through great 
ttHoulUea, TO have ohowu already In practice by applying It to the dravrlog of ourres of 
etrora. The romaikablo powera Ot^ the eye and the hand mu at, like a deua ei machina, 
help ua where all other means fall. 

A^uetment by drawing le realilDted only by one single condition if we are to 
repreeent a relation between quantlUos by a plane curve, there muat be only two quantities i 
ODO of these, repreaenUd by the ordinate, la, or la coneldered to be, the observed value, 
and the other, representel by the abaoiaBa, la considered the only osaeDtial olrouniplADce 
on which tbs obiervel value depends 

Biaoplee of graphical adjustment with two eeseotlal olrcumatances do oceer, 
howovec, for inslaiiea in wealher-obaile In periodic phenomona polar co-oTdlnatei an 
preferred But othernlee paoh observation is represented by a point wbcee ordinate and 
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abstififla are, respectively, the obsoTVcd value bdiI its estenlial cireuniBUnce , and the udjuaU 
ment u porformod by fru-hand drawing of a curve which Ballslles the Iwo ccndillonii 
of being IVce firom IrregulirilM and gelug ai near as possible to the several points of 
observation The amoothneas of the curve in this process plays the part of tho theory, 
and it Is a matter of course that we succeed relatively beat when tho theory is unknown 
or cxlraniely intrlcnte, when, for instance ns must conflne ourselves to requiring that the 
phenomenon must be continuous within the observed region, or be a single valiisd funclion 
Bui also such a theoretical condition as, for instance, the one that tha lav of depeudenco 
intiit be of an Integral, rational form, may be successfully represented bv graphical adjusl- 
menl, if the operator has had practice ii| tho drawing of parabolas of higher degreea And 
we have sesn that also such functional formo as have the rapid approrlmation to an asymptete 
whioh the curves of error demand, he within the province of tho graphical adjustment 
Aa for the appTOijmatloD bo the several observed polDls, the Idea of the adQuel- 
ment implies that a perfect identity la not naceesaryi only, the curve must inlerseoi the 
ordinates so near the points aa is required by the several mean errors or laws of errors 
If, alter all, we know anything as to the exactness of the eeveral obaervations before we 
make the adjuslmenl, this ought to be indicated visibly an the drawing-paper and used 
in the graphioal adjustment We cannot pay much regard, of course, to tho presupposed 
typical fariD and other properties of the law of errors, but Aomethlng nay be attained, 
particularly with regard to the number of similar deviations 

If we know nothing whatever aa to the exactness of the several observations, or 
only Uiat they are all to he considered equally good, Ihdre can be only a eingle point in 
our dgnre for each observation, In a graphical adjustment, however, we can and ought 
to lake care that the curve we draw has the same number of observed points on each 
side of it, not only In its whole eiteut, but also aa far aa possible for arbitrary divisions 
If we know the weights of the obeervatious, they may be indicated on the drawing, and 
observaiiona with the weight n count n-fold 

In contradistiDction to this It is wprth while to remark that, with the exjiepllon 
only of bonds between observalione, repreesnted by dllTerent poiote, it Is possible to lay 
dowp on the paper of adjustment almost all desirable InformatioD about the several laws of 
errors Around each point whose oo-ordtnates represent the mean values of an gbsennlion 
and of its essential circumstance, a curre, the curve of mean errors, may be drawa in 
such a way that a real Intersection of H with any ourve of adJuslmenL indicatas a davia- 
tlon loss than the mean error resuHlag from the ^mblnailon of the mean errors of Lhi 
observed value and that of its eisenllal clroumalance. If thia ii also found by obeorvation, 
while a passing over or under ludionlea a devlatlDn eioeeding the mean error Evidently, 

drawings furnished with luch indications enable ua to make \Drr good aiBuelmenla 

in 
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\l Ihe ]av 3 of orrois bolh for l-iia obBBfvnlion end for )la olrcunglBnce nro lypicaK 
lhan the curve of mean errora ib an eltipae «iLh Ihe obeorved points in lla centre 

Ifi further, there are no bonds between the obaervetion and its Dlroumatance, then 
the ellipse of moan criOTB haa lie axes parallel to the ordinato and the abscissa, and lhair 
lan^he are double the rospootive mean errore 

If the easential cIreumBinneo of tlio observation, the abscissa, is hnown to be free 
of errors, ths elllpso of the moan errors is reduced to the two points on the ordlnnte, 

, distant by the mean error of the observation from the central point of observation In 
special essoe ether moans of illustrating the laws of orrors may ho used If, for instance, 
be mean errors as well as the mean values ere ooiiUnuous functions of the essential 
drcunisUiice of the observatlan, continuoui curves for the mean errois may ho drawn on 
the ai^uslmont paner , 

The principal advantages of the graphical adjustment are its indication of gross 
errore and ile Independenco of a definitely formulatid theory By measuring (ho ordinatos 
of the adjusted curve we can get Improved obeeivationB corresponding to as many valuea 
of the olrouraslence or abscissa ns we wish, and we can seloot them as we please witliln 
tha limits of the drawing, But theao adjusted obceryatlone are Airongly bound together, 
and we have no Indlcallon whatever of then mean errors Consequently, no other sdJusU 
meal oan be based Immedlalely upon Iba Tesults of a graphical adjustmonl 

On the other hand, graphical ad[|ualment can be very udvaiilageously combined 
with interpolations, bolh preceding sml following, and we shall see btor on that by this 
means we can remedy its defoets, parlicqiarly Its limited accui } rud its tondoncy to 

place' loo inuoh eonfidf^npr' In the obeervitions, and loo little in the Iheory, I e, to give 

an under-a^Jiiitmeoii 

by drawing we aujiu an eiactness of onlj^ 6 or 4 significant figures, and that le 
fiequoDily insufficient The scale of the drawing must be oboeen in such a way that the 

irron of observatlono are visible, but than the dlmetmions nay easily become so large that 

no paper oau contain the drawing In order to give the eye a full grasp of the figure, 

ths lallar must in its whole course show only small devlalioDs from the straight line, which 

Is tahsn as the ails of shBcleoae This is a praotlcal hint, founded upon experience The 
•ye can Judge of the ..mooUiDeu of olh« curves alio, but not by far so well as of tbst 
of a itnighl line, And If the Hue foroi a large angle with the bus of the abscUiao, 

than the eiaolnssa Is lost by ths fiat Intersections with the ordinates Therefore, as i rule, 

It Is not the onglnSl obiervatloni that ate marked oa the paper when we mako a graphical 
i^lualment, but only (heir dHFerences from values found by a preceding InUrpolallon 

in order to avoid an UDder-adJuilaenl, we must allow ^ of the deviallona of the 
com from the observatloD-painls to eurpiia the mean errors It u Hirther eoeentlil that 
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tho B&ld Intcrjjoltttion ia baaod od a minimum numlier of obaarvad data, md after Ihft 
grapbical adjiiatment haa been made, it is aafo to tr^ another Inlerpolitlon uaing a amailH 
numhar of the adjualed values aa the baao of a nevi inUrpalation and a rapeatail graphkal 
adjustment 

1r the reaiilts cl a grapbrnol adjuatment are required onl) tn tho form of a table 
reprOaentlng tho ndjuatod ohaeivations oa a functioii of the drcumelance aa BTnument, thb 
table also ought to be baaed on an interpolation bslween relalnelj few tneaeiired valucit 
the interpolated valuas being chooked by campanson with the lorrespondmg meoaurtd 
yaluoo A table of eieluaively measured luliiss will show toe irregular dllTereiicea. 

When we haie corrected those vbIoqi by inooeurlng the ordinates In a curve of 
grophlcal odjuelment, they may bo emploved instead of the ohaecvaliona us a sort of horiiial 
plaeoa It has been said, however, and It desonrs to bo ropoaUd, that they must not bo 
adjustad by means of the method of the Icdst squares, like the normal plom properly lo 
sailed Out we can very woll use bbth sorts of normal places, In a jtut ivffititnf nmhir, 
for the compnlailon of the unknown elemenle of tho problom, according lo lha rulei of 
oiimL malbomatLos 

Tbit wo do not know IhUfr woighls, and that theie are bondo between them, will pot 
here injure the graphically deUrmlned normal places Tho very circumslsnca that oven dlilanl 
observations by lha conalruolion oT tho curve oro made lo {nfluenee each nornai place, Is on 
advantage It is not neceoBary here to sufler any loss of emLness, aa by tho other normal 
places, which, aa they are to be represented us moan numberB, cannot at the osnia time bo 
put In the most advaulagoous places and obtain the due weight As lo the rest, however, wbal 
baa been oaid p lOB— 110 about tho ncioaslty of putting the aubslllullve observations in 
the Tight place, holds good also, without any alteratloni of tho graphioal normal places 

The method of tho graphical adjuslnient enables us lo eiecuta tho drawing with 
abeolute correotness, and it leaves ue fqll liberty lo put Ibe riormal places where we like, 
conaequonlly alao In the plaoos reijulred for absolute Lorrectness, but in both these respsefo 
it Invss svory thing to our tact and procllce, and gives no forma) help to It 

As 1q the crlllcistD, the graphical a^ustment givea no inforiration about the mem 
errors of Its results Hut, If ve tan slate the mean error of ouch obaervaiion, we are able, 
neverliielese, lo subject the grapbicnl adjuolnients lo a oummary crltlilsm, acioiding fo 



And With rcspeit lo the more special orltuism ou evslematloal deviations, the gnphka) 
method even lakes a very high rank Through giaphnal represenlallons of the Anally 
remaining devialiono, o — n, particularly If we can also lay down the rnoan erron on tbo 
■mo drawing, we got the aharpeel oheck on the objective coireolneoi of any a^lustmoaL 

la* 
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Frani this rebsoii, and owing to the proportional I) !»li(;lii diliiiiiliiii} atlachcd lo (L, 
Iho graphical odjualmonl becomes particularly sJilnble whore vti oro lo lay down non 
empirical hws In sucIi cases wo bavo to work Ihrougli, lo ditcki anil lo rojocl serioi 
ol hipollicsoB 03 Ln llio rundloniil inUrdepondonoy of obaervatjons and their ossontUI 
mrtutnslnnccs Wo sat a much IfthoWi and lUuatrAlo our tettuUs if we work by grapincti 
adjiislmonl 

Of Loursei wo uro not ol]|i;;ed Lo subJocC obsoivallon^ In adjustmenl In llie pre- 
liminary stages, or as long ns it is doubtful whelhcr i growler nutnbci of essontml ciroum- 
sLances ought not lo be bakon into considciation, it may even bo Iho best thing to give 
Ike obeervatienu }uaL ns I bey m 

Hut if wo use the grnpliKul form in order b illiislrala such slatomonls by the 
drawing of a lino which connocU Iho sovnral obserted points, then wo ought lo giro this 
lino Iho form of a oonlinuous curve and not, according lo a fashion which mifortunably 
la widoly spread, the form of a rectilinear polygon which is broken in eiery observed 
point Diaconlinuil) in the curve is such a marked gcomolntai poouliarity that it ought, 
oron more than cusps, doublo-pointe, and asympbUs, to bo reserved for Lboso caaes In 
which Iho author orprsssly wants to givo his opinion on its ocoutronce in reality 


XIV THE THEORY OP PBOBABILITY 

§ 05 We have already, in § 0, defined "prtAahflilj/" as the lltnil b which ^ the 
law of the large numbers taken for granted ~ tha rolallvo Iroquenny of an ovont npproachas, 
when the number of ropotllioDB lu increasing indehnibly , or in other words, os the limit 
of tho ratio of the number of ravouroble ovents to the total nunibei of trials 

The theory of prohabiUtlea Iroata oepooially of such observations whose ovonU 
cannot bo naturally or immcdiably oiprassed in numbers But thcro Is no compulBion In 
this limitation When an observation can rosuli m dllTerent numorlcol values, than for 
each of tfaese ovents we may very well speak of its piobabilily, Imagining as the opposite 
event all the other possible ones In this way the theory of probabllllies has served as 
the cenebnl foundation of the theoiy of ebservailan v, a whole 

But, on the other hand, it is important to notice that the detarmination of the 
law of errora by aymmotrlcBl funotions may also be employed Iti the non-numerlcal coses 
without the mtarvenlion of the notion of probability For os we can alwaye mdlcab the 
nmtually complemeabry opposib events as the "fortuhale or "unfortunate'* one, or is 
"Yes' and "No", we nay alee use the nnmbns 0 and 1 es euch a formal iDdioition It 



IboQ ve identify 1 vrith tbe ^a^ourllblB •‘Vee'-Giieiiit 0 uith the unla^ ouralilQ "No'\ the 
lume of the nuuibeia got Id b Borles of rspelitionB will gi\e tlie frequency of priiTinatire 
Bvenla Thia rekllon, wMoh hu been used already id Bonie of the foregoing examples, we 
mual here coDelder mote uplioltly 

If rspetiUons of the BBcia obeervatioo, wliicb admits of only two alterDaliVNi, gl^e 
the TMuU "Yen'' ^ 1 m tibiM, agiinsl m tlmefl — 0, tben tbe rolalwe frequency 
for the favourable eveDt la Dut If vre omploy Ifae form of the symmeliical functione 
for the lame law of actual erron, then the aume of the povera are 

(g ih-|-k, <- f| in (121) 

In ordei to deleiDiiDe the half-lDvarmnts by means of this, we eolvo the equatleni 
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Compare g 25i eumpU 2, and ^ 24, eiample 6 

All the half Invariauts are Integral fuDctlous of tho relative frequency, ufhieh la 
itself equal to The relative frequency of the oppoaile result U •» by 

(DUrchanglng m and n, dods of tbe hair-inrDTlsDta of even degree uro obaoged, and tboaa 
of odd degree (/rom upwards) only change their signs 

In order (o represent tbe conDCCtion between the laws of presumptive errOTS, we 
need only aiapme, in (1S2), that m and n incri^nae IndeAnitely, while the probability of the 
event becomes j ^ , and tbe probability of the opposite event li repreeeated by 

» 1 — g The half invarlanta are then 

d, -p 

d, -pq 

-pq(q*-4pg+p') 

Oar mean valqee are therefore, reapectively, the relative frequenoy and the probability lUelf 
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Wo mnal notv first noLico horo (Imt etory h[itr-i]itJii)ant ib IfH ooii Axod Ani 
ainiplfl function of llio probabililv (tlio fici|Uoiio}) Wlion a tosull of obaertalbn can Iju 
gUled In th« form of ono siiiiflo piobiilnliit |jrO|ierly yo cnlloi], wo bovo llioreby given as 
complole 0 doteTinlniiUon of % tiivi of u', by tiio wbolo aeries of bolMnvariants 
In Buob CI1II03 U is almpler to cmiiloy llio ilioor) of probability Jiistood of Iho symmetniBl 
funollona and tho method of liia lonaL di|uiir('a 

The Ihoory of probability Ihorebi goU lU provinoo dutorminvd In a iiiuih iriore 
nnlural and suitable way tlimi (but employ id In tbo beginning of tins poragrupli 

But at the BBine time vre aoe dial Hie form of tho Imlf-iaiarmtila is not only the 
general means which muat be oniploved whire tho condlliona for Ibe use of Hie probability 
are not fiilfllled) but also lliat, within llm theory of prohulibiy jlboll, we sliull require, 
parllcuhrly, the notion of tho mean error 

Fvon where the probabllilv can repLue all tho hair'iiii uriiiiiLs, no shall require all 
Iba vanouB eldee of the notions which nra iliiilliicily expressed In llio hBlf-inianauLe Now 
we have partlculaily lo coneidor the proLaliility as tho dufinito mi mi valiie, now Iho point 
la to elicit Iho deQnlto degree of unurlainly which is implied in the probability, and 
whUh U parlioulacly emphaaiaad in. lha inosin orror OlherwieUt wo nhould catiBlaully be 
tempted to rely on the predietlona of tho theory of probability to an extent for beyond 
what is Justly duo lo them Finally, we uliall aeo Imuiediatoly that Iho laws of error of ' 
Ihe pTobahillUea are far ftom lypnal, but (1ml they have rnlboi a typo oftholrowD, which 
mual aomellniea be especially empbaaleod. 

All this we ehall be able to do hcii., wlioio no have thii lulf-inviiriaiits in reserve 
u a meane of reproaentirig the theory of |irobabihly 

g 6d ' In parlinilor, wo inn now, Ihoiigh only In the fouii of Ibu half invarliuilii, 
lolva one of (he principal problems of Hie theory of probability, nud dctunnini) the iaw of 
pieeumplive errors for the frcqiienuy »i uf one of the events of a (rial, winch can have 
only two evanta and which is repeated A nines, upon tiio auppoaiUon thit the (rial folloffs 
the law of the large numbora, and that tiu probability ji for a aniglo trial is known 

The equations (123) give iia olraadx the corresponding law of on or for each Inal, 
Ukd aa the toial abaolute ftaquency la the num of Ihe patlial euea, we uecd only nee t^a 
aqu&liDflB (SA) to flndt 


iiH - Np 

d,H - lyps - p) 
d,(m) - %(}-F) 
d*(w) - fii*) 

= Wp(l (8|-/B)pi(l tB yB}p/ 


( 124 ) 


/ 
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I'ha ratio of tho moan freqnoncy to [he number of Iriala is therefore the probability lUelf 
When p IB small the maan error differs little from the square root of the mean 
frequenoy, and If p Is nearly 1, Iho mean error of the opposite event is near!) equal to 
yHij 'When the probability, yi, is nearly equal la the mean aror vill be about J \fff 
The law of error la not strictly typical, aUhougb the rational function of the 
dej^ree in Jb-fm) vanishes for r dilTorent values of p bolwaan 0 and i, the UmlU iuolnded, 
so that the devintlon from Ibo typical form must, on tho whole, bs small If, however, ne 
consider the relative magnUude of the higher faslf'invariants as compared with tho powers 
of the mean error 

d,(w) 

and {lib) 

Iho occurence of Npq in the donomlnatora of the abridged fracLione shows, not only lhat 
great nmnbera of rspetilionB, here as always, cause an approiUDition to the lypionl form, 
but also that, Id contrast to this, the law of error Ip tho cases of certainly And Impose I- 
blllLy, when g^O and |i»0, becomes akew and deviates from tbs typical m an InnnIUly 
high degree, while at the same time the square of the mean errors become «<* 0 This 
remarkable property u still traceable in tbs caaea In wbloh the probability Is either very 
imall or very noarfy equal to 1 Id a handted tnala with the probability — Clfl| per cl 
the mean error will be about — Errors beyond the mean frequency 09^ epnnot 
uceed and are therefore leas than the mean error The great dlmlniabing errora mmi 
therefore be more IVequoDt than In typical cases, and frequenoiea of 97 or 96 will not be 
rare in the caae under poneideraLion, though hey must he Ihlly counter-balanced by 
nnuierons casee of LOO per ot The law of error la consequently skew in a perceptible 
degree In appllcalions of adjustment to problems of probability. It Is, IVom this reason, 
frequently necesaary to reject eitreme probabilities 


XV THE FORMAL THEORY OF PROBABILITY 

The formal theory of probability toaohos us hew to determine probabllltlai 
that depend upon other probabilities, which aro anppoaed to be glrsn Of course, Iksre 
are no mathematical rules specially applicable to campatatioUB that deal with prabihlllUu, 
and Ibere are many computations with probabllillse which do not fell under the theory of 
prohibilily, fot Instance, adJustmenU of prob|b|)lt|es But In view of the direct application 

I 
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of jiTobabiUliLs, iibl U) gairnia, intiirancts , nnd stalmLica, but to il\ condillona of 
liro, it ivill Ijo undorslood Uinl epocinl lonporlimco oLlnclios to the uiorka which show 
that a Loraputttlion iivlll lonA «a to a piDbabilily ns its leontt, m this Implies in part or 
in lliD wliolo a dctornnnnlmn of n Ian of errors The roriniil theory of probebililles rente 
on Inn theoToins, one cfineorning the nildvllon of probabllilleo, the other coneunini; Ibelr 
muliipluniion 

I Tho lliQorom coiiuining ih nrirfUion of jiiotiniit/ilieA can, an nil prebablMiei 
ore jiosrtivo numbara^ bo deduced from tlir usual deAnilion of addiLion as a putting togelher 
if a auru of pTohobililioa le to bo a pciibabiUljf llaelfv we muat bo allowod to look iipou 
each of tlio probabiliLioa that wo are to add together lu correaponding to its particular 
flveiila rbcao eioutn irmal mntuulh excludo ono uiiothort but must at the aune tima have 
a quality in common, to which, after llio addition, our whole altanlion nmat be given ]( 
the sum IS to bo tho correct probability of evenla with thia i^iiallty, the aun^e quality mual 
^ ba found in no oDior event of the trial An “oUhor— or" la, therefore, the almple graiDiiia- 
Ueal mark of the addition of probabilities The event A1, whose probability la 
must occui, if iithei the reaiill whose probability Is f i, or the quite dilTerenl event 
rrhuas probability la ji„ occurs, and not m any other case If we require no other reaeni' 
blance between the events whosa probabilities are added togelher, than that they belong 
to tho aimo trial, their aum must be tho probability 1, corlainty, beeauao then all evonla 
uf t)io trial are favourable If p bo tho prebabiUty for q certain event, q the probability 
ajOiJiai tho sanio, then we havo >=' t, g ^ 1 — if n Qventa of the aame trial be 
equally probable, the probability of each being » then the aggregate probability of 
(hOuQ evonla is ^ np 

III The thcerom coniorning the tnuHtpheatm of jirota&iliiisa can, ae all probe* 
bllllLea are proper fracllona, bo deduced from the deflDition of the multiplication of frac- 
tloDS, according to which the product is tho same proportional of tho mulliplicand aa the 
nulliplier la of unity Only aa probabllitioa presuppose Indnite uumbera of tnalu, we ahall 
eomnepce by proving the correaponding proposition for relative frequencies 

If, in ji — PiPv p\ la a relative frequency, it miisl relate tc a trial 2^, which, 
repoaked N linics, baa given (avourabie evonle in Npf cases, and if pi, being uIbd BTeltlive 
fiequenoy, lakes the place of multiplier, then the corresponding trial T'f, |f repeated 
Uiqcs, must have given (ff]S|)Pi favonralile events Sow m iho muliipUealion j>^Pi]>ii 
p must be the relative frequency of the compound trials whiob obt of the total number of 
TcpetiUowa have given lypijii (wvouiabla eventa The tiiala T, and must both have 
eucieaded oa conditional for Ibo Anal event Aa the number ^ can be taken as large ai 
we please, the aame propoaiUcn must hold, good for pTobahllltleu 
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The probeblllly f ae the product of the pTObabllitlee p, and p,, relatu t« 

the ovettl of a compound trial, which Ib favomblo only If both conditional trmlB, T^ and 
2',, hero glren favourable eventai flraL tho tnnl T^ tnuit have had the event whoio pro- 
hahillty la p,, and then the other tnol T, muit have aucceeded In the event, wboae 

probability, on rondil^oti of mem en T,, la p, However IndifTerent the order of 

the factora may be In the numerical eonputation 11 la nevortheleaa, if a probability la 
correolly to be found aa the product of the probablhtlea of conditional evenla, neceaeary 

to Imagine the conditional triala arranged In a deilnlte order To prove Ihia very InpoiUnt 

propoaltioQ we ahall auppoee that both oondltlonal triala are carried out In every oaae of 
tho compound trial let both T] and Tf have aueceeded in n casea, while only haa 
lucceeded in b oaaes, only T, in e caaes, and neither in d caaea Gonaidenng each of the 
two triala without any regard to the other, we therefore get ^ oaH 

— i’l aa (he frequenciee or probabilfUea of (heir Ihvounble evente But in 
the multlplloBtlon for computation of the eomponnd probability, Z', and i*| are applicable 
only Bfl mnltiplloandai the correct reault p ~ ^ found by P^ 

or by p « Pi 7 ^^ , according to the order In which the triala are executed, but iiol 
u p Pi-fii nnleea n b — « d ^ut thia proportloia eipreaaca that the flequenoy or 
probability of the trial Tf ib not affected bv tho event of the trial T, This proper ilonahty 
b the mark of flreedom, If wa conelder the nulUpUcalion of pyobablllliBe u the deUrmlnBlIon 
of the law of errore for a funclion of two observed valueB vthoee laws of errors are given 
Since Impoaefblllty is Indicated by probability — 0, fe see that the compotind 
trial Is ImpoauJble, If there ib any of the conditional IiibIb that cannot poealbly Bucoeed, 
I e if Pi 0 or p|i« 0 In J’-" The condition of oerlalnty (probability ~ 1) In 
a compound trial la cntalnly for the favourable eventa of all conditional Irlalei for ii p^ 
and p, as probablllliea nuil be proper lections, y),p, — p — 1 will be possible only when 
both Pi and p( 

f Eiample 1 When the favourablB eventa of all the conditional Iriala, ii In 
number, bare the same probahlhty p, the compound event, which dependa on the buccbbs 
of all thiHo, haa the probability p* If by every alngle drawing there la the probability of 
1 lor "red" and | for "blaok'’, tho probability of 10 drawings <dJ giving red will be 

Example 2 Suppoea a pack of 58 eaida to be lo well ihuffled that tbe probabi 
llUtt ef red apd blaok may oonitantly be proportional to the remimder in the alook, thaw 
Ihe prohabUlty of the ]0 uppermoit oarda bdng red will be 

86 2B W 38 33 21 SO 19 la 1? jSiidO) W J 

^ flS'hT Bo 45*J7'K S 3i B "■ ^fp|o " 3676' 

the being binomial fnnctlona. 

IN 
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Ktainplo 3 Compute the probsbi ity that a man whose age Is a will be il)|[ a||v{t 
after )i yaara, BUii that ha will dlo in one ol Iht auoceading m years 

If wo BuppOBO that la the probability that a man whois age Is i will die before 
hia noit birthday, tbo probability that the man whoso age la a will be alive at the end 
of H years vrill be 

The probability of his tAen dying in either one or the other of the eucceedlng 
m years will be 

Qm ■" 9i+ii'h(^ ?«f "){?»+•+ 1 (I “"ff^+ii+i) [j»+»+i"h "F (I 9*+<+‘*->)9*+"+"-i]}i 

or 

1 — *3(1 ■“ (i “?■+») (I— ||*+i+l) (1— 9i+n+«-l) 

The required probability of death after w years, but before the elapee of H-f-m years, 1i 
consequently "= -P* — i-+p 

The most convenient form for stateraebls of mortality li not, as we here suppeied, 
a table of the piobabltilios for all integral agee j, but of the absolute fj-equenclei A ol 
tho man from a large (properly infinitely large) population who will reach the age of i 
After Ibis jf 1 - ^1— will ooly bo a apeoial caeo of the general 

answer 

r,Vm 

Example 4 \7e Imagine e game of oarda arranged in such a way that each 
player, In a certain order, gets two cards of the well shuffled pack, and wins or loBee 
according os the sum of the points on Ills two cards is eleven or not For 6 players we 
use, for instance, only Iho cards 1 , Z, 9 , 4, 6 , 6 , 7, 8 , 0 , and 10 of the same colour 

Wbat then la tho probability of k pliyere (nsmed beforehand) getting 11 and not 
any of the b— A others 

Secondly, wliet piobabllity, r», is there Ihet the player in locceaaion will be 
the flret who gets 11 y 

' Laally, what la the probability, 9 , that nono of the players will gel 11? 

It will be found perhaps that It is not quite easy to compute theso probabllltleo 
directly In such cases lb Is a good plan to reconnoitre the problem by nret bnnglDg out 
such results as present Ihemeelves quite easily and slmnly, without caniideriug whelhqr 
they are jiieL those we require Jo this case, for melant , we take the probabilities, yi,, that 
eaoh of the Drat 1 players will gel 11 

Wo then attack the problem more lerlooely, and examine If there ire not any 
elmple funatloiia of the probabilities we hare found, which may be interpreted ai pro* 

I bahihtltt of the eame or similar sort aa those Inquired after 



m 


? + + -J»I 

g 6B IlfipelltloDB of Iho BBtuo Inti ocour very freqiionlly in prolilainii nolinlilp by 
the ttieory of ptob^bllltieB, and ahoull alwaye by troaled by meuii of j ^er) ulmiilc and 
ImparUnt law. tbo polyaonUI forttmla 

Let ua Bvippoia that the various ovetiU of tfao single trial may be indIcaN by celouriii 
and that, m the single trial, the probability pf winlo Is w, of black i, and of red ti 

The probability tlwt wo eball ge< in Irisle -e ivbilo, y bliick, and ^ rpd 

reaulta, iti e given ordei^ is than 

w' in I*' 


Ttio riumbaT of the events of lliH kind that dilter only lu order, is the trlnondai 


coefHolent 




1 1^ 3 (j--py-i s) 

12 *12 'y 1 2 i ' 


which Is the coefflolent of the letm in' b* i"* in the development of (w l»b-l-i)<*+r+ii 
And this some term 


111 ^ T* 


(IM) 


Is the required probability of gelling white t limea, black y liinea, and red z timej by 
ropsll Lions 

When the probabilities of all poosihle single results are known and employed, eo 
that v-fi+f -|- t, ap^ when the number of ropotitlona is ii, we must copewiUBiilly 
imagine (m+i4'r4- )■ developed by the polynomial IhooTem, and the single terms of 

Ihe development will then give us tlie probabihtlee of the different possible events of the 
repetitions wjtLpnl regnrd to Die ojder pf succession 

hKample 1 If the quulion Is of the prohibiUly of getting, In 10 trials in which 
there are the threp possible oveobi of while, hUik, and red, even inimbers j?, y, and a of 
esnh colour, aud If the prohsbJlItiw of the single events are w, i, and i, rwpsotJvely, Ihon 
we must retain the terms of (ir + b + j)'* which lia\e even indices, and we thue tiiid 

+45ii'(i'+20bV47ObV'+20i*l-'-t-J*)+f''H4^^"'’ |-210i'>‘+Z10iV*+4&iV+r'* - 

The probability, oonsequantly. Is alwaya gieolor than but only a liUle grtttar, unlew 
the probability of getting hrio of the e\enU In a single liiil, is very small 

Example 2 Foler nnd Paul pUy at hends-or-tails (I a probability -< \ for and 
igainil) Hut Peter throws with 3 coins, Paul only with 2, and the one wins who gets 

' JO* 



1^4 ^rflutnl number of \{ both get thd enmo number of heedn they Ihrov ngiln, 

& oneu M mhr be uecwsu; Whet la the probnbillty (bet Peter mil win? 

ir (re mite foirPater'a probability (or and againit throwing huda and 
«> for Paul’a J»i and j, - then we ahould develop (p,+ji)* (p,+ji)', and 
the terms In which the Index of pi ia greater than that of are In (avour of Petor, 
thoee in whioh the indlcei are equal, give a drawn game, and thoae in wbich the index 
of Pi la greater than that of j;,, are in (avour of Paul For the elngle game there Is Iba 
probablllLj 

for Pater of i, 
for a drawn game of 
for Paul of 

Ai the probabllltlea are dlslilbuted In the same way, when they play the ganteB over 
again, we need not conelder the pouibililies of drawn gamea at all, and we find ^ an 
FeCur'A final probabUitj 

Example B A game whioh la won once out of four llmee, jii repeated 10 timw 
Whnt le the prebibllliy of wlnDing at most 2 of theee? 

551124 

■Mfe' 

g 69 It often occurs that we inquire in a general way concerning a probability, 
which la a funotien of one or more numbers Often It la also eaalor to traneform a special 
proUem into euch a one of a more general oharaoler, where the unknown is a whole table 
pLi Pi< Pit P* probabllUiee, the auffliea being the argmnenla of (he Ubie And 
then we muot generally work with implicit equations, /'(ji,, jin) ^ 0, particularly such 
u hold good for an arbitrary value of w, 1 e, with dilTereoce-equaboDB Integration of 
finite diflCvence-eqiiatione le Indeed of ao great Importance m the art of aolving pioblemi 
of the theory of probabilltlei, that we can alnoel undentand that Laplace hia treated 
thU method almost as the one to be usod In all caoea, In fiot as the ecientiBo quintmence 
of the theory of probahllitjei, 

Bboe finlio diferenoe-equatione like dlffetentlal aquailoDS cannot as a rule be Inte- 
grated by known funotiona, we can In an elensntary (reatlie deal only with Ihe elmplest 
eaeeo, eopeelally inch la eon be aolved by nponimtial hmotloni, uoiely the linear dlKernnce- 
eqiatioiu wllh oonitant ooeraeiente, As to these, it is only neceudry to mention here 
that, when 

«-P*+*+ +^Pi ® (" >‘•“‘8 
be aoIntloB Is glvan hy 

“ ^irl4' ■|-i*ir'i, (187) '' 



where ri, are the looU In Iho equation 

Cb r" -|- 'f' i» 0 1 

while /ii, km erd inlei^ratian-conaUnts whenever Ihe loireepondini,' reels oicm s1ii(;)y, 
bilk rational mle^rol runcUons with arbllrery conslanls, und of Ibe dencee i — 1 1 iF the 
cerreaponding voat occura i Umea 

1 ahall mention odd other meana, howovori not only heeauae it uin really lead 
le the intogratiDh of many of the di1!erenco>6qualioni which the theory ot pTobabllilles 
leads to, pArticularly llioae In which the exponential funclionB occur in coiinecliDn with 
bmonilul funoliona and factoriala, but uUo because It hail played an important part In the 
conception of this boob 

The lute Frofessoi L Oppermunn, in April 1871, communicuteil to me a irielhol 
of Uanarormation, which I ahull bore slate with on nnesaentiel ulloratlon 

A finite or infiniLo aenea of onrobera 


Ugt »ii n. 

Ltt univocally be expreeaed by another 

•^0 - “«+ 1*1-1- 1*1+ «.+ ^-1- 

iiii — H -j- 3«i 6“4 -{■ 

ttf, — - K, - 4if, 

w, - «*-{- 


(12B1 


where the eum £ mj be taken frcuii to provided that 0 when p> n 
fn order, line vereS,, to compute (he n'a by neaDa of the va, we have equaliona of juat 
the same form 

Up Wg + H',+ 101+ w,+ W4+ ^ 

Uj «. — ui, — ili 0 , — Sir*! — 4 k)| — 

h- + .jjgv 

II, mm ^ U>, - 4Wj - 

, u, - 10 ,+ 

u, - 

Hare aa in ( 17 ) and ( 18 ), the general dependency between the u^ and Wf can be 
npreiud In a single equation, be neane of an independeDt variable z. From ( 129 ) we 
got IdallcaUj 

«• — “« + (!'-•') •"i +(1-^)’W| + 

If w« here pul l-e* ^ then 1 -.-^ will reduce ( 12 B) lo an equation of 
the euiie form 
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If U tho IVsquedoy or probftbillljr of i lakon u ah obeerred viliie, then aIu 

the reliUone of the laluea In Oppermann'i tmtiBrormalioD to the balMnTerlanlo 
and luni of powera In particular m hive 



If now Ug,N|, Ua BTB a aeries of probnbklllleo or other quanlllles which depend 
Oh their lUffli according to a died liWi ind If we know this law only through a dHTereDcO' 
equllon, ibn Oppennnsn'e InnaforinitloD of cooree lesde only to a djlTereDce-eqiiitlon 
for tfft, fO), 10, u AidoIIod of their sufQx But It tuine out that, In probltme of 
prohabllltlei, ihle equation pretty often le eeilar to deal with than Ihe original one (for 
Jnetanoe the more difficult on«e In Laplace's collection of problemi) If we can look upon 
a probability tq u the ffinotional law of errors for i u the observed value, then » eipreeni 
the eune law of erron by aymmetrloBl funolloni, and l>BquBiit]y we want nothing more 
if we have to reveiBn the piocese to And Ui iteelft the serlea are pretty elmple if to ia 
alnplei but they ire often lees favourabje for nunerloal oomputatioii, as they frequently 
give tho nnknown ae a dllTereuoe between much larger quanlltlee Thera exists a meins 
of remedying this, but It would carry ue too Ihr to euler Into a oloeer eiamloatlon of the 
question bare 

Eianple ]• I throw a die, and go oo throwing till 1 either win by getting "one” 
twice, or lois by throwing '*lwo’* or "three' If the game la to be over at lileat by the 
throWt what is my probability of winning? If the number of throws is unlliulted, 
what Is the probability of another "one'* appearing beforo any "two'* or "three''? 

Four reenlls are to be dletingmelied iVom one anolher At any throw, My the 
Ihe game can In general be won, lost, half won (by only one "ope"), or drawn. Let the 
probability of the thr6w resulting in a wm be of the eame reeuUing In a Joes be 
In half wm and in a drawn game be i**, then * 0, q, i) — li and ri ), 
Thee the probability of i second throw Is |i and, generally, the probability of an i throw 
1^1 It Is easy to eiprese sod a, In terms of r^_, and e,_|, and alio 
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A-c ?<-(' '‘r-f ^-l "»'l ^-i- Dy fliNoaliint then Iho dltac« 

equallDni cm be found 

When vb r 6 pla£e p or 9 or i or f by* x Ihe dlirirenoe «|unlion can b« wntUh Il| 
the common form 

X{ — Tf_i 4* ^1*1-1 0 1 

ffhloh ii integrolod aa 

Xf = |o+ii)2‘'| 


for f m have Iho Bimplor form 


WQ get 


►r — 

When, by the probablllUcia of the Drat lhrowB> vo have deternlnM) the coniUnla, 

jj _ ini 2"' 

Ft g 'S . 




and 
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We then hare the formuUo and — gi+ +gii for llw 

probablliUes of making the frlnnlng or losing throv, and we get 

f. I (2^-1)^ H Fa> I 

fl 3 ( 2 ‘-l)-n ® Pcn + 9 cD 9 

Uample 2 In a game the probabllily of winning li 0 The aamo ganio ii 

repealed k great many, u, times If it then happens at least onoe (d this seriss that im 

luocesa e gniaoa ore won, yon get a prlee Wbat la the probability p„ of UilsF |d % 

game of dlco, where 10 »» J , what >& the probability of getUng a loriei of 5 la 

lOOOD throws? 

IL will ba Simplest to find the probability, fj^-^ ^ 

got in the firat 1 repetitiona The diiforeiire-equBlinii for Ibis is 

+ -0 W 

or 

D'flo - «r+. -(l-t«){Sr+-l + 0‘-'9r+l +®"~'9r} " 

where {b) Is the Arat Jnt^ral of (a) (As well as (a) wo can dwoctly domonitrale (b) 
Howf). Hence 

9r-^iP\+ 

where d, r. are conatanU, which as well as « 0 muil bo dolwnlned by mcMs of 



S* " 9i ” “ ?„-r — li 1 — CJ"! ftnd pi pt, «re tho roola of an IrreJucIbl* 

equaiion of Ik dofiroe, nhicb Ib gol from 

- Cl"+<^CJ' (o) 

by divldini; out Tho lafgOBi of theao toots (for atnall (db or largo rn's) nlll be 

only a Illtio loss than I. a emBlI negBtlvn root oeonrs vhen m ib ovoUi the othera are 
alwaya Imagirnry, and Ihoy aro alao Btnall 

In tho actual CDiuputalioii It in highly dulratile to avoid the completo aolullon of (c) 
This can be done, and this proMoin mil Ilhiatrato a moat Important arlifico iVe nay 
uao the dllfeTeiice-equalioii to compvlo a single value of the unknown function by tneana 
of Ihoae which are known to ue froin the conditiono of the problem) and then auccooelre 
values of the unknown function by rno&ne of thoee already obtained) herO) for inetance, 
|h) enables ui to get in terma of Then we get either by again ap- 
plying (b) to p,) or by applying (a) to and (or boat In both wayo for the 

Bake of the obeok)) etc 

It la evident that the table of the numerical values of the function which we can 
form in this way, cannot eselly become of any great eiteob or give na oiact Information 
as to the form of tho function But we are ablo to interpolate, and, when the general 
form of the funotlon la known (oa beta), we may be JualiBod In ualng eitrapolatlon also 
In our oiample we need only continue the computalione above described nnlil the 
term in p, » , correoponditig to the greatest root p^, domlnateo the othen to 

BUch a degree that the flrat difference of Log becomes conitant, and the computation of 
for higher Indices can iben be made as by a almpla geometrical progreaslon In the 
numerical pose »- 1 004018 x (0 9998928)% I — giMw — 0 6517 

Eiample 8 A bag conlnina u balla, a white and black ones A ball la 
drawn out of the bag and a blaok ball then placed In it, and this proceBs Ib repeatad y 
times After the oparallon the white and blaok balla In the bag are counted* Find 
the probability H*(y) that tbe numbers of white balls will then be x and the blaok 


opea n^ai 

We have 

and 


w*fy) - 


u,(0) » 0, except h«( 0) « 1 
By Oppermann'a transformation wo bnd 

Vtiy) - Wi(2) “f(y) . 

£ taken IVom x — to >• -f'"’ < 

».ly) - (-IV^~^.W Mj-l) + (- 1) 



Th« IlnUi of n uiidw ^ hAag intlnUe, jc^-] can b« laplucd ky *, eonM]u«plly 

Thi4 4 )ifrflrence-«quntl 4 i), In vhirli v la tho variable, mny eaally be Integraled Ai v<tu\ i. ftirlbv 
wa gel 

“.(») - (-ir w»i 

By Oppermabn ^ iHTarae Uatierormation fve AnA now 

“.(») - (-1WW (-If Mihi—j. 

£ iaken from aJ — -« to Thia eipreaeltn 

' <.,(y) - 

haa lha above meniloped preclioal ehorUcoralngei irhloh ere eenalble parllcularly if pi| 
or ^ Ka luge pumbari, io thua caaea an arllfloe like that uaed by Laplo^ (problun 11) 
beoQinu aeoeeury But dur exiul aolullon hai a elmpla mlerpretallen Tke eum tbal mnU 
Upliei/}, (aj) In Id the (a-at)'*‘ difference of the function j-^^ Md 1® by U table 
of Um vaWte (^)*. « the HhjiI difference formed by 

ill Ibeie cAMepuilu viluee liVa learn ftou Ihia literprelatlon that It la poseible, if not 
aoiy, io eolya Uln problem without the integration of any differ«nc**4N)uallopi tn a way 
Motogoiu to that mod In g 67t eiample 4. 

If we moke oae of Wj (y) to give ua the bilMaTirluiti /<| , /i| for tbe lune lav 
of errort ne la eipreoeed by u,(y), then ve flD<l for the maaii value of * aBtf h dravingi 

W-.(¥( 

ind. for the etjuua of the mein eyror 


XVI. THE DETBBMINATION OP PBOBABILITIEB A PMOW 

AND A POSTERIORI 

§ 70 The oonpntsUMi el prohehUitlei with vUok we hive bOAh ^ 

(u<«Q|Bg ehiptm hive tbli point In common tltfl vi plnyi ^ ^ 

hiMlltlei to he given, and then dednco ftom them tho rtgilrnd onoi If wow we iil, how 

IT 



i» obtain IhOBfi ''Klven" probibllUlu, it Is OTident that other meona no mtamj thti) 
thotfl vhioh ffe hiiTe bilhorto boon ablo to tnonLioiii and provisionally it miist be cleu 
that both theory and oipenenoo must cooperate In these origiDil deloiminatlone of proba- 
bilities Wilheut oiperlenco U ie Impoailble to Insure agroomenl rvUb reality^ and without 
theory in thoee as well as m other delormlnalioDB wo cannot get any Hrmtiess or eiootnus 
In detertnlniDg probablHlloSi however, there ie epeoial reason to dlstlnguisli botireen two 
tDelhode, one of which, the a pn6n method eoeiqB at Orel sight to be pmely thoorollcal, 
while the other, the 9 posteneri melhlid, la aa purely emplTlcol 

§ 71 The 0 j)r<on determination of probabililiea ie based on oelimiito of erjuality, 
Ineiluiillty, or ratio of the probahilltiDS of the gBireral ovonts, and in this process no nlnays 

aaanme the Operative cansea, or at any rate their mode of operation, to be more or leee 

hnown 

On the one hand wo have the typical coses m whiob we know nothing elee with 
reapeot lo the evente hut 'that each of them is peesihle, and In the abeenoe q( any teaeoii 
for praferrlog any one of them to any olhor, we ealimale them to bo equally probable — 
though oertainly with the utmost uncerUlnly For initanoe What la the probability of 
seeing, b the couroe of lime, the back of the moon? Shall w« say ^ or |? 

On the other hand we have the oesea ^ equally typical, but far more inporlant - 
in which, by rlrtuo of a 'good theory, we know so mnoh of ths oausoa or oombmatlohs of 
muaea at work that, for eavh 'of those which wlU produce one ovoDt, we can point out 

another (or n others) which will produce the opposite event, and 1 which according Iw Uie 

IMory must ooour is (?oquonUy In this cose we must esllmatii the probability of the 
rault at Y ibd respectively, and l( the oondltiene staled he strictly fulliUed, each a 
datermlnalioD of probability will be esaot 

But oveu If inch a theory is not absolutely unlmpeaohablo, we con olton in ibis 
way ohUln pTohahlUtlea, which aie no nearly cud and have such indnltely email mean 
tnon, that wo may very well make use of them, and computo Ikom them valuos which 
may bo used as our theoietloally given probabilities We‘ are not more sbriot In other 
htods of competaUona Ip satroncmkal adluetmanti for Inatanca It la almost an (otahhahed 
praoUce to consider sll times of observation os Iheoretically given Their real eriors, how- 
over, will often give occasion to sensible bonds between the observed co-ordinates 1 but the 
fioi is that H wonld require great lobony to avoid the diawhick 
, Suob an a priori delerDination of prcbihllltiee Is putloulorly applicable In games 
For It is essonllal to (he idea oI > game that the rules must bo laid down In snob 1 
way that, on the one hand they eioinde tit oOdSpntatton hofhr^jAnd cf the veauU In a 
pirboulor oaas, while on the other hand they male s pretty eioct computation of the pro* 
bablllties poulblo The procedure eraployod In a game, 0 g. throwing of dice oy ebulfling 
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or curda, ought thnroroTo to eicluds oil clrcumatAncos that might pninlt tho plajui to tot 
causes in liain, which could bring ibout or further a certain event (cornger la lorUni), 
But bIm ihoee circunmlBnceB ought to be eluninalod, which not only by their incalonUblllly 
make a ludgmont of tho pTobahlliliea very inaacuie, but, above all, ^iinte It depend pn the 
theoretical insight of tho psrlisa Otherwiso the guine will ewe to Iw a fplr game and 
will become a etriigglo The so-called atoch-lohbing is rather a wer thoi a game 

'When the esliniste of the probabihtiea depende eBBontlally upon personal knowledge, 
we speak of a aabjectm probabilUjf Thla loo plays a great part, oBpaotaUy in daily life 
Tho fear whioh ignorant people havo of nil that Is now and unknown, proves that they 
understand that thorn la a great uncorUinly In the oellmal.e, and that It \t grater for 
those who know but a little, than lor those who know more and are Ihereforo belter able 
to lodge 

Boulelte uay be taken as an eiample of Iho objecliue probability which nrlaes In 
a well UTUiged game A pointer tuins on an almost frlctlonteas pivot and points U the 
Beale of a clrole whose center is In the pivot The pointer le made to revolve quickly, 
and the mult of the game depende on where It stops If the pointer slops opposite a space ' 
, — suppose a red one — previously eeloolod as favourable, the pme le won 

There we have ae ensenlial clrGumiUDces 1) the lenglh of the arc which ii Lra- 

veried, this being detejniined by the Initial velocity and the fnolion, the iniiiBl poillloii, 
and 9) the menner In whkh the circle Is divided 

The length of the arc le unknown, ospBclelly when we take care Lo exclude very 
small Veloclilosl and when the friction, ee already menlloned, le very ehgbt Sc leiieh 
only may be regarded as given, that the frequency of a given length of the an muet, oi 
funolion of this length, bo eipressed by a fkinolional law of vrors of a nearly typical form. 
For tho frequency must go down, soymptotloolly, as far is 0, both below ind above Unite 
of the VO which will be sepveted by many fuU rsveluliona of the polnler, iDd wllh at 
lout one ibmIdiuu between Ibese limits If now, for {nsfaDce, it depended on, wbethv 
' the uo IraWBod woe groaUr or smaller th&n a certain value, (he apparatus would be In- 

eipedlenti ti would not allow any toliribly butworthy a pnorr ntimate But if the 

winning dpaca (or spuee) U smell In proportion U the total clrouibfaronCB ord, moreow, 
reputed rsgululy for each of the humeroua revolutiopi, ihep the a priori dotermrastiop 
of the probahlhllea will he sren very euoL For an area jdBubt bouDded by any dnlte, 
cnntlauouB ourro whilarv (in the present cose the ourve of ff 

emneflhodlff«iatposmb1«eTenta),hy(heuiiafabicliaaa, jq ^ 

and two ordluotu, 0|II always oi a first ipproilmatlon be H 1 

iipremd qa the seni of nnmvroni oqnidleUnt snail areas [J | j | 
pF, gtj* . with I ooastut biM, aultjpjjsd by tho ff' rr u h 

I7< 


[ 



ihtvTa] pq^qf^ aii4 divided by tbe baea And if wo vptak or 

lha lolil ^rn of a cum of errorl, Ibon the eories dC which the Arel term is this approi* 
ImUlciii li even very eonvergent, In such a degree ni 
for iiebII and the eaid approiltnation Is BufAuant Tor all prsolIcBl piirpoeoe 

That Iho Initial patntion of the rouloUe u unhnowiii does not aeBenlially obange 
the leeuU ef tho foregoingi vli that the probability of winniog la ^ This uncBrlalnty 
eafi only cauee an ImproTemont of the acouracy of this approximation. If we nay aaaume 
that the pointer will ai probably elart from any point id the oirclo aa rrom any other, this 
determination ^ will even be exact, without any regard to the epoolal kind of the un- 
known fnnotloA of frequenoy 

The ratio of the winning apace on the olrole pp* to the whole oiroUDiferenoe pq^ 
tbe third eeeential olrouioBtanoe, oinnol be determined wholly a priori, but demands a 
meunrenent or a cointing whose mean error It In eeaential h know 

The a priori delermination of probability oan Ibue, according to oircumalaneea, 
give rMulla of the moat different valueil, Ikom the very pooieat through gradual tranflition 
np to iDoh eiaol probabllitlefl as agree with the eoppoeilioDe In §66 eeqq , and permll the 
probability to replace the whole bw of errors for our predlollone, But wbat tho a prior] 
aelhod oiDnqt give, li ft qualitative atateraenl of the unoertftlnty which affeota the 
wnnerjoal value of tho probability Jlaalf , Only when It la evldeut, aa In Mie oiample of 
the roiiletU, that this nnoertalntj le inllDltely email, can we make use of a prion proba- 
bilities In coqpttlfttlona that ire to bo relied on If in the work end atrugglee of our Hie, 
VI eunot e ntir ely avoid building on altogeth r uncertain and lubjeotive ft priori eellmates, 
grnl caution li neoMiary, and in order not to overdo this oanlion for want of ft proper 
DBiflire, we must try, by tact or eiperience, without any real method, Ic get an oitimate 
ef the nnoortalaty. 

Even by the hoet a priori detennlnatlone of probability caution is not eaperfluDUii 
th# dice may be false, the pivot of the roulette may be worn out or bent, and no on 

9 78 By the a yoKerfon of prdbalpMp we build on the law of Ibe 

large numbera, inrarrlni hxim a law of aotuat erron In the form of ftequenoy to the law 
of prenniptife enon In that of the probiblllly Wo repeat the trial or the oheetralion, 
and count the numberi ns for the favourable and w for the unfavoutable erente 

Owing to the iignifioation of a probability u mean valne, the single ulnei being 
0 far arsry unfhvouTable eventt I for eveiy favenra^le event, the probability p for tbe fa- 
voswihle event most be transfirred nnobadgod from the Uw of lotuil errore to that of 
prmiiipUvo orraiii ooneequontty 

(IW) 


n 
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Sincfl, according fo Iho same coiKidorolion the efjiiiiia oi Ilia moan deyialion toi 

J 5 ^ ^ 

a tingle Irial 1 b I**® repotihoni ib . fa-j-n, 

the iquiire or the mpaii orrora must, aaording to (47), be 
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mu j 

(!»■[ ;i) (j« 1- 1» - 1") ' 

which IB, lliererore, the aqiiara of the mean erroi for a single trial nhrthei Hub 1b ene ol 

thoee which we have made, or ib a rapolilion wliiih wo are still Id malic and for winch 

VB are to cunpulo tlio unoortaitity 

n WB then aalr for the mean error of the probahilily p =. 

m -f H repetitiona, ivo havo 

1 fjji ’"J! „ J'C-P) 

(w+j|)’(m + M — 1) + 

OA the square of this moan error 

The identity 

mii I Mill I/IN 


got from the 
(135i) 


or 


(m -i- fi)’ ' («i jj)’ (/II + « — 1 ) (/« -{• It) (in 4 - II — 1 ) 


fj + l,W“ii liMt 

ahowi that the moan orror at a aingls trial, when the probibilily p la doler/nmod a poale- 
rlorl by m -f< n repetitioiiB, can be computed by (d4), as originating m Uo iniiliiallv free 
aources of errors, ono of which la (ho normal uncerlainly belonging lo the probabiliLv, for 
which — pq (129)i while the other Ib the inaccuracy of the a posUnorl delormlnatlon, 
for which ,li(ji) ie tho square of Iho mean error 

The ii pOBleriori determlnallon therefore iievnr gives nn bkolL result, but only an 
approsimaiion to the probnbllity Only when the number or ropoLittocs we employ la bo 
luge that their reduction by a unit may bo rsgnrdod as iiisigniflcant, we can loimedlatBly 
employ (he probabilllioa found by means of them sa complele expressloJiB lor Ibe law of 
orrorB Dul even by tho vary amsllest number of ropelilions of the trial, we not only obtain 
Bome knowledge of the piohablllly, but also a determination of the mean error, which may 
be useful in predloiions, and may Bcrvo ea a measure of tba caution that la necea vy it 
must be odmltted that it la not euoli a aimple thing to employ those moan errors aa Ihoie 
In the Ideal theory of probability, but It is not at all difUcuU 

Aa aboTO mentioned, the a posteriori deteimlnalion of probability seams lo be purely 
emplrjoi theory, however, takes part m It, but » concealed in the demaiid, that all the 
trials we make use of miiel he repetitions, In the same iiay oa the fbture trials whole 
•reiulti nod uncertainty are piedioted by the a posteriori prohabilitlei TraDigreaalcni of 
ibli rule, which reveal themielirea by unsuccessful predictions, are by no jneani rare, end 
eetnpel elatlitica end the other uienese which work with probabililiee, to many slleratlona 
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of tholi thGonoe and hypolhasM, and to tbo diThloa of thi mitwUla obUlDtd by UUI iiitA 
non and nort hoitiDgODOoua pobdlvlilono 

Euniplo A die li InicouraU and aoipaoted of being fblw On trial, howaTei 
WB liATo ou tlwfliiliig Lt laa llmea got W oiwllji 21 tlnee, and u fu, all ii W 
The probablllly of ‘•ali’' [a fonud ooneejUBhUy, lo be j, _ ^ , th, tqmt of Ihi 

neu error le - -j- j the llolta indicated by Iha q«u errora an 

conoeqnenllj or J and 

If now wo iNk the probability that we ehall not gel “ali” In 0 Ibron, ihe 
probability ie .till a« by an |cooftU . , bat wbat la Iho 

mean error P Idwlly, lie aqnare abould ba (I -i>)*(l-(l-j?)e) - |+.,. But if y 
onn have a amall error if, the conaequent error In (I— p)* will be — 0(1— p)»gf| ir 
then the iquare of Ihe mean error of f ia - 5^ - p (I Ui, total iqaare of 

the mean error Of the pTobabllily of not getliDg “all” In 6 throwr will be 


ill 


T+ +ri+ “ffi+ 



In every aingle gune of thli aorl the mean Mrror la therefora only iligbtly larger than wjth 
an acflnrale die, bnl lie actual value li m large (nearly d) u to ei)l for »o laueh onUon 
on Ihe pul Iwth of ihe phyn and of hla opponent, ihai there 1» not innoh bhanot of 
their laying a wager Thia may be remedied by atlpnlatlng for a luge numbev of repeii- 
tfoDB of the game Let na eumine the condltioni If wa ire to plqy thla game of miking 
6 throwi without **ilx" 73 tlmoi With the above approiimile hmtjoui 'there will be 
expectation of winning 73 A ^ 3 d gamea. In the oompatatlon of the iquare of the 
mem error of tbli remit, the flrat tern in the above ,1, muat be mnlblpliid by 73, but 
the leoond by 73 ', hence 

mm 

-ld + N-d9 

The mem onr will be about 7 , while it would only havo been d, If the die had been 
quite trnatworthy 

6 7 B Ve have ntutloned alrendy, In § 60 , the ekewneia of the Uwi el urora 
which la pecnllv to all probability It doea not dlaippeu, of matte. In pualiig ftom the 
Uw of letual erron to that of preeamptlve errora, md In tha a pmteriorl datumlnatloa of 
probability It picduoei what we may call the futraiw of If all tha repetliIcBi 

we have made agree In giving tha aama event, the pVahahllity dadnoed lyom thla, a peat** 
viori, mml not only be 1 or 0, bnl tha iqnire of the meu error j|,(p) of tbeae datoriril- 
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Dilloni (u wbU u Uie hlgfaar hilMmirluta) bwouai — 0 Mint Ha luftr lh«o, reaiwtlTal;, 
io cetUintj a to iinjkaaiilbllltjrp o&l^ l^acaiii^ y JDiillar or graiUr nurnber of rapalitlpM 
mutually BgraaP qiubI vb conalder a iiDBn)n)oi}i agteament u a proof of the absolute 
corraotnass of that irbloli la thus agreed uponP Of course not| nor can (hla [Jiferauco be 
tnaintalned) if ne look non oloiaiy at the law of arrori 0, /i| -■ 0, ® 

Such a law, of errors, to bo sure, Mqp signify eertalnly. but not when, as bare, tbs ratio 
fi, fi] m A law of errors wbioh la skew In an inBiiltely bigb degree, must indicate 
sonelhlng peoullar, OTen though the mean arror be ever so enill Add to tbla that It Is 
not a atrlet ooDse^Danoe in praotlcsl calouhllooe that, baoause Iba aquara of n number, 

, hera that of the inaan error, ii -■ 0, the nuinber ilaelf mnal be -• Cl, bnl only that It 
nnal ba ao stnall that it may ba treated at a differential, whfeb otberwjee ii iDdeteTdilnata 
The paradoi being thns eiplalnad, It follows that no objoollona against the nao of a 
posteriori probibllltlea in general can be baaed on Ik. Out Ik must nun us to bo cautfoiu 
In ooQputallona irltb ancb probablUklaa as obsarrod yaluai, where khe ooinpntaUoi], as tha 
nakhod of the leait i^narea, presuppaaae typical lawe of erroh For this reason, we mnat 
for Moh oompulokions reject si] uDsniiDously or Dearly unenlipQiiBJy determiDred probabllUiea 
as umullable material of ebaervatlon Another thing la that wa muai also ridaot the 
hypatheais or theory of the computation, If it does not eiplain the unaDlmlty As an 
example we may lake an oiamlnatlon of the probability of martlige at different ages, Tba 
a posteriori itakiilica before the c 20*^ year and alter khe o 60*^ must not bo used Ip tba 
computation of the sought constants of Iho formula, but the formula can be employed only 
whod Ik haa the quality of a funcliona) law of errors so that It approaches inymplellully 
toff^de 0 , both lor low and high agea 

, The poradoi of nnanlmlky haa played raihei a oonalderablc part jn the hletory of 
the tfakory of probabilltlea ft bas eroo been thought that we ought to compute a poste* 
rlorl probablllllea by another fornola 

f 

and nol, aa aboro, by the formvli of tho moan number 

>n 

^"m + ie 

Tha proob aoma inthan hiya triad In give of Bayea'a nla are open to aotieus eh)soUoBa 
h the “TUeikrin for HakheoatJk** fCaponhagoD, 1679 ), Mr Biii§ has gtrea a erpiblng 
crkklolam of theao pmeb and thair ladiUonal blab, f* whiob I ahill refer ihiie of my 
indete who lake an Intenal In the attampii that hire been made to dadiipe the (hoory 
of probabilltlea pathematloilly hom certain daUnltloni 
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Basra's mle haa aot bwii empkjed in (iiactlce lo any greater eitenl, partlDulvIy 
not In etalielicj, Lhobgh thia bgiodco works onluelj willi n posteriori probability, Bat aa 
it makoa tbe paradoi of nnanlniity dlseppoir In a conToniont wayi and ai, after alK we 
can neither prove nor diapioTO tho eiaat validity of a Tormula for the determination of 
an a poalorlorl probability, any more than we oan do so for any transition wbatever froin 
the law of aclnal oTrore io that of preeumptlvo enoTa, live rule oerkainiy duorvea to boi 
leated by its consaquencoa In praotioo before we give it np altogether The reauU of eueh 
a Uil will be that the hypolhoala that Bayea'a rule will give the true probability) oan 
never deviate more than at most the amount of the mean error fbom the reautl of the 
aerlpa of repehlion, vie that m events out of m -|- n bavo proved favonrable In order to 
demonatiaU this proposition vre ohall conevdor a aomewbat more general pteblem 

If we assume that Iriala have been previously made which have given /t lavonrable, 
v unfavourable events, and that we have now id continuing the trials found m favourable 
and n unfavourable events, then Ihe probability) being looked upon aa the mean nlue, is 
determined by 




m 


of whioh Bayes's formula is the special oase oorresponilng Ui p ^ v fiayue'e role 
vrould thnefoie agree with the general vnlOi If we knew before the a poalerlorl dilermiButloa 
BO muob of the probability of both caseS) aa a report of one earlier favonrable event and 
one unfavjurable event 

In the more general oaae the square of tbe mean error at the single trial la now 


1 (tfi-|*/i)(r» + v) 

* (ift + tt +p-fv)(w Hr <•+/* + “^1)’ 
and for the m -|- n triala is 

J.lft + fil - + 


If we now compare with Ihla the square of the deviation between the new ob<- 
•erVatlon and Its computed value, that Is, between ni and (mH-f))i’i we And 


(iu-(mH-»)p)* 


I 


— vrp)' 

(m +/!) (H-f'>') (w-|"W) w “f * H" "j" *• 



— 

ft+fiAwH-/* 



gt" + li'.+4^ (186) 


It appears at once from the latter formula lhat the greatsst imaginable value of the ratio is 
the geeaUet of the tvro nqmhna p and v In Bayea'i culo /i « 1 Here, Iherefots, 1 ip 
the ahsolote mailmum of the ratio of the square of deviation to that of the mean amr 
With rsspeot to Bajee'e rule the poalnlated proposition is hereby demonilrated Bui at 
thn lame time it will be eeeu that we oan replace Bayes's rule by a better one, If there |i 


i 
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OliJf iu\ a priori deiormlnalioD, hovorer uncorUini of lha prolabilil; ire ue leetang If 
we take tbe a priori probibllltlsd o for, and (i d) agaimt, loeUad of fi and u, ao IhaL 

then we are certain to arold the paradox of uitanimlly where il night do herit), without 
derlatlng ao nuch aa the mean error from the obeerratlon in the a posteriori 
deUrmfnatfon 

Neither Pajei'e rale nor Ibla latter one can be of any great dm, but we can alweys 
enploy Ihenr, when the foDod pnhabltltlee can be toeked upon aa deHnitlre reaalta On 
the other hand, the formnla of the meen ralae way be used in all caaea, If we Interpret 
the paradox of unanimity correolly Where the found probabrillisi are to be lobjwted to 
adjustmeiit, the latter formnla, as I have laid, muai be eisploved, nor can the other lulm 
be of any help in Ihe caaea where obeerved probabilities have to be rejected on account 
of the akeivneae of the law of errora 


XVn MATHEMATICAL EXPECTATION AND ITS MEAN ERROR 

§74 Whether the theory of probability la employed In gaiaei, b iniurancei, or 
eleewhere, In all oaieq nearly In whlob we can apeak of a faTourabla STent, the predlolloa 
of the practical reiuU u won through a compntatlon of the malhenoalioal expectation 
(he gam '^hinh a favourable event entalla, hu a value, and the chance of winning 
It mast Bi a rale he bought by i lUke Xhe queallon la How are we to compare 
the value of the latter with that of which the game glvaa qe eipeolation^ Imagine the 
game t« be repeated, and the number of repetltiona N to become indetlnltely Urge, Iben 
U la clear, according to the dellnlUon of probabihly, that the sum of the pmes won, if 
each of them la 7, must be p)fr, when p IndicaUe the probability The gain to he 
npeeled from every aingle game le eoneequenUy j)7, and this product of the probability 
and the va\ii« of the prlie ie what w« call mathematical expectation 

The adjectire "nialhemitioa}*' warns os sot to coiulder pV u the real value which 
thi poBiible gain haa for a amgle player This value, certainly, depends, not only objectively 
eq tbeqnutlty of good Ihlngi which forn tbe prbe, but alu on purely subjecllvo clrcum- 
itances, among olheri on how much the player previously poaseesM and requlrea of the same 
wrt of good Ihlnga. An attempt whiota hai been made to determine by meani of what Is 
olM the “manl elpeetatlDn^ wheUier i game la advantagMU or not, must certainly be 
r^iarded aa a failure For It takee Into accouDl the probable change In the logvlthm of 
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Ihe plft^er'a properly, but it do»» not Lake into connidoialion hla roqiiJTfiiiients nnd other 
lubordinnte clrcuDiatancen Wo elull not > / to nolvo thla dirdculty, 

It IB evident, lulb respect to tho uislheinatical orpoclatlon, Ihnt it Ve piny eareri) 
unbound ganea at the Banio time (ho lolel irBlhonialicel eipoeiation le equal to the auni 
of that of the eovornl games The eamu le the case, if ivo play i game In vhlcb each 
event entlUea the player to a apaiial (pejilivo or negative) prl/a In tbia latter caae we 
apeak ot Ilia total malbinaiUet oipeitnLion as made up of partial cmee 

Btemple 1. We pUy «i(h a die in ench a way that a throw of 1 or 2 qr B wins 
nelhlngi n throw of 4 or 6 wine 2 Oi, and one of 0 wina B a Tho total mathematloal 

expectation is then JxO-|-^x2^Jx8 = 2b< A aUke of 2 e will conaequeiilly 

correspond to en even game, Wo might also deduce the 2 s tliruughouL, so that a throw 

of ] I or 2, or 8, oaueee a lose of 2 b and b throw of 0 a gain offla , the total matha- 

malieal aipeoULion then bacomee 0 

Biample 2 In cotnpumtlcns of tho various kinds of llfe-iiiauTaniea the basia la 
1) the lEkblo of tho niunbar of poraona 1(a) living at n given ago o The probability of 
ouch a peraon living x yaara la — bia dying wltbm x yoare =» 

of bla dying at tbo oiact age of a-\-£ yeara = — and from IhoBD all 

other noceaeary probabilities may be found , 2) the rata of Intetbat p , whloh bottob for the 
valuation of fniuie pajwonta of capital, or onnnltleB oeitain fl— 

The value of an endowment of capital, F, payable i& t yearo, if the peraon who 
IB now n yeaiB old la then alive, la thus oi(ual to the mathomatloal expeclaticici 

>' Ttur " ((afr+fr''” Tj(«r ■ ' ’ 

which, as we see, la moat easily computed by menna at a table of the funcUon 

X)(2) i(2)(l+jD) ' 

Such a table is of great usa for other purposes also , 

Tho value of an annuity, u, due at the ond el evary year through which a 
peraon now o yeara old ahall livo, can be campaled da n uuin of auoh paymenti, or by 
the formula 

where and £1 (cd)«0 

But It dBaorvea to be raenlloned that thie aamo Tuathomatli^al enpootation if post 
aafoly looked upon aa a total mathemalioal oipeotallort In a gamo whose events are the various 
poiaibU yoara of death, tha probability of death in the first yoai being *^^^7(1 7 * ^ ' 



3QS 

Ihe aeooBd , and m on , whiU the coneapondlng Talnea ara annulKaa ovtoln 

of V for varying duntlon In tbia nay we Bnd for the valno cf Uta llToHuiDtilly the 
eipreanon 

f ^ m 

■^7^ ^ (I (fl + ®) — J (o»f a+ 1)) (1 (1+^)*^ (140) 

Since the mm 1(1(0+:^) — nlnUen of the loot ptreo- 
theais that the eipreealon may bo written 

ud this ahowa that the value of the life-annuity is the dUfarence between the capital eum 
of which the yeoily Interest Is c and the value of a lifa-iDSora&ca of - payable at the 
boning of ths year of death 

In llfe-iDiuranca oonputationi Integrals are often employed with great advanlagi^ 
Instead of the sums we have used herei perlodkal payments (yearly, half-yearly, or qnartdy) 
being reduced to oondnuons payments, and vice verad 

g 711 That mathematical oipecUtlon li not a eolid value, hut an tmcertain claim, 
Is eipressOd In the law of enote for the mathematical eipeoUUon, and pirlloularly In ihr 
mean error] Tor owing to the frequent repelillons and comblnationo In gamee and laauiaocog, 
It doH not matUr much that the Isolated laws of errors, here u for the probabUltleo, are 
often skew If the value V Is given ftee of orrort the squire of the moan onot of the 
mitheniitlcal eiputallon, II ^pV, Is, ucordlng to the general rnle, to be oompuled by 

If there ire JV repetitions of the same game we get 

W^pJiV 

(IdS) 

ad for the total eipeotatlon of mutoiUy free gamee, B** ^ SpiUfYii we have 

.i,(ir")--rji(i-j»s)W (148) 

By frofl gunee wo may pretty aafely understand snob aa ire not Mttled by the vanona 
•venU of the same trial or game (As to these, aee §70) 

The msui stior is eicellenUy adapted for oompatlng whether we ought to 
upon A prppoBod game, or how highly we uo to value uncertain olilni or onUlandlng 
bilince of uocounlo Such thlngo of couteo ars regulated by the holdutea or caution af 
the person concerned, but even the most osuliour moo rosy under fhlrly typlosl mrcuni- 

18 * 
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ttftQMa bs conUoled irilh dldnlsliiag Uh v«]ne o? iilg nstheoBtloAl eiptetKtioD by i 
Uitig the UDOUot of the m«a vrpri and Jl woald be elieer foolliirdlDMi, If a paulooite 
pteyc woitld Twltue a itiho vUoh eiceeded the mathenatloal eipeotatlob by the qoidmpJe 
of 1U mean error. On the olhei handi a siople aubtractloD or addllioa ef the mean enor 
ejiuuot be counted a verj itroDg proof of caution or boldueae reipeoUTely. 

Kiamplo 1 A game li arranged in inch a vaj that the probablllL; of vinDlng 
from the petMi nho keeps the bank le the prtie la 8 1 In M games ibe malheisitlQil 
npeotatlon irltb meaiv error li then ^ banket bu no property, 

bat maj 01 ^ 001 144 games to be played before the prtiea are to be paid, he ousel mtboui 
(mprudenoa eBtiujate hli negathe matheinatleat hope, hie feat, lover Ihu 0-6 K L44-I-8 It 
1441 He must onneeqaently fit the slake for eiah game at about one dolltt> ud will 
thus stand a obanoe of seeing the bank broken ebout onoe in eli tfoea If, howoTer, he 
has got so much capital or oredtlt ae also 10 many cuetotnere, tlial he can play about 
1804 gimei, his builnesa frill become Very eafif Ibe aretage gain of 10 eta pet game la 
400 ^ 60 ots , or eiiollj 4 tlmM as great as the nun error 1 ^ 4Q ota x 48 But who 
vlU enter upon inch a game agaiuit the banker (a guma, aAer all, which Is not worie 
thin so Duy othBrB)f The rery stake la ilreedy greeter than tha mithemilioal eipecUtlon, 
srsry prudent regard to part of the meu error vtll only aupent the disproportion 
Vo prudent rpsn will enUf upon such a gstoe, unleai he can thereby irold 1 greater rlek 
In this way we Iniure our risks, heoauie It li loo dangerous to be “ene’e own Iniurar" 
If the giflie li amnged in such an entertaining way that we pay 40 eta for the auollement 
only of taking pari in arery game, then eren rather a eaatloue parson may also con- 
klnao for 144 gameSt the mean enor (±84yii4 as abere) being only ^ | SO cts or 
144|0*8-'(l*0-(y4)) f For a poor fellowt who baa only one dollaT in bin poohel, but 
who muit for iDDB lettcn neotssully get B|, inch a game may alu be the beat Teeottice 
Bat if a man owns only 2B04 1, ud fails if be eu&ot get 6 llmea u muoh, then he 
would k eiceedlugly foolhardy If he played 3904 Urnei or more in that bank If we muet 
run the riak^ wo can do no boUer than uenturing evsy thing on one card, If we distribute 
ear channel over n repotittone, then we muit, beyond the mithemilioal eipeotatloDi hope 
for tnnie that part of the mean error which might help by the one attempt 

Eiimple 3. Two flie-iDinrince oompanloa bare each insured 10,000 farms for a 
total Ineuranoe of £ lOiOOOiOOO The yearly probability of damage by fire la and 
both mint erery year spend £ 5000 on manigiment. Both lure eulSdent guaranty-fund 
In rut utlsM with one ilngle mean error as soourily against a deficit In aaoh flioal year 
How high must either fli its annual premium, when thsre Is the dilTeronoe that the com- 
pany i has 10,000 risks of £ ItOOOi while B hai Insured 



IQO ririqs for f 10.000 

£ 1,000,000 

10,000 X( 10)' 

dOO < 

* ■ 5,000 

< 2.000,000 

10,000 • 

1,600 • 

. P 2,000 

• 8,000,000 

e,OQp • 

9,600 . 

. 1 1,000 

• 2,500,000 

2,500 p 

2,000 • 

f • 600 

> 1,000,000 

600 . 

1,600 p 

, N 200 

300,000 

60 1 

2,000 * 

, . 100 

- 200,000 

20 . 

10,000 /irmB 


£ 10,000,000 

31),OBOx(lO)' 


^Inu p(l-p) - 0-000990, Ihd maLlienialkiil e^pKUUon lU in«(n error Ib m Ihe cw 
«f .4 ^ £ 100,000 £8,101, In the cm ol « - £ 10.000 i £ WOO. the preretnimB 

Vf therefore £1 16a. 4<1 arid £i! 7e 10 d lespedtvely lor f l.000| r r fi muil rolneure 
part of \\» rieho 

§ 76 The m«ii error and, In generel, Hid law of error, of the total milhenatical 
eipeeUtloD for mutually bound oveiita which mity be conildered co-ordinate evenla of the 
eaiDO trlali, are computed in holf-mvarlnnla by meane of the budib of ponera If the trial 
can have h varioua events, of which the one whoee probability la entails a gain of the 
fills df, and ws Imagine the aumn repealed a Bulhciently large number offtimn (N llmea). 
the account will iboiv 

Ol occurring p^N times. 


n„ occurring ji«iV limof 

llenca 

ao*“(Pi-l- H-MA' 

■\ P»nn)N 

"f 0'i''i''t +/W)JV, 

and the hulf-InTirianta for lbs mnglo (nnl will bo 

jli • /tjd, -|- -|-p,n, ^ the total nialliamatlealsi;pectalli)n - ^(1> n)! 

JiWl. 4 'P.<'n*-(i>i«i+ +Pp‘»*)' 1144) 

By thli formuln, lliererore, wo must i| ench cases compute the sijuare of the mean 
error of the lotal miithematUnl expocfallon for Ihe single trial PCr Iho square of the 
mean error of l|ie eipiclatlon from N triula we have consequenlly 

1,(JV.//(1. »i)) - -i-pA*"ifO. »!)•) (146) 

By oven game vu undereland n game where the tolnl maUeniallcit eipootiUon 
\t 0, tho last term of tbla formula will consaquently disappear In inch a gams, Ai tha 
jMaii error does not dspeiiiL on tha abioliflo vnluis of Ihi galni or Ioobm, hut only on 



their dlffereticta, vo ViVt )u the compuUtion of the equeroi of the mean errora reduce to 
even jpme bj aubtriellpg the qilheinotlcal eipaoUMoD ftotn |)l the gaint. and adding 11 
io ihe IpMu. lliDO T« tall; vrlte 

’«))•+ «))•) m 

TUi rule then differe frdq the rule of unbound guqea onlj in the abeence of the feoton 

(l-fi), (l-^) 

We can now oonpvte the mean erron In the example 1 and In g 74 In 
N«i 1 ve bare 

^1 (fl)-l(0)Hi(2)' + *(»)* -3"- 

In the life-annuity etiaple uc noir lee tbs advanUgn of using the longer fornuU 
(140) for the value of the anunity, lulher than Ihe fornuln (199) vbloh girea the value ai 
the sun of a nuDber of endoTaionla, for (ha partial eipoclatlone ara here not unboundi 
and only the deithe in the several years of age eiolude one another and can be ponildered 
o^-ordlnate events In the lahe gune, For the square of the mean error of the life-innuHy 
we hive, from (144)! 

- I y(l(a+.)-((ii+.+l))(l -(l+|.n) (1«) 

§ 77« In (be above eludies on the Dean errora of mitbePitlGal eipeoUUoni rre 
bill luppoied that the probahjlltlea we use are IVee from error, being either deletDilned 
a priori by good theory or found a poeterlorl from very large number^ of icpetllions Thu 
deterDfnaUoD Is not complete in the eases in which the probabilities determined a posteriori 
ITS found only by bdiiII numbers of trlalsi or If probabilllles computed a pnorl preeuppoee 
values observed with sensibly large mean errors The same warning must be taken with 
rnpeot (o other valnea which may entar into the computed mathematical expectations, the 
value of the gaius, for Isstauco, may depend on the future rate of interest Whether scms 
of the manifold sources of errors ate to be omltUd in a compulation of ibe mean error, 
or not, must for eactj special case depend on the relative smallnoss of llm parts of the 
total jj, As to the theory of probability It la characterlstlo only that the parts of the squares 
of the mean errors, consldersd In Q§ 76 and 78, are, as a rule, very Important, while me 
iDilogou parts in other problems ire often Inslgnlllcant When tbe orbit of a planet is 
computed by the method of the least iquaies, then, lu order to raaWot the limits of 
ressarcb for its next discovery, wo have (o compute the mean 'snore of iti so-ardlpitos 



^ il III nnt ipfoiilloi OidlnuUi (hot ntiii (riim irt h llitt ihi 1) l(i luliri 
obwnlloni ni; lit vMljf onlNi lb(y||li tlili 1, n iniltgoui lo Uiw (toin I Tb ul 
n Blit vImii n liiiii wpiiltl I liUi tl iii«{il|[| If Hit npy if Hit liut niimtii 
Hi an mtilnlr BmI Iij Uiit niU llii nan imr I'ljfp) if lii •( 
lift unpnlid fiM Hit Mil, bit If vt in In pmlltt inflblni pi It |lii iiKiriiliilf 
illb iigud It n lliNi ml Till rigul li tbt inrraponllnf milliinpllal itpteltlln ii)m, 
thin n unit not, inlai n li VNf grat, tibi Ibi man inir u uolfiljp), bit n 
lilt, u I lilt, Bnt iibi J,(|/| In cmillirillin, ml iotiii|iiHitl|f w tbi luniili 
i|/iip(l-p|+ii'],(p) (Comp minpIpjlB) 
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CORRECTION FOR THE MOMENTS OF A 
FREQUENCY DISTRIBUTION IN 
TWO VARIABLESi 


By 

William Dowell Baten 
University of Michigan 


In certain statistical problems it is beneficial to divide the 
given data into classes or groups and investigate the distribution 
in this form. The moments determined for the distribution div- 
ided into classes differ from the moments determined from the 
original data. It is the object of this article to show how to 
modify the former to secure the latter for a frequency distribu- 
tion in two variables 

After the data, given for a frequency distribution of one 
variable, have been divided into classes the class mark is then 
ihe representive of the items in a class. This is assuming that 
the mean of the items falling in a class is equal fo the class mark. 
For a large number of items in a class, distributed throughout 
the entire class, the class mark differs very little from the average 
of the items in the class. But the average of the items raised 
to a power is not equal to the class mark raised to the same 
power. Hence corrections should be made to the mpments de- 
termined from a distribution which is divided into classes, 

For a distribution of two variables cc and y the data are 
divided into -classes, where the class- mark of an oc -class 


^Presented to the American Mathematical Society, Sept 12, 1930. 
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IS considered to be the repiesentive of the items falling in this 
class, while the class tnarlc of a y -class is the representive of 
all Items in this particular class. The coordinates of the point 
m the ay -plane, whose abscissa is the class mark of thex -class 
and whose ordinate is the class mark of the y -class, may be 
considered to be the class marie of the double class or the 3cy 
cla3S. 

Let the frequencies of the distribution be represented by 
the volumes of the volume-compartments as shown in the figure. 
The sum of all such compartnients is the total of the trequencies 
and should be equal to the number of items in the distribution. 
The little solid HWQ h SPfdDi^ the frequency of the items 
falling in the 5th x -class and m the 3rd y -class. OT and OF^ 
are the class marks of this x-class and this y -class, (OT) (OF)^ 
multiplied by the frequency of the items falling m this double 
cry-class may differ considerably from the snm 
^■(OA)^(OG)*^-* . . . , hence corrections must be made to 

the moments obtained from the distribution divided into classes 
where the double class marks are the representives of the items 
m the class. If the class units are made smaller and are allowed 
to become very near to zero the errors are not so large, for it 
must be remembered that our results are only approximations. 

By definition the r? 'th, 777 'th moment of the distribution 
which IS divided into classes is 

/V “i 

where ( jc U ) considered to be the class mark of the 
I , j -class, and the double summation extends over all the classes. 
It IS further assumed that f (JC^ + k) is such a func- 

tion which can be expanded into p. Taylor series. The above 
becomes 
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Now use the Euler-Maclauriti Suniautiou* foramla for two 
variables for finding the value of this double summation. This 
formula is 

‘♦'This formula w developed on pages 317-319. 
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z Z lXx,ij)=j jU(x. y)dxdy~^ j U(x,y)dy J J U(x, y)dx 


.bt-l 


~\d^f r di- / n 

tH-f -j 

-I 


•J c 

4- 

O 

_bU(xA 


i4djc ^ 

c -• <t 

c 


bi! 


i>U(x,y) 

Jc J 


^cJ^I "I ^3 


a 7eo bx^ ^ 


I U(x,y)dy 


b^l . J 


720dy 


.b^f 



c/ 

b+l , 


h4-f 3 - 

4-k-i - 

b^U(x:,y)'\ 


b^U(x.y) ] 


b U(x,y) 1 
— — 


s 1 

l44dxoy. 

c " 

s 1 

i440d3t; - 

o. 

\ 

C “ 

a 1440 dy^ - 

c 


which is the double summation of the function Lt ^rom 

a to 6 on the jr-axis and from c to d along the ^-axis. 
Applying this formula to the double summation above 



I Ib ^Ux^y) b*Hx.y) 

Sdx* 3-3&»2d(/2 5dy^ J 
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6/^' 




[ 7 ^'ddjc^dy^ J ^5' ^ 


(si-l)dx^ fs~£4'lX2+l)dx^''^dy^ (s-4-+l)(4't-l) dx^~*dy* 


5'2« 


(jc,y) + . . . (t^d'^f(x,y) 

(Q~6 + I)(6+I)dx^'^by'^ (s~t + lX't+0 6x^'^ dy * 


* 

(^5+/)dy'*JJ ^ 

t is an even number. In obtaining this result it was assumed 
that fU,ij),f'{x.y),x^y'^fU,y), (x.y) 

vanish or become negligible at the limits on the jc and y axes, 
k and w are positive integers. 

Therefore 

U7 « K m*^/ „.^.2 




Alrn 

s 








7 ' 


m‘6 


's7p[ m ^ cJ2H)(2% 
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(s-A-)! 4 l \f rt Y^)jj‘ 


7 ?-iS- 4 ; 777-4- 


(5-6)! 6i /s\{V Y^\ ,,i , 

'^(s-6 + l){7) ^^^rt-s-6 ■m-e"'"' 

' ' ' '(I?t !/)/f ,/)■ * 


J 777~S 


If 777 = 0 the formula becomes the formula for obtaining the 
moments about a fixed origin for one variable This has been 
done by Sheppard and Carver. 

If r? and rn take on integral values 


^\-r 


1 



\} z r 

ju' + — /u' 

21 12 '^o - ! 


fa K 

'J-Vr 

P-* 

2 a 


+ -L jll' 

/Z o 

’^/44 ' 


Kn 

4 ^ 'l-l 

m'.-3 =/<; 

3 + , 

<.f 


+ ^ m' 

4 i's 

+ 1 /i' V 

/Z ^3-0 



-^3 

7- ^ fx' 
>2 

3 ^ 

^48 / ■ 


^3:3 = 3 K.l ^/••/ ’ 

V >4 ^ '^^■1 ' -" zKz ^ eo ^ l :0 

^ 4. -O '^'eo^o.a '*"24- ^'a-o'^ieo 



316 


CORRECTIONS FOR THE MOMENTS 


^■3.4^S-4^t2 ^£4^03^ QGO* 

'^4-4 S13 *3^4:1 *Sb^0.3 *8^34 *£60^'o.l‘ 

i,:K4 * kKt *iK4 ^Sd^ 3:0 *^^3 ^iko 
'^4:4‘^J 4*S'^'4:4*kK,3*e0^i**4K4*Ji>>^lo 


3- U,' ■ + ~ jj' + I 

160^2=0 160 ^o\z 6400 


From the above the /Ji ’s can be obtained. 

Vy I ' 

Kl '^4c ■ 

K'j'^lr3\>ni ■/“/.j-'J/'j-iV,!, . 

' I 

,,l_,\l 1 1 \ ' I ,<! j \l 

^313 ^!3 4M?.'/ " 4^1:3 "^/O'^nr q 
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By translating the origin to ( , My) 

^3.Z~''^3:Z 2^2 1 /£^‘ 0 ' 


^S.3~ ^S'3 2 \k-'2 12. V^<5.3 ' 


etc. 

In making corrections for the double momenta it must be 
remembered to correct the single moments of the a's and then’s.* 


Euler-Maclaurin Summation for Two Variables 

Suppose it is possible to find a function g (^>t/ ) such 
that' gC-x+i y+l)-g(x+l,y)-g(x,y+0 +g(x,y)^ 
i(x,y), or'^^ g(x,y) <-f (.cc,y) or 
^q( 3C, y) . where A represents finite difference and 
represents finite integration. If ^ i/) is such a function, 

then 

gCa+l,c-t-l)-gCo-+l, c)-g(a ,c^/)-f-gfi 2 , c)~f(a , cX 

g(ai-Z,c+i)-g(o.+Z, c)-g(a + l,c-hl)* g(a*/', c) = fCa*l, c), 
g(Q+l,c*-2)~g(a+t,c+/)-g(ci ^c+2) + g(a ,c^-0<^f(a ,c->-l), 

g(a*2,c-*^2)'g(a-t-2, c^/)-g{a+l, c+2)+g(a+/, c + 0- f(a+l,c4-l\ 


^See Frequency Curves by H. C Carver in Handbook of Math. Statistics. 
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CORRECTIONS FOR THE MOMENTS 


g(b,d) -g(b ,d-l)-g(b-l, d)-hg(b-l^d-l)=f(b~l(:-l\ 

g(b-hl. d+l)-g(b-h/, d)-g(b .d+/)+g(b, d) =f(b,d). 

d b 


MA\g{bd,d+l)-g(b^l, cyg(a ,d-hi)+g(a^c) 


cL b 

c a 


a 


If it IS possible to find the function g {cc,g) then the 
double sum EL f(ar,^ ) can be found. Expand g(cC-hl,y^l) 
in a Taylor series. 


gfjcHgd) If ^ ir 


d g a d^g ^ 

^ dxd<y ^ dy^J 


/ 

+3! 




3 b% 3b^g ^ d^g 

dx^ doifdy bxdy^ dy ^ 


d +6 

^(e ^g(x,y) = (e )9(d>t/). 


b S 

where represent respectively 

d 

-^ 9 (^- 9 )’ 9 (^>y), 9 (^>y)^ 

Hence 

g(x+\,u+l)-g(x+l,y)-g(x,g+l) +g(jc:,y) 

^(e ^-e^+ l)g(x,y) 

= [(e ^ /)(e ^-/) } 9 (jc,y), 


where the D*s are operators operating on the function g y )• 
Therefore 

■ fe »- 0(e ^-/>] ^ 

where the operators are now operating upon the function 

f(x,y). 
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/ 

To develop /) ^ Taylor series it 

is necessary to develop ( e l){e O ^ Taylor 

series and then divide by u This becomes after Q , replace 
\JL and V respectively, 


f [fe ®- //e ;)]} 

'£4 '£4 '7£09 144 ~7£0& 7440 1440 
6>4£^ 6!t£ 6'l£ 6'42B j ‘ 


/ / . . 
where ^ represent integration. 

^ ^ d b "I 

Using these results Zl Z: f(-x^</)~ y) 

C Q J 


d-hJ 


e/v/ 6+/ 


d-^l 


or 


1 cU\ 


I ^ er-^/ f-'T/ w-T' 04 ' ( 

ELf(^.y)= f } ^Mcixdy-^Jf(^,ij)dy J f/a:,y)dx\^ 
CO i O c La 

I <£ 4 >i 


/aby. 




d^L hi^l 


■■c 

_df^l 1 1 __a ffxM 

Z4dxJc -*« 


a, 

b4\ 


iH^. 


. .yj] 

\^720dy 




-j 

3j'ffx.y)d^ 


3^/_. .\ -1 b+l ^3 


6 f(jc.y) 

^ 14 40 dx^ 


i 

J r 


d^f(oc,c/) 

^ /440 hy^} 


d*i 


d't' 


bi'l 


c f ^ 


nMdXv 



THE STANDARD ERROR OF A MULTIPLE 
REGRESSION EQUATIONi 


By 

John Rice Miner 


Since a multiple regression equation is essentially a hyper- 
plane, fitted by the method of least squares, its standard error 
may be obtained from Gauss' standard error of a function recently 
discussed by Schultz (1930). Let the equation be 


oc ^ b 

/ 92.34 


OC -h b 


«/77 3 


where is the dependent variable, c 
dependent variables, each measured from its respective mean, and 


' ' 'h b 

/m 23' 


■ Cm-l)^Tn 

jtrthe in- 
w 


y. - w’ • • rn.z 3 .. the partial regres- 

sion coefficients, Then the determinant of Schultz’s equation 
(10) becomes 

0 


D= 




0 




( 1 ) 


i 

0 

0 


0 

/ 

^23 


*2717 


3^n? 


'23 


t 

3m 


2 

2 rn 




-n'ar^ 


m 


'zrrt 

'"am 

I 


m 9 a 
= /J 


“/n 


M.sau 


IFrom the Department of Biology of the School of Hygiene and Public 
Health of the Johns Hopkins University. 
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Let A be the cofactor of the element in the t 'th row 
and the j 'th column, Then 

[ 0^] = / D > 

[= 6 / 9 ]= DjD=0, 


\.^MyD,„/D-0 , 

[/3m] = ^3rr,/D-^ ^ ' 




.122 ERROR 01- A MULTIPLE REGRESSION EQUATION 


^ ff/ 

^ i(23 -rn)} j 




Z 


^^3 - 

— “ oc^y-- 
oi^A 


a 

m ^ 


( 2 ) 


1-2 


A S3 


-TO- jr > 
<3-^<r^A & 3 




1^ 


cr <r 
zm 


For a simple regression equation this reduces to 


( 3 ) 


cr, 










J 


This agrees with the expresbion given by Pearson (1913), 
if we remember that oc^ is measured from its mean and that 
Pearson does not correct for the nuinber of parameters. 

For a regression equation with two independent variables 



(4) 


f/— 

I a- 


ccr 


2 


'(/ 




^3 


'('-rA) 




o- 


L^|i 
'■/,) J 


O' f -X^ X ^ 

= ~LS3 . //y- - g- y - 


2r ^ JC jc ^ 4 

*^.3 J 


As an example of the application of this formula we may 
calculate the standard error of the mean heart-weight of 

the array of persons with an age of 52 92 years and a 
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body- weight of 49.93 kilograms in a population of 213 

persons characterized by the following biometric constants : 


/i, = 348.9 g; 

cr, - 79.4 g ; 

r,g ^-i-O.lU 

/%. = 59.65 yrs 

; » 17.54 yrs. ; 

r,3 =+-0.652 

/% = 56.45 kg; 

0^ « 14.'38 kg ; 

0.185. 

From these data 

r ^2 3 = + 0.315 and 



and the regression equation of heart-weight on age and body- 
weight is 

= 66, 09 ^ UOOX^ + 

from which the mean heart-weight of persons aged 52,92 years 
and weighing 49.93 kg. is 316,4 g. 

Substituting the appropriate values of the constants in (4) 
and remembering that ^ 

^^6,52 , and 

k ^ r ^ 


79^ 

aiol 


{0.933) 


(-6.7zy 


(-6.S2) 


(/7.J4)* {0366) (I4..38)^ (0.966) 


£(-0./85)(-6.72)(-6 6e) ')'^ ^ 

(17.54.) (J4 38) (0.966) J ‘ ^ ’ 
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SAMPLING IN THE CASE OF CORRELATED 
OBSERVATIONS 


By 

Cecil C, Craig 
National Research Fellow 


Dr E C. Rhodes, in a paper in the Journal of the Royal 
Statistical Socisty^^ has considered the distribution of character- 
istics of samples of N when the individual observations are not 
assumed to be independent. As he points out, there are many 
important cases in which the usual assumption of independence 
or randomness in the observations is not justifiable, In the pres- 
ent paper will be explained a method based on the semi-invariants 
of Thiele for th^ calculation of the characteristics of the sought 
distributions in this case which is especially to be preferred to the 
method based ,on moments wlien it is supposed that the observa- 
tions arc normally correlated. In the case it is further assumed 
that only consecutive observations are correlated, in addition to 
Dr. Rhodes^ results, the third semi-invariant (which is the same 
as the third moment about the mean) of the variance and the 
mean and the variance of the third and fourth moments about 
the mean are given. 

Let the N observations composing a sample be given by val- 
ues of x, , jCj, , . . . respectively and let f^(x„ . .x^) 

be the n -way probability function of , and 

^The Precision of Means and Standard Deviations When the Individual 
Errors Are Correlated, Vol. 90 (1927), pp. 13S-143. 
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Then the semi-invariants, X » ' • , are 

defined by 



'•00, « ,~oo 


which is to be regarded as a formal identity in 

t, ) is first expanded by the multinomial law and 

then each term ’-in the result is replaced by 

^rst 

We shall pass over the characteristics of distributions of 
means, since the method of semi-invariants is equivalent to that 
of moments in this case, and take up the distribution of moments 
about the mean in samples of N . Following the method pre- 
viously used by the author in the case of independent observa- 
tions,^ let 



Then let V ( 6^, 6^, ■ • be the probability function of 

• ■# ^ 0. The semi-invariants 

of ■ • ' * , defined by 

^Following Cramdr, I distinguish between probability and frequency func- 
tions. ‘ ’ ■, “cumulative" frequency function 

and thus the integral is an W-way Stieltjes integral. 

*An Application of Thiele’s SeipMnvariants to the Sampling Problem; 
Metron, Vol. 7. No 4 (1928), pp. 3.75. 
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SAMPLING IN CORRELATED OBSERVATIONS 




i(3> 

+ 


( 3 ) 



S 


A/-/ 


) 


e 


A-/ X 

S t ] 





We have at once. 


N-i ^ 


:^)e ^ ^rf' I ^ 


/N^t H H-i 


and as the author has previously remarked,^ we can also write 


(N N \<^I ! ^ 


t 

so long as the relation is only used to find the values of 's 

in which at least one of the subscripts is zero. 

Then 5^ , the /r 'th semi-invariant of the n *th 

moment about the mean in samples of /V, is given by the formula 


5^(^r.) = 


, (-'i 


9-, 


L - i r f ^ ft 

[a^/og/..] [A,/A^/--] [c,/c,/ •■] risit! 


Moc. cit, pp 18, 19. 
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the notation ^ ^ referring to moments of 8^ , ■ 6^ , 

the summation including all terms for which 

r(a,*o.g + ' 0 + t +•■ )+ •• • = ^, 

< 2 ^ 3 < 2^3 

b, ^ b^> - 


C, 3 Cg 3 






)> 


In particuls^r: 




(S) 






On writing out the moments vv terms of the semi- 
invariants and then using (4) the’ sought semi-inYar^ants 

are obtained 

In the case that the N observations are normally correlated 
and (jc, » -^2 . * ' ‘ ^ is the N -dimensional normal prob- 
ability function, the left-hand member of (4) vanishes iox k ^ 3. 

If we suppose that the standard deviations of 
are all equal (which we shall always do) and take as the simplest 
case that Jr^ , JT^ , • • ‘ ‘,jer^are normally correlated ana that 

^See the author^s paper cited, p. 21, formula (25). 

^For a detailed explanation of this kind of calculation see the author s paper 
cited, pp. 23-27. 
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S/iUPLlNG IN CCRRELAIED OBSERV 4T10NS 


the correlation as measured by the Pearsoniaii coefficient, 

Is the same for each pair, , of the set of /v observations, 

we get 


£0 


020 O0£0 


//o jo/0 offo 




if the common value of T- ^ be denoted simply by r . But 
if the observations are independent and the parent population is 
normal we have 


V - V - a' 

^20 ^ ^020 " ^ooao 


A/- / \ 

~ir ^£0 > 


A' - A'. -A' 

no foio 04to 




Thus it follows that the distributions pf the characteristics 
of samples of A/ in this particular case of dependent observa- 
tions are the same as if the observations were indejxjnclent and 
taken from a normal population of variance {h p) ^20 • 

In case normal it is convenient to 

express the right hand members of (S) direqtly in terms of the 
semi-invariants ^“2, 3, 4, For that purpose we 

shall adopt the following notation. Let the linear form 
be denoted hyA^, Then (4) becomes 


.( 6 ) 




('T) 


Thus in a symbolic sense and are equivalent, But with 
regard to the subscripts of the A terms in the expansion of the 
left member of (6) we use a different convention than for the 
subscripts of the A 's. We set 


^Sec the author, loc, dt,, p, 19 
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, A 


A 


zo 

/ 

//o‘ 


OZO 


'^/z • ^.0/0 ’ As. 


We get 

the summations, of course, running over all values of i and j 
from / to A/ . But since 


the second relation reduces to 

•^a ^ f. ) • 

Similarly 

<j Ay 

^8^AaA,j A-^Aj^*4£AlA"^-^dIA-jA.,^Aj^ A^^ \ 
S,(\),)^ 0 , 

Aj ^‘v ^■ 

33 ^ = 0 . 



i 'IMPUNC, h\ COmhlATbO OBSERl'AriONS 


S, cy,)« (.2ZaI ^ JZ a Ajj A\j ) . 


Tt) ilJiistiatc the use of these formulas and to give some 
results 111 n case of practical IntereEt, let us uippose that the set 
of N ohbciv.itions coinposinp a sample may I)e assigned an order 
111 nliiih only coibccutive obseivalions are correlated and in a 
cun'KialU (lipiee Hius our oliscrvations might be prices or indices 
Uikcii at the ends of Lonseciitive time inteivals \\ c supfxise, then, 
that 

^ QOtlO* 

* ^lOOl “ * 


® r* A 
' ' ac f 

ja O 


I lie fust step in the calcuJation i? to obtain the valueb of the 
\.liniih A \ which ciUci into the foniuilas (7) A,, is found 

Iroiii Af, A^^Iiuiii A, A^ancl so on We get 








A„ 



/f^r 

“?7' ' 

f 


Afg 

B ^ 

/ fi‘r 2r \ 
^ // ■ /V^ 7 

^ao » 





^ A ^ (r 

' // 

ar 
' TP 


^f3 


« A 





-A 





-A 


H-K,N 






90 » 



-f- T- I^K 


r f < i< 
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Then, on substitution in (7), we have finally 


These two results are given by Dr, Rhodes, loc clt , though 
there is a slight misprint in the second one as given there The 
remainder oi the results given here are believed to be new, 




3J1 


C C CKAfG 


It should be observed that the ejcpressions for for 

N < 3 and for k ^ for A/ <5 are in gciieial not valid, 

since It can be seen by reference to (8) that all the types of A 's 
used m the formulas (7) do not exist for values of N so small, 
But for these small values of N , the values of the characteristics 
for which expressions aie given above can be readily computed 
directly, 
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THE RELATION BETWEEN THE MEANS 
AND VARIANCES, MEANS SQUARED AND 
VARIANCES IN SAMPLES FROM COMBINA- 
TIONS OP NORMAL POPULATIONS 


By 

G A Baker 


The distributions of the means and variances of samples 
from the combinations of normal populations have been discussed 
in a previous paper ^ It is known that if the sampled population 
13 not normal the means and variances of samples are not 
independent 

The present discussion aims to give some idea of the relation 
between the means and the variances, means squared and vari- 
ances of samples fropi a population that is the combination of 
normal populations To this end the case of samples of two from 
such populations is rather completely investigated. Also empir- 
ical random sampling results for two special populations are pre- 
sented 

Suppose that a population is represented by 


Cl) 


777F 


. k 

ISIT' <7{SW 



^"Randoni Sampling frorn Hon-Homogcneofis Populations," Uetron, VqI 
VIII, No 3 (1930), pp 1-21 
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If a method used by Kurl Pearson^ is followed, the prob- 
ability of 

JCf it! da:^ Is f(cc^)djc, , 
laf^in f(a:^)doCs 

and tlic probability of the concurrence of these two events is 

( 2 ) f(ac^)f(^^)doo^dj:g^ 


which may be written 


I 

(i-hkfen 





f 




— *<5^- . - c L ^ 


+ e 



dx^dx^ 


Now 

Z I [ -xT-i' (x^-x)^\ 

Whence 

[x, =-Z +ar 

(4) _ 

I JC^ a 2a + iT 

Also dXf 'dx^ may be replaced* by 

•■App^iidix to Papers by "Stiident" and R A Fisher* Biometrika, Vol XlX 
(1925), p 522 

2R A Fisher “Frequency Distribution of the Vfllaes of the Correlation 
Coefficient in Samples from an lodcfinllely Lar^e Population,” Biometrikai 
Vol X (1915), p 507 , 
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(5) C cLx 


In virtue of (5), (4) and (3), (6) is obtained 

0*k)^£nr 


* r -i[c-E^xA<£±^^] 

( 6 ) 


Thi$ is the correlation surface for the means and standard 
deviations of samples of two drawn from (1), To get the corre- 
tabon surface of the means and vanances wnte 









( 7 ) 



I 
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IS the desired surface. 

I 

The locus of mean Li ’s for given cc 'a is 




(8) 


a 








2 

^r^TT 


The locus of the mean^ 's for given u ^s is 





e 


s m-^ f ^ 


(9)jr. 


rrf i2 


-U L* 

e 


’%, ilSk 




z(m~ g/ - 






I 


9 


The correlation surface for the means squared ( s z ) and 
variances is 

f I fc 

I 

<w) 
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The locus of the mean u 's for given 2 is 




^fik 




>77 ^2 

t) 




e 


(T*^/ 


h*^] 


(11)^^“ 


-£ 

e + 





& 'cr*+/ ■ 


The locus of the mean a 's for given u 's is 


2 = — 


( 12 ) 


multiplied l>y 




[• 






O' 

^ 4'fe k 
(o'^y 


>77 ,2 


2 . A(m-r) 


+ p* J« " i) 


By expanding the denominators of (8), (9), (11). and (l2) 
by the multinomial theorem, it can he shown that each of these 
loci is essentially parabolic' ^ 0 They are subject to an 

exponential influence at the beginning of the range of the inde- 
pendent variable, which influence rapidly diminishes as the inde- 
pendent variable takes on higher values 

The probability relations in general between means and vari- 
ances, means squared and variances will be expected to approx- 
imate those for the case of samples of two, because of the fol- 
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lowing considerations Suppose that n (the number m the 
sample) )S large * When a large proportion of the sample comes 
from the first component, the first term of (7) with 2 in the 
numerator of the exponent replaced by v and with u * replaced 
by u will be an approximation to the surface of the means 
and variances Similarly, when a large proportion of the sample 
comes from the second component, the second term of (7) with 2 
in the numerator of the exponent replaced by t? and with u ^ 
replaced by u- ^ Will be an approximation to the surface of 
the means and variances When about equal proportions of the 
sample come from each component, the last term of (7) with p 
in the numerator of each exponent replaced by g and with u S 
replaced by u will be an approximation to the surface of 
the means and variances, Or, a]l together, (7) with the 
mentioned changes in the exponents of the terms, with proper 
weighting of the terms, and with U ^ replaced by u 'T is a 
proportionate approxiniation to the distribution of the means and 
variances of samples drawn from a population represented by 

(I) Further, mci easing 77 will not influence relations (8), (9), 

(II) , and (12) as approximations for the general case except 
the exponential term, if it is assumed that the denominators are 
expanded and then multiplied by the numerators, for yj occurs to 
the same power in the numemtots and denominators 


‘Note The effect of k and of the binomial coefficlenls is roughly as fol- 
lows If the 77-f 1 terms denoting s from the first component of (1) 
and 77- s from the second component are divided into thirds, then, li 
J. ,J, , are the exponents of k m the middle terms, 

or approximately, since n is large and since only a proportionate expression 
IB desired J,^-0 1 5 j * 

or the exponentfi of k of the middle terms of the three aections above 
arc 5 t**® exponents of k in (?). The effect of increasing 37 be- 

cause of the binomial coefificienta la to weight the middle section of the 
possible surfaces to a much greater extent than the extreme sections, bc 
that with ft very large the last term of (7) with 2 replaced by 7/ 
becomes an approximation to the desired surface 
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From (8), (9), (11), and (12) it is clear that the par- 
ameters of the sampled population have great influence on the 
regression relations considered It should be borne in mind in 
this connection that many flattened and skewed, as well as bi- 
modal, distributions can be adequately represented by combi na^ 
tions of normal populations Also, results (8), (9), (11), and 
(12) can be extended to the sums and differences of any number 
of normal curves, subject to the condition that the resultant is 
always positive 

In 1925, Dr Neyman^ gave the correlation coefficient be- 
tween the deviations of the means of samples from the mean of 
the sampled population and the variances of these samples for 
samples of t? drawn at random fronj an infinite um-vanate popu- 
lation in terms of the betas of the sampled population as 


(13) . 

Similarly, the correlation coefficient between the deviations 
squared of the means of samples from the mean of the sampled 
population and the vanances is 


(14) 


(thT 




V?; 


4 z 77-3) [r n-O/Sg-'f* 3] 


Under certain very special conditions the statement oi 
and may give an adequate idea of the regression relation 
between the means and vanances, means squared and variances 
of samples from a population represented by (1) In general 
the mere statement of these coefficient^ tvill not give any useful 

Splawa'Neyman ^‘Contributions to the Theory of Small Samples 
Drawn from a Finite Population/' Biometrika, Vol XVII (1925), pp 
472-479 
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notion of the actual probability lelations This is true because 
(a) the regression relations between means and vaiiances, means 
squared and variances of samples from a population represented 
by (1) are essentially parabolic^ as shown foi samples of two 
and as seems probable for larger samples, (b) the frequency 
arrays may vary markedly in dispersion, in skewness, and in 
other characteristics 

To illustrate these remarks, samples of four were drawn 
from two special populations by throwing dice 

Suppose that a population is represented by 


I 



am 



The first four moments of / (Jf ) about its mean are 


(- m,+ km^) 
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Whence 


(16) 



ki3jn^<r^ + )] 

[/+ >77,*+ Ar ^ 


a 

p 


(17) 


( /*k)[3+& mfi kf^tr'^-^e m/a )] 


Thus, for any special population of the form (15), ^^and 
/O^ can he easily calculated 

Samples of four were drawn from a population approx- 
imately represented by 


^ r/ -il'X-urf j_ 

(18) f,M^646\^e 


^(X’I7) 


1 


The actual sampled population is shown in Chart A and is 
hereinafter called Population I 

Table I shows the distribution of 1038 samples of four drawn 
from Population I with respect to the observed values of the 
means and the variances, The arrays for constant values of the 
variances are at first distinctly bimodal, gradually becoming uni- 
modal Chart I shows the means of arrays of Table I with the 
regression lines as calculated without correction for groupings 
It IS apparent that the locus of the mean variances for a given 
value of the means diverges a great deal from a straight line 
This regression relation looks as though it was a normal curve. 



HhhA I !0H BLl \V1 LN MLAN^ AND VARlANCl^ 


which IS what ■would be expected from (8) with i =0 The 
theoretical and actual con elation coefficients for this and three 
subsequent tables aic compared in Table V and the constants of 
the niarqinal distributions of Tables I to IV are presented m 
Table VI 

If the deviations of the means of the samples of Table I 
from the mean of ropulation I are squared, Table II results, 
Chart II shows the tneaus of arrays and regression lines of Table 
II, The regression lines aie very poor fits to the means of the 
arrays which are, appaiently, exponential loci 

Table III shows the distribution of 1058 samples of four 
diawn fiom a population approximately represented by 


(19) 


■ jf^ 




3[Fri 




j 

with respect to the observed values of the means and variances 
of the samples, The actual sampled population is presented m 
Cha^rt B and is hereinafter called Population II Chart III shows 
the means of airays and regression lines of Table III This chart 
resembles Chart I m that the locus of the mean variances [or given 
values of the means is so obviously non-hnear Also, a glance at 

I ' 

Table 111 IS sufiicient to see that the arrays vary markedly in 
skewness 

Table IV shows the relation between the means squared and 
variances of samples of four from Population H Chart IV shows 
the means of arrays and regression lines for Table IV In this 
case the regression relations seem to be fairly near linear, and the 
fiequency distributions of the arrays do not change strikingly 
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CHART I 

The Means of Arrays and Regression Lines of the Means and 
Variances of Samples from Population I 


I 



V 



TABLE II 

Table Showingf the Relation Between the Means 
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CHART II 

The Means of Arrays and Regression Lines of the Means 
Squared and Variances of Samples from Population I 



NOTE The last thirteen class intervals of the meant, squared are grouped 
into one group 



Population 11. «rom Which the 105S Samples of Four of T-ahlc-^ ill and 1 V Were Dra^m 
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CHART B 



TABLE ITT 

Correlation Table Showing" the Relation Bet^veen the Means and 
Vanances of Samples of Four from Population II 
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CHART III 

The Means of Arrays and Regression Lines of the Means and 
Variances of Samples from Population II 




-TA13LE W 

Correlation Table ShoiMntj the Relation Between the Means 
SQuared and Variances of Samples of Four from Population Tt 
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I 

CHART IV 

The Means of Airays and Regression Lines of the Means Squared 
and Variances of Samples from Population II 
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TABLE V 


Correlation Coefftaents of Tables I-IV 



1 1 -1- 4 IJ U LXU J-l- 

Correlation-Coefficient 

tJumber of Table 

Theoretical 

Actual^ 

I 

00 

-05 

II 

-34 

-37 

III 

40 

37 

IV 

) 

-07 

-05 


TABLE VI 

I 

Constants of the Marginal Distributions of Tables I-IV 
in Terms of Class Intervals 


Marginal Distribution 

Mean 

Standard 

Deviation 

Means of Samples from Population I 

252^ 

2467 

Variances of Samples from 'Population I 

4890® 

2900 

Means Squared of Samples from Population I 

3 591® 

3 203 

Means of Samples from Population II 

1 

07 

2237 

Variances of Samples from Population II 

3 570® 

2854 

Means Squared of Samples from Population 11 

1408" 

1744 


1 Calculated without corrections for grouping ' 

so far from zero because of the groupings employed Many means were 
exactly odd Integers These were all put forward Into higher (.lasses mak- 
ing the calculated mean toO large 
^Origin taken at the beginning of the range 
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From the results for the case of samples of two and from 
the results of empirical sampling) it sesms clear that the simplest 
I egression relation that is generally applicable to the means and 
variances, means squared and variances, of samples from popu- 
lations which are the combinations of normal populations is para- 
bolic For small samples and for certain values of the parameter*! 
of the sampled population the regression relations may involve 
exponential terms that arje quite important As the siae of the 
samples increases) it is expected that this exponential term will 
decrease in influence It seems plausible that even with large 
samples the regression relation of means and variances, means 
squared and variances will remain essentially parabolic It is not 
expected that the detemiinatioh of a good approximation to the 
regression relations will serve to give an adequate notion of the 
probability relations of the means and variances, means squared 
and variances of samples from a population represented by (1), 
because the arrays may vary in number of modes, in skewness, 
m dispersion, and in other characteristics For instance, surface 
(7) may be tnmodal so that arrays may he bimodal or ilnimoclal, 
and in such a case the arrays must vary markedly Siif faces 

(7) and (10) with 2' replaced by V and with the terms suitably 
weighted are valuable approximations to the probability relations 
of the means and variances, means squared and variances of 
samples drawn from a population represented by (1) 





A TABLE TO FACILITATE THE FITTING OF 
CERTAIN LOGISTIC CURVES 


By 

Joshua L Bailey, Jh 


The most useful generalization of the logistic curve is that 
having the form 

^ 

(0 g A V- 


In practice it will seldom be found necessary to use higher 
powers of jc This equation may also be written 

(2) Y ~ a 4 4- cx ^4 gx 

in which Ys log 

If we can evaluate the constant k with reasonable accuracy, 
the value of Y corresponding to each observed value of y can 
be computed, and then the values of the coefficients ^ C, and 
g , in equation (1) may he obtained by fitting equation (2) as 
a generalized parabola by the method of least squares 

' The normal equations necessary to make this fit will be found 


to be 






4- 

bL ^ 

+ c 

♦ - EY 

a 

4 

bLx* 

4- cZx^ 

-Eoc Y 
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6 Z:a^ 

4 cZlx* 

* sZx’ - Z a:*Y 

a Z 

+ 

btijC* 

+ c E jc ^ 

+ 9EX* »Eji;^Y. 
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A TABU fOJi LOGISTIC CUIfP'ES 


In the special case where the observations have been made 
at regular intervals (that is, where the successive values of j: are 
111 arithmetic progression) the solution of these normal equations 
may he greatly simplified We may then select an aibitiary origin 
in the middle of the range of observations, so that for every 
positive value of jr there will be a corresponding negative value 
of equal absolute magnitude Thus the sums of the odd powers 
of X Will all be zero 

If the numb^i of observations be odd, the middle one will, 
of course, be chosen foi the origin, and the unit of the scale will 
be the interval between successive values of jc If the number 
of observations be even, the origin will be niidway between the 
middle pair of observations, and it will be found more convenient 
to talce half the interval as scale unit In the former case, x 
will take all integral values between n and - 7 ? , while m the 
latter case jr may take only the odd integral values 

If we set the sums of the odd powers of x in the normal 
equations equal to zero, and solve them simultaneously, we de- 
rive the following formulae for the literal coefficients 


£Y ^ XX*/ EX'^sr zx’ 

‘ £x* LX‘- frx'j* ' ' 


- zxr£x‘-zx"Y2:x‘' . xxVxx*-xxy xx * 


The use of capital letters indicates that the equation has been re- 
ferred to the arbitrary origin 

In these formulae the factors involving Y must bt com- 
puted from the observations, but those in which X alone occurs 
may be tabulated ior ah convenient values of n Since Y does 
not occur in the denominators at all, these may be tabulated in 
the same way 
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Finally! the sign of G is determined hy the direction m which 
the cmve approaches the asymptote ^=0, and this may readily 
be toid by inspection iiut it not intrequentiy fiappens that a 
slight error m one of the observations may be sufficient to give 
G the wrong sign In this case the limits between which the 
observations were taken must be clianged> or a new value of k 


must be tnedj or the faulty observation must be adjusted by a 
smoothing formula It is obviously important therefore that some 
means he provided for determining the sign of G before the 


values of the coefficients are detemiined , ^ 

ryV ZiX 

The condition that G shall he negative is ^ ^ y ) 

The second term in this inequality may be tabulated m the same 


way The accompanying tables show the values of the functions 


rx" rxf rxt 2:x^2:x'-(rx")" 

^x‘cx*-(rxyatid 


for all values of 77 from 0 to 25 when the number of observations 
IS odd and from 0 to 49 when they are even 

In the preparation of these tables, my thanks are due to the 
Zoological Society of San Diego for the use of the facilities 
afforded by its research department 





THE GENERALIZATION OF 
STUDENT'S RATIO’’* 


By 

Harold Hotellf^g 


The accuracy of an estimate of a nonnallv distributed quan- 
tity IS judged by reference to its variance, or rather to an 
estimate of the variance based on tlie available sample In 1908 
"Student" examined the ratio of tlie mean to the standard devia- 
tion of a sample ^ The distribution at which he arrived was 
obtained in a more rigorous manner in 1925 by R A Fisher, - 
who at the same time showed how to extend the application of 
the distribution beyond the problem of the significance of means 
which had Iwen its original object, and apj)hed it to examine 
regression coefficients and other quantities obtained by least 
squares, testing not only the deviation of a statistic fiom a hypo- 
thetical value but also the difference between two statistics 

Let ^ be any linear function of noimally and independentlv 
distributed observations of equal variance, and let -s be the es- 
timate of the standard error of ^ derived by the method of 
maximum likelihood If we let t be the ratio to s of the ctevin- 
tion of ^ from its mathematical expectation, Fisher's result is 
that the probability that t lies between ^ and is 


♦Presenied at the meeting of the American Mathematical Society at Berk- 
eley, April 11, 1931 
iBiometnka, vol 6 (1908), p I 

^Applications of Student’s Disti ibulion, Metron, vol 5 (192‘i), p 90 
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where p is the number of degrees of freedom involved m the 
estimate s 

It is easy to see how this result may be extended to cases in 
which the variances of the observations are not equal but have 
known ratios and m which, instead of independence among the 
observations, we have a known system of intercorrelations, In- 
deed, we have only to replace the observations by a set of linear 
funciions of them which are independently distributed with equal 
variance By way of further extension beyond the capes dis- 
cussed by Fisher, it may be remarked that the estimate of vari- 
ance 5^ may be based on a body of data not involved in the 
calculation of ^ Thus the accuracy of a physical measurement 
may be estimated by means of the dispersion among similar 
measurements on a different quantity, 

A generalization of quite a different order is needed to test 
the simultaneous deviations of several quantities Tins problem 
was raised by Karl Pearson in connection with the determination 
whether two groups of individuals do or do not belong to the 
same race, measurements of a number of organs or characters 
having been obtained for all the individuals Several "coefficients 
of racial likeness" have been suggested by Pearson and by 
V Romanovsky with a view to such biological uses Romanovsky 
has made a careful study^ of the sampling distributions, assuming 
m each case that the variates are independently and normally 

Romanovsky, On the criteria that two ^ven samples belong to the same 
normal population (on the different coefiicienta of racial likeness), Metron, 
vol, 7 (1928), no 3, pp, 3-46, K Pearson, On the coefficient of racial 
likeness, Biometnka, vol 18 (1926), pp 105-1 IS 
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distributed One of Romaiiovsky’s most important results is 
the exact sampling distribution of J_, , a constant multiple of the 
suit! of the squaies of the values of t for the different vafiates 
This distribution function is given by a soniewhat complex m- 
finite senes For large samples and numerous vanates it slowly 
approximates to the normal form, for 500 mdivicluals, Roman- 
ovsky considers that an adequate approach to nonnahty requires 
that no fewer than 62 characters be measured m each individual 
When It is remembered that all these characteis must be entirely 
independent, and that it is usually hard to find as many as three 
independent cliaiocters, the difficulties in application will be ap- 
parent To avoid these troubles, Romanov&ky proposes a new 
coefficient of racial likeness, H , the average of the ratios of 
variances in the two samples for the several characters He ob- 
tains the exact distribution of H , again as an infinite senes, 
though It approaches normality more rapidly than the distribution 
of L> But H does not satisfy the need for a comparison betwq,en 
magnitudes of characters, since it concerns only their variabilities 
Joint comparisons of correlated vanates, and variates of un- 
known correlations and standard deviations, are required not only 
for biologic puri>ose3, but m a great variety of subjects 1 he 
eclipse and comparison star plates used in testing the Einstein 
deflection of light show deviations in right ascension and in declin- 
ation i an exact calculation of probability combining the two least- 
square solutions IS desirable, The comparison of the prices of a 
list of commodities at two times, with a view to discovering 
whether the change^ are more than can reasonably be ascribed 
to ordinary fluctuation, is a problem dealt with only very crudely 
by means of index numbers, and is one of many examples of the 
need for such a coefficient as is now proposed We shall gener- 
alize Student's distribution to take account of such cases 

We consider p vanates , i tZTp , each of 

which IS measured for N individuals, and denote by the 

value of OTj for the th individual, Taking first the problem 
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of the significance of the deviations from a hypothetical set of 
mean values rrif, f , /77^ . we calculate the means 

JC^ , jCg , . » oJ the samples, and put 

Then the mean values of the will all be zero, and the vari- 
ances and covariances will be the same as for the corresponding 
t since the individuals are supposed chosen independently from 
an infinite population ^ In order to estimate them with the help 
of the deviations 

from the respective means, we call /? «^ JV - 1 the number of ' 

degrees of freedom and take as the estimates of the variances and 
covariances, 

/ y 

DV “/ 

We next put 



^12 





a.p/ 




i'‘Mcaii Value" is used m ihe ^ense of matlicmaliLai pcctatiou, the 
variance of a quantity wlioae mean value is zero is defined as the expecta- 
tion of tta squares, the covariance of two such quantities js the expectation 
of iheir product Thus the correlation of the two in a hypothetical infinite 
population IS the ratio of iheJr covariance to the geometric mean of the 
variances 
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A = A - cofactor of d,. m a 

(3) ■= A^i - 

a 

The measure of simultaneous deviations which we shall em- 
ploy is 

. ^ P 

( 4 ) T^‘Zl 

I"! 

I 

For a single variate it is natural to take Ajf * l/dfj , then 
T reduces to t , the ordinary “critical ratio” of a deviation in a 
mean to its estimated standard error, a ratio wliich has “Student's 
distnbuLion,” (1) hor examming the deviations from zero of 
two variates jf and ^ , 


T 



i 


I 


where ' 

, _ z(Y-af 

— TTi^’ \ - —fH’ 

\ 

j- ztX-s)(Y-o) 

^£(X-xf£(Y-'p^ 

I 

For comparing the means of two samples, one of Nf and 
the other of individuals, we distinguish symbols pertaining 
to the second sample by primes, and write 
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( 5 ) 



V- Nf-t , 

( 6 ) ^ 

I 

f 

‘i\i:x X -N££*ZX X 

and take as our "coeflicients of racial likeness” the value (4) of 
X in which the are calculated from (5) and the Aij > 
from (6) and (3) 

Other situations to which the measure T of simultaneous 
deviations can be applied include 'comparisons of regression co- 
efficients and slopes of lines of secular trend, comparisons which 
for single variates have been explained by R A Fisher^ In 
each case we deal for eacli vanate with a linear function of 
the observed values, such that the sum of the squares of the co- 
efficients IS unity, so that the variance is the same as for a single 
observation, and such that the expectation of is, on the hy- 
pothesis to be tested/ zero Deviations of the observations 
from means, or from trend lines or other such estimates, are 
used to provide the estimated variances and covanancea 
by (2) The number of degrees of freedom n la the difference 
between tlie number N of individuals and the number q of 
independent linear relations which must be satisfied by the quan- 


iMetron, loc cit, and Statistical Methods for Research Workers, Oliver 
and Boyd, third edition (192&) 
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tihes i j: ^2 ^ account ot their method 

of derivation For all the variates, these relations and n must 
be the same. 

The general piocedure is to set up what may be called normal 
values for the respective , putting 

( 7 ) 

The underlying assumption is that is composed of two 

parts, of which one, , is normally and independently dis- 

tributed about zero with variance o,^ which is the same for 

b 

all the observations on , The other component is determined 
by the time, place, or othei circumstances of the »6’th observation 
in some regular manner, the same for all the variates Denot- 
ing this part by l^ve 

Specifically, we take 77 ,^ to be a linear function, with known 
coefficrents , of q unknown parameters 

where q < N 

5^1 


Thus in dealing with a secular trend representable by a iwly- 
nomiat in the time, we may take the ^ 's as powers of the time- 
variable, the 5 's as the coefficients Foi differences of means, 
the g 's are O's and Ts, and the 's the true means 
We estimate the ’s by minimizing 



( 9 ) 
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Substituting from (8), differentiating witb respect to and 

replacing 7^^^ by minimizing value, we obtain 

( 10 ) £ 

e(/= / 

or by (7), 

(") E ff*5 

*4 *! 

Denoting also the mininiizing values of 
Imve made fiom (8), 

Sub*Tacting (8), 

■f ® ^ 


■'V 


From (9), 


» = / 




tit'/ 


hi 


Ote / 

The middle term, by (12), equals 
N 9 


tL Z o , -5^5 ). 

«t«/ Si'/ ^ ' 
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this, by (10), li zero Hence, by (7) and (13), 

. 1/ + w, , 


where 



N 


L 

6fr=/ 



^VI, 


tv 



I 


If the ^ equations (10) be solved foi iX^j , , , , 

, the valudi of these quantities will lie found to he ho'nii 
genpoui lincai I functions of the obscivations IJv (/) 

there foie, the quantities 

'^(,1 } 

are homogeneous linear functions of the But they am not 

Imenrly independent functions, since they are connecmd Iiv th 
q 1 elation"? (11) Hence V is a quadiatic form ut .ank 

n~ N- q 

Since V( . by (9), is of rank N, W is of rank q 

This shows that Np new quantities , given by cqua- 

t(on« of the form 




(14) 




can he found such that 
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.(15) 


2V, 




N 

■L 




'i4 


ti 

L 

tit*! 




C< r 


_i t / 


and therefore 


(16) 2U^ 

ft*! 


Substituting (14) in (15) and equaling like cae9ii.ients, 


(17) 




I 


where js the Kronecker delta, equal to 1 if jS^/ ,10 

The coefficients depend only on the , winch 

have been assumed to be the same for all the p variates Thus 
(14) may be written i 




Multiplying’ by (14), summing with respect to from 1 to r?, 
and using (17), 



H fi - H 

=Z Z hj.y jr. . -Z ct. . 

/3~iY»t *'P Jf ta^t ifi Jfi 


( 18 ) 
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Just as m (2), we define a ui this generalized case by 


(19) 

Then by (18), 


d,, CC. . JT, . 


n ^/** 


Of the last equation, (6) is a special case 

The landoni paits £ ^ ot the observations on or, have 

^ i aCr k 

by hypothesis the distribution 
(a-*vKf7; 

where is given by (9) Fiom what has l)een shown, it is 
clear th^it this rtvay be tiansfonned into 




» 4 a: 


;;)a; 




^<1 


showing that are normally and independently 

distiibiitccl with equal variance or^ 

The statistic mu'^t be independent of the quantities 

I 1 , entering into (20), its mean value 

must be ^ero, and its variance must be ‘ These conditions are 
satisfied in the cases which have been mentioned, and are satis- 
fied m general if is a linear homogeneous function of 
jc‘ , , oT/a/ with the sum of the squares of the 

t^r}^/ ' I fv 

coefficients equal to unity 

Tht, measure of simultaneoub discrepancy is 

P P . . . 


r E >1,. r , 
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m 


A^f being defined by (3) on the basis of (19) It is evident 
that 


( 21 ) 


o 



k 

5 

P 





^ip 







a 





% 



^P2 

d 

PP 











^^P 



^P! 

^P2 


^PP 



as appears when the numerator is expanded by the first row, and 
the resulting determinants by their first columns 

A most 'important property of T is that it is an absolute 
invariant under all homogeneous linear transformations of the 
variates j , This may be seen most simply by 

tensor analysis; for is covariant of the first order ahd A^j 
is contravanant of the second order 

The invariance of T shows that in seeking its sampling 
distribution we may, without loss of generality, assume that the 
variates jr. , , cc- have, in the normal papulation, zero 

correlations and equal variances for they may always by a linear 
transformation be replaced by such variates 
Let us now take 







J 
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as rectangular coordinates of a point in space of 77 W 

dimensions Since these quantities are normally and indtpendently 
distributed with equal variance about zeio, the probability density 
for has spherical symmetry about the origin Indefinite rep- 
etition of the sampling would result m a globular cluster of rep- 
leseiiUtive ixiints for each vaiiate Actually the sample in hind 
fixes the points ^ < ^vliich may be regarded 

as taken independently 

We shall now show that T 15 a function of the angle & 
between the ^ -axis and the flat space Vp containing the points 
// I j • t Pp the origin 0 We shall denote by A 
the point on the ^ -axis of coordinates 1 , 0 , 0 , , 0 , riiicl by 

the flat space containing the remaining axes Since in 
one equation specifies and r? \ w p equations Vp , the 
intersection of and Vp is specified by all these n'f'2-p 
equations, and is therefore of p- \ dimensions, Call it Vp.f 
' It be moved about \n Vp , O will 

not change, and neither will T^i since X is invariant under linear 
transformations, equivalent to such motions of the ^ Henco 
X always has the value which it takes if all the lines OP ^ , OP^ , 
,, OFp are perpendicular, with the last p~ \ oi these lines 
lying in V In this case the angle AOP^ equals B 
Applying to the coordinates of* A. and of the formula for 
the cosine of an angle at the origin of lines to ( , iJT^, 1 ) 

iyi * y^* ) ' namely, 

I ^ 

I 

(22) ■ cos 0 . 


We obtain 


cos 6 





■f- JC 


fT7 
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2 2 

Since -h • 

It follows that 

2 

(23) n cot 8 = 

r 

I 

The fact that ‘ ^ there- 

fore m r shows that in this case 

Because OP^ , OP , , OPp aie iniiUially perpen- 
dicular, (20) and (22) show that <3^^ 0 whenever i ^ j 

' Hence, by (21) and (23), 

(24) ^ 

By this result the problem of the sampling’ distribution of 
T IS reduced to that of the angle 0 between a line OA in 
and the flat space Vp containing p other lines drawn inde- 
pendpntly through the origin The distribution will be unaffected 
if we suppose fixed and OA drawn at fandom, with spher- 
ical symmetry for the points A ^ Let us then, abandoning the 
coordinates hitherto used, take new axes of rectangular coordin- 
ates ^ ^ , of winch the first p lie in Vp 

A unit hypersphere about 0 is defined in terms of the general- 


*This geometrical irtterpretalion of f shows its affinity \i(’ilh the multiple 
correlation coefficient, whose interpretation as the cosine of an angle of 
a random line with a enabled R A Fisher to obtain its exact 

distribution (Phil Trans, vol 213B, 1924, p 91, and Proc Roy Soc., 
vol 121A, 1923, p 654) The omitted steps in Fisher's argument may 
be supplied with the h^lp of generalized polar coordinates as in the text 
Other examples of the use of these coordinates In statistics have been 
given by the author in The Distribution of Correlation^ Ratios Calculated 
from Random Data, Proc Nat Acad Sci , vol 11 (1925), p 657, and 
in The Physical State of Protoplasm, Koninklbke Akademie van Weten- 
schappen te Amsterdam, verhandlingen, vol 25 (1928), no, 5,^ pp 2S-31 
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ized latitude-longitude parameters if we put 

-Qin 

scn$p., coa 


sinil>p.icas^p 


sin^p.l cos^p 

^ i 

sin 0p.i css 

Up 


Up-tT 

sta^ptoa^p^f 

i 1 

yn ^ 

1 k 

sin^pSin^p^r 

y f)N~ 


for the sum of the squares is unity 

Since 


= SLH 0p 

we have 

“ ® ' 

The element of probability is proportional to the clement of ircn- 

eralized area, which is given bv 




where D is an n -rowed determinant in which the element in 
the t til row and J th column is 
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For t , this Js ?ero Of the diagonal elements, the first 
p-1 contain the factor cos^^^, the pih is unity, and the re- 
maining n-p elements contain the factor sin Since 0 

IS not otherwise involved, the element of area is the product of 

cos sin d 

by factors independent of 0p The distribution function of 
& is obtained by replacing <pp by O and integrating with 
respect to the other parameters Since Q lies between 0 and 
Tl / 2, we divide by the integral between these limits and obtain 
for the trequency element, 

"~77 COS^ ^9 sirj ^ ^9d&, 
Substituting from (24) we have as the distribution of T ' 



(25) 


2r(^) T ’‘'[d T 


For yo = I this reduces to the form of Student’s distriliution given 
by Fisher and tabulated in the issue of Metron cited , however, 
as 7" may be negative as well as positive in this case, Fisher 
omits the factor 2 

For p^Z the distribution becomes 


nzL 

n 


TdT .. 


From this It is easy to calculate as the probability that a given 
value of 7 will be exceeded by chance. 



376 


generalization of STUDENT'S RATIO 


a very convenient expression 

The probability Integra) tor higher values ot p may be cal- 
culated m various ways, the most direct being successive integra- 
tion by parts, giving a series of terms analogous to (26) to 
which, \i p is odd, is added an integral which may be evalu- 
ated with the help of the tables of Student’s distribution If p 
is large, this process is laborious, but other metliods are available 
The probability integral is reduced to the incomplete beta 
function if we put 

for then the integral of (2S) from T to infinity becomes 

the notation being 


•B (pql’f 

o 




Bj: (P. 9) 

&(M) 




Many methods of calculation have been discussed by H E Soper' 
iihd by V Romanovsky® An extensive table of the inciunplete 
beta function being prepared under the supervision of Piofessor 
Krul Pearson has not yet been published 

Perhaps the most generally useful method now available u 

" ^ I 

^Tracts for Computers, no ? (1921) ‘ 

^On certain expansions In senes of polynomials’ of incomplete B-functions 
(in Engflish), Becucil Math de la Soc de Moscou, vol 33 (1926), pp 
307-229. 
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to make the substitution 

2 =^ hg^ (n-p*l)T^-jlog^ np, 

nrP 


rjg^ ri-p + l t 


reducing (25) to a {orm considered by Fisber Table VI m hi? 
book, Statistical Methods for Research Workers, gives the values 
of £ which will he exceeded by chance in 5 per cent and m 1 per 
cent of cases If the value of b oi>tained from the data is greater 
than that in Fisher's table, the indication is that the deviations 

measured are real ‘ 

If the variances and covariances are known a priori, they pre 
to be used instead of the Bij , the resulting expression T has 
the well known distribution of ^ , with p degrees of freedom 
For very laige samples the estimates of the covariances from the 
sample are sufficiently accurate to permit the use of the \ dis- 
tribution for T This IS well shpwn by (25), m which, as n 
increases, the factor involving T aj)proaches 


T 



- rVi 
dT, 


which IS proportional to the frequency element for \ when 
IS put for T 

^s Pearson pointed out, the labor of calculating , whi'h 
vie replace by 7* , is prohibitive when forty or fifty characters 

m 

are measured on each individual With two, three, or four char- 

f 

acters, however, the labor is very moderate, and the results far 
more accurate than any attainable with the Pearson coefficient, 
The great advantage of using T li the simplicity of its distribu- 
tion, with Its complete independence of any correlations among 
the variates which may exist m the population 

To means of a single vanate, it is customary to attach a 


s 
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"pioliable erroi," with the aisumption that the difference bctivccn 
the true and calculated valuer is almost certainly less than a cer- 
tain multiple of the probable error A more precise way to fol- 
low out this assumption would be to adopt some deilnite level of 
probability, say P= OS, of a greater disciepancy, and to deter- 
mnie from a tabic of Student’s distribution the corresponding 
value of i , which will dqrend on n ; adding and subtracting 
the product of this value of t by the estimated standard error 
would give upper and lower limits between which the true values 
may with the given degree of confidence be said to lie With T 
an exactly analogous procedure may be followed, resulting in the 
dnteimination of an ellipse or ellipsoid centered at the point , 

Confidence corresponding to the adopted prob- 
abiliiy P may then be placed m the proposition that (he set of 
true values is represented by a point withm this hoiiiidary 
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SYSTEMS OF POLYNOMIALS CONNECTED 
WITH THE CHARLIER EXPANSIONS AND 
THE PEARSON DIFFERENTIAL AND 
DIFFERENCE EQUATIONS* 


By 

Emanuel Henky Hildedrandt 


INTRODUCTION 

The problem of fitting matliematical curves to statistical data 
has commanded the attention of statisticians and mathematicians 
for many years The curves referred to the most by Enghsh- 
spcahiiig bioinetiicians and mathematicians are perhaps those de- 
veloped by Pearson from 1895-1916^ He showed that a series 
of curves could be obtained by assigning various values to the 
parameters in a certain fiist order differential equation A few 
years later, Charlier^, attacking the same question from a differ- 

*A rlissertatjon submitted in partial fulfillment of the requirements for the 
Degree of Doctor of Philosophy m the University of Michigan— August, 
1931 

iKarl Pearson, "Mathematical Contributions to the Theory of Evolution," 
Philosophical Transactions, A, Vol 186 (1895), pp 343-414, also "Sup 
plement to a Memoir on Skew Variation," Phil Trans, Vol 197 (1901), 
pp 443-456, also "Second Supplement to a Memoir on Skew Variation," 
Phil Trans, A, Vol 216 (1916), pp 429-457 

V L Charlier, "Ueber das Fchlergesctz," Arkiv for Matematik, Aa- 
trouomi och Fysik, Vol 2, Na 8 (1905), pp 1-9, also "Ueber die Dar- 
stellung willkucrhcher Funktionen," Arkiv for Matematik, Astronomi och 
Fysik, Vol 2, No 20 (190S), pp 1-35 
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ent angle, showed that any function could probably be approx- 
imated by using a ceilam function and its derivatives in the terms 
of tlic senes. 

F(x) f(x) + A, f‘fx)*A, r"M ^ ■ 

where the are constants 

Qiailier found that the constants could be formally de- 
termined, the n th constant being dependent on the moments 
of F{ Ji') of ordei not greater than n He illustrated the method 
of procedure for the case where y*= f (x) was the equation of 
the normal curve of error, i e one of the Pearson curves In 
fact, the successive derivatives of this particular function gave 
rise to a well known system of polynomials, namely the Hemiite 
polynomials, and the coeflicients arc dependent upon these poly- 
noihials also 

111 recent yeari», Romanovsky^ has succeeded in obtaining 
similar results for the case in which some of the other of the 
Pearson curves are used as the f {x) in the Gram-Qiarlier 
senes The successive derivatives of these other special Pearson 
type curve functions also result in systems of polynomials winch 
bear fundaniental relations to each other 

It is the object of this investigation to sliow 

( 1 ) That the constants obtained by Charher for his Type 
A series can be much more readily obtained by making use of 
certain existing biortliogonality conditions , 

( 2 ) That if the Type A series be generalised to the form 


IV Komanovsky, "Generalization of some types of the frequency curves 
o( Professor Pearson," B'ometnka, VoJ 16 (I92'l), pp 106-117, also 
"Sur quelqucs clisses nouvelles dc Polynomes orthogonaux," Comptts 
Renclus de L’Academje des Sciences, Vol 188 (1929), pp, 1023-1025, 



E H HILDEBRAm 


3S1 


where ( z) is i polynomial of degree n m z , then the 
can also be formally determined and depend upon the moments 
of F( Z) of order at most n , 

(3) That the form of the polynomials obtained by Charlier 
and Romanovsky for certain solutions of the Pearson differential 
equation can be found for any solution of this equation and that 
the relations existing between polynomials of the same system 
can also be generalised for the general solution and for tbe most 
part obtained without having the explicit form of the solution, 

(4) That results analogous to those obtained in (I) and 
(3) can be derived for tlic Qiarlier Type B series and the analogue 
of Pearson's differential equation, finite differences replacing the 
derivative 

The wnter wishes to particularly express bis appreciation to 
Prof H C Carver for the valuable aid he has given both in the 
stimulating instruction characterized by frankness m indicating 
unsolved problems in his classes and through direct suggestions 
m the preparation of this paper 
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CHAPTER I 

POL\ NOMlAl S CONNICrLD WITH filL Gn AM-ChARLICR SCRiES 

1 III the ,iiticle<i enlitlccl "Uebei das Fehlergesetz" and 
‘'Uehcr die D.irstcllung wiIIUuiIilIici I'linlctionen"^ Charlier 
proves the following well known theorem 

CllARLIlR^b TirCOULM I OR SLRirii OF TYPC A — If F{x) rj 
ouy real valued function of 'k, zvhick has fimte moments of all 
orders, then may be formally expressed m terms of an- 

olher function ^ (x.) and its derivatives as folloivs 


(A) F(x) -A, f{x)^ A, *A„ f 


VJherc f {x) has the follojving properties 


(a) fix) itm! Us dcnvaiivcs are continuous for all real 
values of pc, 


(b) f (x) and Us derwattves vanish for X-^^ooand 


(c) x) 0 foi all m and r? 

(d) f 


- Otf 


The conditions (c) and (cl) are not given in Charlier's ar- 
ticles, but an eaxniination of the proof shows that he assumes 
implicitly that they are satisfied s ^ satisfies 

(a) and (b) without satisfying (c) and (cl) 

In the first section of the latter paper, Charlier determn s 
the constants takes i 

series (A), imdtiplies it successively by 1, ;k , x^, , and 

integrates each result between the limits - esc to + The fol- 


V L Charlier, loc cit 
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lowing equations result 

f(x)dx. 


^ 

/ xF(x.)dz=A. xfCx)dx -t-A,] xf (x.)dx 



X 


^ Ux}dx X ‘f ^x^dx iA^ I '*(x)dx 


Each of these equations contain a finite number of terms and 
the constants A^, A^j may readily be determined by 

solving them In fact we find that any constant A ^ may be ex- 
pressed as 

F( x)dx 

where ( S' ) is a polynomial in ;e o f degree not greater than 
7? An analysis of the underlying facts reveals that what Char- 
Iiei has actually done is to show that under the conditions listed 
m the theorem there exists a uniquely determined set of poly- 
nomials /^ ( at), /? ( y), , Pj,{x'), , /J(%) 

at most of degree 7? , biorthogonal to the set of derivatives or 
functions of f e satisfy the biortliogonality conditions 

J*^'f%(x)f^(x)dx = 0 for 777^77 

* 1 for 777«77 


Further a study of the coefficients of these polynomials shows 
that 


d Hi (x) 

dx 



(^) , 


1 e we have the following theorem 



SYSTEMS OF POLYNOMIALS 




TuEORnM' If f^x) satisfy the conditions (a), (b), (c), 
and (d) of Charlter^s theotm fot smes (A) and if 
Pi (x), , Pn(x) . the system of polynomials 

in X , (x) of degree at most n , zvhich w biorlhogonal to 

f (x) and its derivatives, t. e. satisfies the conditions 

f Prj{x) f^^(x)dx "■ 0 for nj^ 77 

“ 1 for nr^Tj 

then 

Tills can readily be shown to be true directly from a use of 
the biarthogotial property. For integrating by parts we obtain I 



f<v 

- 


..KM 




The lirst half of the right hand side of this equation 
vanishes due to condition (c) of Charlier's theorem for series 
(A), For the second half we have 

-j^^Pl^(x)P^'^(x)dx. « 0 for 777/77 

« 1 for 777-77 


But we know that 

- 0 for 777/ 77 
= 1 iat m^Tj 


' determines uniquely the polynomials (x) it follows that 

d (x)/dX ' - P^.j fx) 
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A corollary to this last theorem may be stated as follows 
Corollary 

If x)dx^ ^ for 777/7} 

for 777 = 7 } 

Cf* 0 , 1 , 2 , )i the 7 t 

dP^U)/dt--^^ P,.,(70 

The proof is similar to the one just given Integration by 
parts gives the following result 

p'(x,)ax-Vi im-mf-n 

(yj 

- for 777 = ?7 

But we know that 

(^dx - ^ for 777 77 

wf- ^ 

= a^i for m=v 
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J Hj,(x)g dx. ^ 0 i^x Win 

^ 2^-n^/fr for 777-0 

and 

(x)e (-1)^ (e )/dx^ 

Hence 

f^H^(x)d^(e ^ )/dx^ dx - 0 for 70/77 

= (-2)”o/l/?^ for 777*77 

If then / (X)^e''^ and a„»(-2)”77//^ our corollary 
applies, I e we have 

dH^ M/dx - e 77^„.j ( x) 

Wc might further observe that if (-1)^77^ then the 

polynomials (x) form a system of Appell polynomials^ satia 
fying the relation 


df^ {x)/dx-^ (x) 

the 77 th polynomial being the coeflicient of h^/n^ m the 
expansion of a (/?) where 

a(h)-‘4^ / j, ^ f ^ /■ 


The fact that differentiation of the 7 ? th pol nomial results 
in the negative of the (77-l)th polynomial, -shows that the 77 th 
polynomial may be obtained by integrating the (77-!) ih me, 


F AppclJ, **Sur une dassc dc Polynomcs," Annales Scientifiques dc 
UEcole Normale Supenourc^ Vol IX, senes 2 (IBflO), pp 119-120 
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which will consequently determine all of the terms of the n th 
polynomial except the constant This constant may be found 
from any of the conditions of biorthogonality The simplest of 
these conditions is 

f PnM fM dx, 


Setting 


^rj-i M dx-hc 


gives J I'f P„.,(x)dx-hc\f(x,)dx^O 




and so c ^ 


CfMdx 


SO that 


Pjx)^-f\,,('x)dx + 

O 


/ ■f-ao fX 

[ J F„,(x)dx'\f(x)dx 

Off 

/ f{x)dx 


This gives a very simple and elegant method of wnting down 
successively the polynomials associated with any funcbon f ( ^) 
satisfying the conditions of the theorem 
Using the Charlier notation 

‘ 7}f 


and observing that Rj(^)=l/^o' obtain the followng 
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polynomials 

pc ?\, 


[( f^x.)dx 


^ f(3i)dx 


pc /«- CC ^ f 

V7= 


7 


= -/ 

fc' n 


a: 




^■rr t — 


fi(x) = - f^fi(x)dX + 




J_^ f(x)dx 


?^^x^ A^x A^x Ai ^AgA^ A, 


UA ^15 A, 


iJ ■*' 'ii 


M a 


f t 


2 Just as the Hermite polynomials, based as they are on 
the derivatives of e ' , are the starting point for expansions 

of th" Gram-CharJier type and for the theorem just considered, 
so the Laguerre polynomials defined by d,^(a+bx)'^€ ~^/<ix ^ 
suggest an expansion of the type 




where (x) is a polynomial in p: As a matter of fact wc 
can state the following theorem 
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Theorem If <p ( x ) u a function such that 

(1) (p{^) dnd all its denvatwes are contmuoiis for alt 
real values of x , 

( 2 ) and its derivatives are zero at x =-hoo ami - oa , 

- 0 , 

IS a sequence of polynomials in x such 

then there eA-ist^ a unique sequence of polynomials {x), 
(x) ot most of degree m, such that 

J f^(x}<p(x)d7C ^ 0 for 777/ 77 

= 1 for 777 = /7 

If ( X ) w ni most of degree v , then the determination of 
( X ) depends at most upon the moments of ^ of order rj ’ 
The method of proof is modelled on Charlier's proof for the 
preceding case By substituting in the t? th integration by parts 
formula 

Ju(x)v ^ u*y^^ 

we have 


^Thc Lagutrre poljnQcniah are tiol a special case of llus because tlicre the 
inLcrval of integration is - a/ b tof of 
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d.^ „ 1 

* '■■■''^7 ^ H ' 5 ' ''^ •'*''' ‘^-*' 


because of condiHors (2) and (3) on ^ ( a:) As a consequence, 
If » > w then ^ P„ (x)^ 0, so that for 77 >m 

f_ Hn dx” ^77 •« O 


jfmJ f • 

that IS to sa.yP^{x) is orthogonal to ^pr (x)^(x) 
provided v > m Hence ^ (x) must satisfy only the follow- 
ing 7? + l equations 

J Pm(^)-;^f„(*)fiMdx^O 

uX 

d f*'^dP(x} 

j ^ Cx) <PCx)dx ^ (-1) / --- — f^ (X) <P Mdx « O 


f*^ s 

I J?,(x}^^^f^Cx)i)Cx)dX^(-Jrl --^f/x)(P(x)dx^O 


Replacing now Pjj(x) by ^eijX ^ 0,%*+ +a^x''j- 

gives us the system of algebraic equations to be satisfied by 
J S ' ' , t 2 ^ , viz ‘ 
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/ +oa 

^ f (x)^fx)dx: 

(W9 ai> 

a. f fj /'xJ(Afii)dx-fEa^ f ^fj^xi}0x)di^^ -i-Tia f ^*’^i^/'>:)ffx}dx^O 
ftff ‘Z- ttfl J ^ 

' ^(xjdy^ ^?Hn- 3 )aJx^%(‘x)^(x)dx ^0 

^ *^- 0 * 

( z ff „.2 i>Mdx-t Jx f„ ^ M f{x)d^ 

('n-lYci^J J (x) 0 {x)dx-i‘ ^ a^J X {x)^(x)dx -*<9 

•Wi * -5tf 

We have here a unique determination of o„ if the determinant 
of the coefficients i"! 0 This is true since the determinant 

A = (-1)” (/ 4 «j5 )(//, <p) (/ ^7 IS ^ 0 because of th& 

condition (4) on ^ If f^ (x) is at most of degree ?i, it is 
obvious that the determination of the P^{x) resulting from 
the coefficients depends at most upon the moments of ^ 
o£ order ?? 

The first three polynomials of the type considered in the 
last theorem have the following forni, the limits of integration 
being - CK) and + tyj in each case 


p Jx0x)dx _ _x 

' Jfjx)^(x)dxf4>fx)dx Jf,(x)^{x)dx 


» I - 

Jfy M<P(x)dx 


Jx <p (x)dx 
J<P(x)dx 

h— 



T 


Ixi, (x)<p(x)dx Jx <pf x)dx ^ Jx^ {x)dx 

^ A (x)^(x)dxjf(x)f{x)dxfHx)dx^ Zjf^(x)^{x)dxj^jjdx 



m 


systems or EOLYmmAis 


fi (x) (P(X)dr ^ 

//i fx)<pu)ax /4 ix)(pU)ai ^^Jfz (x)0(x)dx 


I xf^(x) <f(x)dzjx (x)^{x}dxfx^f}:}(i x 

ff^ (x)(^Y>}dxJf,fM)^(x)d%J(prx)ax 

Jx% M<p(x)dpJx<^{x)dj: 

TY'j (x)0x)dxjW^(^^x/iPMd)c 


Od(P(x)clzJ^^ ^ 

jf^ (x)<p(m^z(x)(f^)dij^(i)dx 


Jx^<P(x)dx xjzf^(y)^(i^)dxjxf,fz}iffx)dx 

Iff 3 M <P(x)dx jflxUi Jf^ (i)^(x}dzjf^ (xj^[C)dy 


^ Jfj fx) <pfx}dx ' zljfj(x)<pft)dx jf^ (x) <p{^}dx 


_ 

zijf^(x)iP(z)clx 
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CHAPTER II 

POLYNOMIAIS CONNCCTED WITH PCARSON^S Dll TEltCNTIAL 

Equation 

1 In the work, in matliematicaJ statistics a large numbci 
ot the problen’is that require study involve data propeily classified 
into groups and about which further information is sought This 
data IS often classified to form a fieqiiency distribution The 
frequency distribution when giouped may appeal to he on a cer- 
tain curve If It can be shown that this curve is a inaLhcmatical 
curve, I e one for which we are able to set up an equation, tlien 
this frequency distribution can be readily examined and studied 
There are \ery few frequency clistrihutions which actually 
conform to known mathematical equations However, there are 
ceitain curves which seem to lend themselves much better to 
statistical manipulations than others Among tlie most commonly 
used of these are the so called Pearson type cuives Pearson^ 
shov/ed in a senes of three articles how lie obtained the equations 
of twelve distinct curves and this was done by considering the 
differential equation 

1 . ^ 

y dz 

and solving it, after assigning particular values to the parameters 
^ ’ and The equations of these curves and 

the differential equations from which they were deiived are as 
follows 


*Karl Pearson, lac cit 



Diffeb£ntiai. Equation 


394 


SYSTEMS OP POLYNOMIALS 





'S'te 'S'l^ -Q I'S ^I'S ■^I'S •bl'5 "y I'S y '5 



/a.> -f-^yp t^.y _ /7f<g/ -f-Z-X) 
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1 he curves most widely used are the nortnal curve of error, which 
Pearson calls Type VII, and the Type III curve 

Suppose a Pearson curve f (x) has been found which 
seems to fit a given distribution fairly well The question may 
well be asked Is it possible by means of analytic methods to 
approach even nearer to the given distribution^ For example, 

would It be possible to use this appioximate function 
as the f {x) m the Chailier senes (A) and thus obtain d closer 

I 

approxunation to the observed frequency function 

Charlier in his paper "Ueber die Darstellung willkurlicher 
Functionen"^ considered this question for ^ 

1 e the normal curve of erroi He showed that using this 
<p ix) reduced the senes (A) to the form 


( a' ) Ffx) = a- ■ha,<p ^^(x) 




« t 


the first and second derivative terms vanishing due to the proper 
choice of constants This senes (A^ ) is frequently referred to 
as the Gram-Charlier Type A series It is worthwhile to note 
that this ^ (x) IS the same one whose derivatives wc found in 
the first chapter resulted in the Hermite polynomials These poly- 
nomials have the following interesting properties^ 

( 1 ) dH^ (■x)/cCx « 2 77 (x) 

( 2 ) (xhO 

( 3 ) -2.x HI j(x) 

The first of these relations shows that the derivative of any Her- 

- / 

mite polynomial corresponds to the preceding polynomial multi- 
iC V L Charlier, loc cit 

&R Courant and D Hilbert, Methoden dcr Mathematischen Physik, I, 
PP 76 



J96 


SySTPM6 OF POLYNOMIALS 


plied by 2 77 The second equation is a recurrence relation between 
the {v-f- 1) tlij 77 th and ( V- 1) tli polynomials, while the third 
i elation is a differential equation ot the second order involving 
only the t? th polynomial 

The use of the equations of the other Pearson type curves 
as the (ar) in the original Chailicr senes has in recent years 
been studied by Romanovsky In the first' of two articles, he 
discusses the Peaison Type I, 11 and III curves as well as the 
Type VII — the normal curve refeired to in the last paiagraph 
Just as the normal curve of error requires the use of the Hermite 
polynomials, he found that the Type I curve and Type 11, which 
IS a special case of Type I, involved the Jacobi polynomials 






,77 i o^n-1 h*Tt-Q 

J 


The 77 ’th Jacobi polynomial satisfies the second order differential 
equation ^ 


?c(l-x)G^(x)i- (X) (pi- n)7?Gj^ (^)’O 


which corresponds to property (3) mentioned for the Hermite 
polynomials above The Type III curve involves the lagueire 
polynomials^ defined by 

and these in turn satisfy the recurrence relation 

IV Romanovsky ''Generalize Hon of some lypes of the frequency curves 

of Professor Pearson” op at pp 106 117 
^R Courant and D Hilbert, op cit, Vol I, p 7S 
Courant and D, Hilbert, op cit , pp 77-78 
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^7)-i ('^)'‘^ 

and the differential equation 

In the second article^, Romanovsky reviews the cases of 
the Type IV, V and VI curves The generalization of the Type 
IV curve gives the polynomial 

where Q = arc tan 'x/o. These polynomials possess properties 
similar to the other polynomials mentioned, viz 

( 77-^1, \^( ^ 77 . x") 

■f-2v{T7^I-n^ (rix) 


and 

(a^-t x^)P„ {77xr)-^\^2(l~m)x - \ 4 £| 

(rj,x)~ 7i(ml‘2rn)f^(-n^ x)^0 


Similarly for the Type V curve he finds the polynomials 

^ r 77 ^ 

_ , h X a / -Jjt-stj -X i 

P„(h,x)-x ^ e > 


Also the relations 


Romanovsky, "Sur quelques Classes nouvclls dc Polynomes othogonaiK,' 
loc ett 
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and 

'iC^P^(rt,x)i- \_x(2.-p) 7t, z ) - nfn^-I-p) Plj f 77, 7i) ~ 0 
hold. 

Finally for the Type VI curve Romanovsky gets the polynomials 

ph q, xy (x- a) ^ \tx-a) 
and the relations ’ 

t ^ (77^xy)^(:t-a.)P^ ( v, rj, 
qx'a)P^(rf^^-t\f~p7-iXx^c^-t(q-hl)x\ P^(7i,x)-n{vi-tH^ p)J^{7i^z)^0 


We note, therefore, that if a solution of the Pearson dif- 
ferential equation is used as the generating function f (x) m 
the Grani'Charlier senes, that a distinct set of polynomials re- 
sults in each case and that these polynomials satisfy certain re- 
currence relations and differential equations, These properties 
are not found in the case of functions such as sech x and 
sech ^X , which were discussed as generating functions by Char- 
Iier^ and by Roa® respectively Tlie successive denvativeb of the 

V L Clmrlicr, "Ueber diL Darstcllung willlnirljcher Fmiktioiicii, ' loc 
cit, pp 18 22 

^Enieterio Roa, "A Number of new generating Functions wilh Applica- 
tions to Statistics,” Doctor's Thesis, University of Michigan, 1923 
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secU X do not result vn polynonuals such as the Her mite or Jacohi 
ones 

Since the generalization of the solutions of the Pearson 
curves leads to distinct sets of polynomials and since these poly- 
normals satisfy certain fundamental relations, we are led to inquire 
whether these polynomials are not special cases of a general poly- 
nomial and may be ohtamed from it by specializing the coefficients 
and further whether such general polynomialsj if they do exist, 
will satisfy certain recurrence relations and differential equations 
These problems are among those which we shall consider in this 
chapter 

2 In order that we may develop the generalized polynomials 
let us consider the Pearson di€erential equation where the numer- 
ator IS of the first and the denominator of the second degree, i e 


i ^ y 

y t>^ *■ 


For Lonvenience we shall denote the numerator by /V and the 
denominator by 0 We then have the following theorem 
Theorem // y w a non-idcnhcally scro sohitton of 


( 1 ) 


li-y 

cLx. D ^ 


then u a polynomal of degree at most p 

^ C*- X 

The proof will proceed by mathematical induction It is 
obvious that the theorem holds for 77 - 1, { Ai ) being N 

Since it IS true that 


0 




we obtain by differentiation 
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or using (1) and tnultiplying the equation thiougli by D we get 

N'D)y 

Since D' is linear and A^* is a constant, it is obvious that 
( /V* - /YD A/ 'D) is at most of degree 2 

Assume then that the statement liolds for W t T> and we 

have 

(2) D" - P„My 


Differentiation gives 




Multiplying through by D we get 

and using (1) and (2), we have 


(X) y . NJ^ fx)y - rtD‘P„ A^y y D^^^y 


NPjx) - vD'P. fx) i-D 

I J7 77 


y 


The coefficient of y is obviously a polynomiaJ of degree at most 
7?V-1, Incidentally we have derived the relation’ 


(I) Pnft Pr, M(f^- -nm + D 


an equation which gives the ( 77 fl) th polynomial in terms of 
the 77 th polynomial and its first derivative ) 

3 More generally we have 

Theorfm If y is a non-idenhcally aero solution of (1), 

d” 
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ij a polynomial f<^x) , is ai most of degree 

7? tn X In particular if k-n, ive have that 



ts a polynoviuil in x of degiee at most 7? 

This theorem can be proved directly ioll owing the lines oi 
the preceding theorem, but it is simpler to obtain Jt as an imme- 
diate consequence of this theorem and the following lemma 

Lemma If y satisfy the differential equation (1) then 
X) ^y , where k is any real numberj satisfies a differential equa- 
tion of the same type, vis 

^ (DXy) . 

Let u D^y 

Then logarithmic diiieientiation gives at once 

— - p( -f- -L s kP’ 

U cLx D y dx D 

It follows from this lemma that any result which we derive 
concerning the polynomials where y sat- 

isfies D dy/dx * Ny , is immediately extensible to the poly- 
nomials ^ y replacing N by 

N + kD' In particular relation (I) becomes 

which for k= V reduces to 


(y PJr,*}.zUD 
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We single out the case k=r7 because of the fact that this 
case parallels most closely the Charlier or Heimlte polvnomial 
case For jii this lattei case the 77 'th derivative of the generate 
mg function is the product of the geucratitig function and 

a polynoniial of degree 77 So in the case of any solution y of 
0 Pea) <>011 diffet ciUial equation, the 77 th denvaUve of D 
f.f the piodnct of the generating function y and a polynomial of 
degiee at most V 

By means of relation (I), we can write down the successive 
polynomials Pi{x), ^(^ )> . The first five polynomials 

may be wiitten as follows 


P, (x)--N, 

P^(%)- {N-D') P, (^)+D 
P^(y)^(P/-£P')P^(^pD 

^N'^-3N^0'*3NH'D^ZND'^-S.N*D*I>-NDD'\ 

P^(x)-(N-3D^)p^(x)7^D 

= /V - 6/V -f4NNW-4N^BD'[ 

- Mf? ' / (5/VaP 'D 3N' V~3N 'd \ 

^N^-lON^D'*iOHVD^55HV '30N^N ’dd' 

s ^ 

-}0HW~^0N^P' -rTONN^DO' - 40 N^DD‘d" 

4-ISh/l^'D -Z5 NN‘d^D"+Z' 4-N0' -S4N'DD' 
-aeNOD'y' 'to N'Vd' *Z 4ti 'dVd“^ 6NDV 
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4 Following the analogy with Herinite polynoimal-i, we ob- 
tain next a recurrence relation involving the ( 77 -/■ i ) th, 77 'th 
and ( ) th polynomials 

Starting with the original dif¥erential equation 

we take the 77 th derivative of both sidesi which by Leibnitz's 
theorem on the derivative of a product gives us, since = 0, 

d ^ ’ 


D 




■hvV 


dx^ 


^ 7}(n-l) ud^ 





dP-^y 


Multiplying this last expression by i^^and collecting terms, we 
get. 


j^77d dT^y 


Replacing now (^) y and dividing through 

by y , we get the recurrence relation 


( 11 ) 




vD~N)Pyi (x) ^ T) 



DP^^^(x)^0 


We note that the coefficients of ^T7+S ( -^ ) and ( ;« ) are 
the same as in relation (1) which we found to be 


d 'P (xD 

Ptth * Py, (X)(VP'-/^) =0 


Hence 

(III) 




ri 



£ 



Pn-t (><) 



SYSTEMS Of POLYNOMIALS 


m 

or replacing 77 by 77 v - 1 we write 


I D “) P„ M ■ ( 7 ,H)(a, -nb^) U) 


This equation is the generalized form of the one for Hcnmte 
polynomials, via, 





n-i 




5 Relations (I) and (HI) may now be used to obtain a 
second order differential equation. Differentiating (I), we get* 

- /V ^ HvD i N) (K) 

Substitution of the value x)/di^ irom (Itl) gives 

us 


(IV) 


Z> P^'M *[^-1-77-/) o] P„' M 


' r? 



CuzU^ 

z 


p^(x) -O 


We readily see that the relation found for the Hermite poly- 
nomials 




IS a special case of (IV) 

Using the lemma previously proved and replacing A/ by 
N -t kD* we can write (IV) for the polynomials 
and P^{rr,;£) 

OP„"(X. (k, JC) 

- 77 ]^'- P„(k,>c)- 0 , 


(iv^) 
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DPjl (nx) h ( ?/ x) 



iSltlln " 

2 _ 




We recognize the second order differential equations nitiitifiiiccl 
earlier in this chaptti foi the polynomials of the Pidison lyj^c 

1 Since i) IS any expression ot tlic second degree and is any ixijussion 
of the first degrccj it is obvious that satisfies a linnr cqtiahmi 

of the second order of tlie form 

+ x)yUCy^O 

where C = ^rj + B,] It may be shown that if <i diDti 

ential equation of Lhc form considcicd Ins as one soliitnm a iiolyiiiiini d nf 
degree 77 then C must he of the foim specified For suppose -i; ) 
satisfies the above differential equation for y t -iking the n'th dcri\dU\e 
of this equation we get 

Z Aj^iTi(<x^)+ 77 +C{nl{i ^)-0 

and solving for C that 

It follows from our work that if a dilTcrcnti'il cgiiatioii has iIil fnjni 

- r) y 

then one solution of tins differential equation is a polynomid of dcj^iie <U 
most 77 obtained by finding the solution y of die Pcarsnr dillLruiiuil 
eqiia' ion 

dy _ B^^ 3 ,y-(A,^ 2 .A^x) 

dix A + + A,x.^ ^ 

C J ^ 

and determining the polynomial 
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IV, V and VI ab well as llic Jacobi anti Lagiicne polynomials as 
sptitjiil eases of formula (JV^) Some further illustiations of 
flV^^) aie the 1 scliehyclicfF^ and Le^jciidrc® polynomials The 
1 s( liebycheff polynonii.ih me developed from the differential 
c(|u,ilion 

aS 1 - ^ 

and 111 this case foiinula (IV^) becomes 


llie Legendre polynomials 


P-n M 




dx ^ 

have as a conebponding diffeieiUial equation 


^ y 

cLx ^ 

and 111 turn foniiula (IVy^) is written 


(x.^ l)p“ (■n)i)tZxP^ (r, x)-nfn fl) P„ <t,, x) = 0 

6 Just as 111 formula (II) we established a recurrence re- 
lation for the polynomials P { x), let us now obtain one for 
the jiolynomials P ( 7?,x) 

Consider once more the first derivative of Z 3 y , i e 


-\N*(K*J)D^Dy 


iR Couraiit and D Hilbprt^ op cit, pp 73-74 
^Ibid, pp 66-69 
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Taking tlie 77 th derivative of both sides of the equation we get 

ill* ^ 


Multiplying both sides of the equation by ^ and replacing 

Pik . T. , t ^ , 

V “7V^ ^ i we have 


(V^) 


P„; r/f" i-I, K*t)D^ (H^ X) 

+ P , (K, X.) 


In case we set - 77 t we may write 


(V„) 


P-nil ni-l}D^\P^{v,1L) 


a recurience relation similar to (II) and involving the poly- 
nomials ( 77/ i. ^), P^{77,^) and P„^j ( f7,x ) 

7 Formula (Vf?) may be written in still another form cor- 
responding to foimula (I), 1 e a i elation consisting of the same 
terms as (Vt;) except that the ( 77-1) tli polynomial t7,x) 
IS leplaced by the first deiivative of the 77 th polynomial 
^r, ( P-*') 

In order to obtain this relation we leturn to formula (III), 

and substitute for N the value N + /Til^^and obtain 


-ttt \ CLPyj(’n,x) T\^ Th \ 
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or 

□ , . i dfLfn.i:} 

Sul^titming the value for ( 77 ,jti) we thus obtain 


(VI) 


( Tii-l Ar> {77 X.} 

NW_nW^ 


Fiom symmctiy we might expect the fractional coefficient of the 
(lenvntivc Pj!^{ 77, ?i) to be unity, but unfortunately this is not 
the case 

8 In looking over the relations existing for the Laguerre 
polynomials wc find one consisting of the first derivatives of the 
77 th and (77- 1 ) th [wlynoniials, and the ( Tz-Otb poly- 
nomial,^ 1 c 

('77, 2^; - 77 Z ' n ^ x ) --77 77-/ 

This relation is a special case of another form of formula (VI) 
winch we obtain in the foliPwing manner 
Dirtercntiatioii ol (VI J gives us 


. N'^fn/DP" 


p‘ 


dIlfpis)^NWT7^P:_ 
OLx ~~P7T^p'‘ 


n 




Substituting the value for ( 77, a; ) /dx^ found in (V) 

changes tins last expression to the form 


IR Courent and D Hilbert, op cit , pp, 77-79 
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. /\/Wr7t/)D" dR, M , HM-n+nD' 
^-IrTT^^ ^ ^ N^ * j 2A l) D " 

^ ^ n (^D\ N')P„ 


which reduces to 


(VII) 


P„(n,x) 


The special equation mentioned for the Laguerre polynomials 
will be recognized as a special case of formula (VII) if we recall 
that for the Laguerre polynomials the differential equation is of 
the form 

^ .BlJLy 

d% X ^ 

Substitution of X for Z) and {^p'X') for H reduces (VII) 
to 

9 In this chapter we have defined two general types of 


polynomials 


P„(kli)’ -^y- ixn ^ ^ 


The relationships for these polynomials (x) and P^(k,x) 
were derived without using the form of the solution of the dif- 
ferential equation Two fundamental formulas were derived, 


for Prj(^) 


P„„ (N~ r,D‘) P„ fy) * D 
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.ukI lor P ( Ti,)i) tlic coi responding lomiula 

L J 2 


Two fiiiLccssivc [wlynomials were shown to be related by the re- 
lations, for Pj^{z) . 

(Ill) A3I^ = n\/^‘. Ijldl i)'] p ft) 

' ' cix L \ 

and foi P^{ 77, x) 

In addition wc found that it was possible to set up recurrence 
relations involving the ( 7 ?fl)th, ?? th and ( 77-1) th poly- 

nomials and found these to be, for Pj-j{x) 

(II) P.,„(x)4(nD‘-N)P^(xn,i\—D’-fj^D 

and for { 7?,x) 


Wc fiirtliei succeeded in developing a second order differential 
Cfjualioii foi thcTi'th polynomial 

(IV) DP„ P>;- r7[/V'- O 

and for / ) 

Kh (l^*DX(n.x)-n\ll '* (V, x) - 0 
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We also showed that we could derive a relation between the 
derivatives of the polynomials ^ ^ 

and the polynomial P ( 77, ) 




N‘+(r?^UD'‘ 


Finally, we noted that all of these formulas and relations apply 
to the Hermite, Jacobi, Tschebycheff and Legendre polynomials 
as well as the polynomials derived for the Peaison Type IV, V 
and VI curves by Romaiiovsky 
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CHAPTER III 


1 So (at* the discussion in this paper has been limited to 
the treatment of the Gram-Charlier series where the constants 

t Af^, depend upon polynomials m 

X which are jndei>endent of the function F'ix), and the gen- 
erating function f {x) IS a solution of the Pearson differential 
equation, the functions and f ( being defined as con- 

tinuous functions The work in mathematical statistics involves 
not only the use of the tontiiiiious variate and the continuous 
function but <also the case of the discrete variate and the discon- 
tinuous function wheie this function is defined for equally spaced 
values 

In dealing with the continuous variate we make use of the 
theoiy of the differential and integral Calculus, or the calculus of 
limits, as It IS sometimes called, On the other hand, for the dis- 
crete variate we turn to the theory of the calculus of finite differ- 
ences. Fuithcr, it usually happens that there exists a parallelism 
between results based on the derivative and integral and those 
based on the finite diffeiences and summations As a consequence, 
It seems natural to attempt to derive results for the finite differ- 
ence case paralleling those contained in the first half of this paper 
The second part of this paper is devoted to this purpose The 
first of the two following chapters considers matters pertaining 
to Charher’s Type B series winch is the finite difference parallel 
to the Ty^ie A senes, while the next chapter is devoted to the 
polynomials connected with the (imle difference parallel of the 
Pearson differential equation 

Charlier in the second half of his article* "Ueber die Dar- 
♦C V L Charlieii op cH, pp 23-35 
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stellung willkiirlicher Funktionen’* considers a real valued func- 
tion F{-x) and asserts that it may be formally expanded in 
terms of another function and its successive differences Stated 
as a theorem, this may be written as follows* 

Charliers theorem por series b' Any real valued ^iwic- 
/wit F{ x) which vanishes for x = oo and - . may be form- 

ally evpanded tn terms of another function ^ (x) and jmc- 
cessive dtffertnces m the form 


where g(x) possesses ike properties 

(a) g(x) and ds differences are defined for all real values 
ofx , 

(b) g (x )and its differences vanish for and - « , 

(c) g(x) vdnes of mand n 

(d) A'‘gfx) It;;* 0 

Paralleling the theory of the first half of his paper, Chari ler 
determines the constants 3^, > 3^ , . , 3^ , and 

finds that they may be expressed by the equation 

4, - z A:; /Prwj . A-‘(?„u) ru) \ 

where x) is a polynomial m % of degree not greater than 
n Analyimg the answers that he obtains for 7 ;), we find 
that these polynomials fonn a uniquely determined set of poly- 
nomials Qg{x), Qjix), ip^Cx)* I Q^(x)b <f 

Q^( X) ut most of degree 77 , biorthogonal in the sum sense to 
the successive differences of the function g{x), 1 e they sat- 
isfy the biorthogonality conditions for the inverse of differences 
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v-oo for 77 / rn 

- 04 ) 1 for m 


Charlier does not observe that the polynomials ^?„( ^) bear a 
definite relation to one another, i. e. 


AQ^fx) ^ ~^77-/ 


a relation similar to the one found for the polynomials { x) 
in Chapter 1 . We may state these facts in the following theorem: 

Theorem; If g {:>c) satisfy the conditions (a), (b), (c), 
and (d) of Charlier's Theorem for senes B and if 

Q7j{^)y • ■ is the system of polynomials 

in X j Q^{ x) of degree at most 77 , which is biorthogonal to 
f (x)and its differences, i e. satisfies the conditions 

- 0 for T? 1/ m 
-«w 4 » = 1 for 77 « m 

then 

A *• (x-^1) . 

The proof requires the use of the finite integration by parts 
formula : 

Applying this formula we get 

A |r" rzj A""g('x) |!“ 

-a'\aq„m yz 




The first term on the right hand side vanishes due to condition 
(c) of the theorem of Charlier. Comparing the term which 
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remains, i e. 


{Z)A 

with the biorthogonality condition 


■^ = 0 

for /7 ^ 777 

=1 

for n =■ m 


for rr? 

j-w=i 

for n - rn 


we conclude that 


^ Q-n ~ ~ Qn-i ( 

This theorem enables us to find the terms of the 77 th poly- 
nomial by taking the negative of the integral of the ( 77-1) th 
polynomial, except for the constant of integration. Following the 
suggestion in our first chapter, we may also determine this con- 
stant We have 

and the simple biorthogonality condition 

yZ = 0 . 

It follows that 

and solving for C we get 


<p g(^'> 




g{x.)\Vto 


We may therefore determine the polynomials Q^{x) from the 
polynomials next preceding by the formula 






A'^grx) 


1 


o 
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If we adopt the Charlier notation 

and the cotninon notation * (?c.~ Til'll) 

and observe that Q^(y^) - 


^777; _ 


(m-hX) 

mT^l 


we may obtain the polynomials ^ ^ ( ^ ) * 

without much computation as follows: 

^ A--‘ [4 9^^) 1 

q^(x) = -A'^ Qo(^+I)\o ■!■ 


A'^ g('x.)\ 


-hoa 

-ao 


■..AS +A^ 

c„ ei 


qjx)^ -A'^QJx+i) ^ V- 


9 r^) IT! 


A'^cjYx.) t 




(x+D^^^ 6Jx-t-l) ^ Ac^ + C,£o 

= -F £7 ■ 

orlA£^Q^(x) = C^x - C.^x(Z£,-£a) I Ac, - cT^, 

^ ^6€,^^6£‘£^ ^ze:,c/ 

— lTeJ~~~ 

or l^£^<9,(x)^ -C^x 3 c^x^(£j£^) 

-£„x(Z f/- 6£,£^~ 3£j,£^ ■-££^)4-E^(:^ C, <f/ 

-ec^£,E^-&ci"£o^s^,^ 
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These results differ slightly from those obtained by Charher 
in his article. This is due to the definition for differences used 
by Charher, viz, : 

^gCx.)-g(x.-l) 

while we have used the definition 

Agfx^)- gfx-hiygM . 

Denoting the difference 

gM-gfx^-l)^y 6g(x,) 

Charlier determines a set of polynomials 7^ (^) satisf3iiig the 
conditions , 

_ = 0 for rn A ri 

6-^ [T„ M 6 

= 1 for n 

As a consequence by paralleling the reasoning above one proves 
easily that the T^{x) satisfy the recurrence relation 

By using this relation and the fact that 
6^gfx:-hv)- 

It can be shown without much difficulty that 

The theorem proved in Ch. 1, par. 2, could no doubt be 
paralleled by using finite difference theory Since the method of 
procedure is obvious there seems to be no need of taking it up 
in detail. 
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We have succeeded in showing in this chapter that the prob- 
lem of determining the constants for the Charlier Type B series 
closely parallels the work of the first chapter and that these con- 
stants are readily obtained by using the biorthogonality conditions 
for finite diiferences 
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CHAPTER IV 

Polynomials Connected with the Pearson Difference 

Equation 

1 In Chapter II we referred to certain solutions f {x) 
of the Pearson diflercntial equation and noted that graphically, 
these functions represented types of curves used in statistical 
work Paralleling this woik, we would expect to find that a dif- 
ference equation similar in composition to the Pearson differential 
equation would have as solutions functions q {%) which could 
be used to represent data consisting of discrete variates 

Carver, in an article in the “Handbook of Mathematical 
Statistics/’^ suggests the use of a difference equation correspond- 
ing to the Pearson differential equation, i. e. ’ 

^ an ^ a 

b^-t b,x + -h • ’ 

a difference equation with a numeiator of the first and denom- 
inator of any desired degree in x . If we confine our work to a 
denominator of degree at most of the second in , we should be 
able to obtain results comparing very favorably with those ob- 
tained in the second chapter 

An illustration of a solution of this diffei'Cnce equation found 
in Charher’s article “Ueber die Darstellung willkurlicher Funk- 
tionen,”'^ is the well known Poisson exponential function 


C, Carver, “Frequency Curve*;, Handbook of Mathematical Statistics 
(H* L Rietz, Editor), Chapter VII. pp. 11M14. 

V, L. Charlier, op cit p. 33 
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This function satisfies the diflference equation 




A' x-i 
X-f-J 


a 




and this equation is recognized as a special form of the Pearson 
difference equation. If we take the successive differences of this 
Poisson exponential function, we find that these give rise to a 
unique set of polynomials. These polynomials may be written in 
the following form : 

Qg^Cx) - - Z}\ (x+z) + (x.-^ ^ 

or making use of the usual difference notation for 

x(x-iXx-z) • (x-m-f-l) , we write 


fx) = a’'- 2 Pi (xfZ) ■+ (x+Z ) 


3P^(x+3)+3A('>c+3f^'^-(x + 3y"\ 


or Q^(x-3) , 


Q^(x)= 77 /'“^. . . -f-f- 1 ) Yx-fn) 

These polynomials have the same form as that for the bi- 
nomial expansion ( ^ - x ) ^ , particularly if we use the differ- 
ence notation for representing powers of x In other words, we 
might look upon the n th polynomial as being defined as 
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Q^(x~n)= 

A careful examination of these polynomials brings out the 
fact that consecutive ones are related to each other, viz., that we 
have* 




This relation is siniilar tw the one found for Hermite polynomials. 

The fact that the Charlier Type A series in Chapter II 
consisted of successive derivatives and that the derivatives of the 
solutions of the Pearson diflferential equation led to a system of 
polynomials definitely related to one another, gave rise to the the- 
ory developed in that chapter We found that it was not neces- 
sary in this theory to consider the form of the solution of the 
equation, but that a set of general polynomials could be set up 
which satisfied all the properties of the special polynomials. The 
Charlier Type B series consists of successive differences of a func- 
tion 5? ( ) and u is quite natural for us to suspect that we can 
develop for the solutions of the Pearson difference equation a cor- 
responding theory on polynomials, 

This question of obtaining a system of polynomials from the 
solutions of the Pearson difference equation 


( 1 ) 




b b Id ^ 


numerator of the first degree and denominator of the second 
degree, will concern us m this chapter. We shall further show' 
that these polynomials are related to one another by means of 
first and second order difference relations and by means of re- 
currence relations involving the ( 77 t^ 1) th, r? th and ( 77 - 1) th 
polynomials, and shall illustrate these equations with the Poisson 
exponential function. 
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2. For convenience denote the numerator (( 2 .^ -h in equa- 
tion (1) by and the denominator { b^i- bjZ v- bj,X^) 
by . We may then define a set of polynomials by the follow- 
ing theorem* 

Theorem: If a is a non-identically nero solution of 


AC 




then degree 

at most 77, i. e. M. 

The proof will proceed by mathematical induction. If we 
recall the formula for the difference of a product 






we obtain by differencing 

D^A (x.)u^ 


the equation 


Using the value for A from the original difference equation 
and multiplying the equation through by > we obtain: 

[N^ Q, (y.) *D^AQ, fx) + N^AQ, (x)+N^A 
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Since the coefficient of is a polynomial of degree at most 2 
111 % , wc write 

Let us now assume that the statement holds for 777 ^ 77 , i e. 


Diflercncixig both sides of this equation gives us 








Now/ 

Hence by tht definition of Qjj M 

Sab.,tuutmg these values m the above equation as well as the 
value tor Zl from (1) and multiplying by . the equation 
reduces to 

^ N^AQ^ fx)-D^^^ (?„ (x)^D^ /x)\a^ 

The coefficient of on the right hand side is a polynomial of 
degree at most 77 m x ■ We therefore conclude that 
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A 4 +/ ^ ^ - <?77.y ^ 

We have also succeded in deriving a relation similar to relation 
(I) of Chapter II, i, e, 

(XI) 


+ (N^^D^)AQ^(xX 


a relation which shows that the ( 77-/- 1 ) th polynomial is made up 
of the /7 th polynomial and the difference of the 77 th polynomial. 
This relation differs from relation (I) in the fact that the co- 
efficient of A (x) IS N^-hD^ instead of , This 
change seems to be connected with the fact that the original dif- 
ference equation 


can also be written 


' X-hl 






Formula (XI) may also be written 


(XI ) Q„fx) 

since fx) ('x) = . 

It seems advisable to adopt a notation for the term 

since it will continue to be involved in the work that is to follow. 

The difference notation • • ‘ ' C^-Tn-f-J) 

suggests that we use the symbol , i. e. 

x> 
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V. 


z-m^l 


Then we will have 




and 




XH 


Cr^-l) 


^C4^r7-i^x-f-r)-z ^y/7"^J ^x^n-i 


3. We may also define the general polynomials Q^(7r}^z) 
where m is any integer, by means of a theorem as follows : 

Theorem ■ If is a non-idcntically cero solution of the 

difference equation (1), then 


(^) 




n 


is a polynomial ( m, x) , and rn^x) is at most 

of degree n m z In particular if 777=77 , we have 


± 



Cr?) 

x-1 



is a polynomial in x, of degree at most 77 . 

This theorem may be proved by using the following lemma' 
Lemma: If u ^ satisfy the difference equation (1), then 
^jc ' where rrj is any positive integer, satisfies a differ- 
ence equation of the same type, viz, 

^x-m 

The proof proceeds easily by mathematical induction, 

For 777= 1 we have 
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'D jU^ \ ^x'*'^->c~^x-s \ 

L D^_, J 


For 777 = 2, we get 




Zl [D^7 a^]= D'^\ 

I 

Let us assume that it holds for the 777th case, i. e. 


'4 -yi. 


" 


Making use of this lemma in proving the last theorem, we 
note that 


^- 777 ^X-TTl-^J 
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and m general that 




I'll* 


In pdtticular, if 777^ 77, we define the polynomials f77,>i) 
as Z1 ^ ^77 which relation is of in- 

terest because the ^’^has no as multiplier. Any result de- 


rived foi the polynomials Q^(x)^ — A where 


IS a solution of the difference equation (1) can now be extended 
to the polynomials ( rn^x) = — by replacing 
by ( andD^ by . For ex- 


'*r ^x-TT} 

ample, relation (XI) becomes 




(mH 

-mf >7-i 


^(N^^DJAQ„C7r,+ l, 


and when 777=77 , this relation reduces to 

(XI„) 

= CN^-i-AD^jQ^ {nK 

4 In analogy with the work ol chapter II, we next proceed 
to find a recurrence relation involving the ( ivf 1) th, n th and 
{n- 1) th of the polynomials Q {x.) We take the 77 th differ 
ence ot both sides of the equation 
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by making use of the formula for the 77 th difference of a product 


rrfrr-tj .i. /, '^■g 
^ Zl ^ ^x-hz 


We then obtain the equation 


^ "•‘J' ri ^ TLOLZiLJ ^ 


N^A ” lc ^ * 7 ? a a , 


A and A being equal to zero. Multiplying through 


- /^x^lTr, ^ '"‘^x - 

But u^^^=-a^-f-Au^ and ^ ^ . 

Substituting these values in the last equation and using the defiin- 
ition for the polynomials Q^(x) , we obtain: 

<?77^1 Mu^* \p^, , Q„ (X) f tp^^j /v] 

^ ^ § 7 ^ ^ {Kv <-> 


4 : 

Dividing through by and collecting like terms, this expression 
reduces to 



E. H. HILDEBRAXDT 


429 


L 



nD^^„AN^ 


^x J 



A J' 










a) 

jr/ri 




(^)=o 


Now we know that 


. 77(77-1) .z 

^ ^ —IT~ ^ 


and so we may write and in this same torm, i. e. 


and 


A/^ 


- N + 71 A A/v 


the third and higher differences of D^ and the second and highei 

differences of being equal to zero. The coefficient of 

^ z -ZD 

O (x:) reduces to ^ and the coefficient of 

^ ri -tl 

Q (x) also reduces to a simpler form. Dividing through by 
ijP^±iIwe finally get the recurrence relation: 


(XTl) 


* 77 -4 /y,] 


M-O 


i. e. the ( 77-y- 1) th polynomial may be obtained from the n th and 
( 77 - 1) th polynomials. 

In Chapter II we found that relations (I) and (il) were 
identical for the first two terms, and as a consequence we equated 
the third terms and obtained a relation between the deiivative of 
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a polynomial ^ ) and the pol}nomial preceding it. In order 

that we may obtain a similar expression for the diflfeience poly- 
nomials, we must change the appearance of formula (XII). 

By lowering the degree in formula (XI ) from ?7 to n- 1 
and solving for we fihd that 

^77-J (^x: ~ (x.). 

Substitution of this relation in formula XII gives 

Qrr.t 

Just as in Chapter IV, paragraph 3, the coefficient of Q (x,) re- 
duces and becomes the same as the coefficient of Q ( x.) in 
formula (XI) and we have 

(XII') 

We therefore conclude that 
(XIII) pyQ^M^TilA 

a relation expressing the difference of a polynomial (x) in 
terms of the next preceding polynomial in (x-f-l), i. e. 
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Qr}~i ( 0- For the polynomial f ^x), formula (XII) 

may be written in the form 

(Xin„) AQ^(v,x)-vy}/Y^^ 

this relation being obtained by replacing by 
andi)^ byi?_„ . 

P'ormula XIII which was just derived is the general form of 
the relation we found to hold for the Poisson exponential function 
polynomials, i. e. 

We find further tliat these polynomials satisfy a special form of 
(XI), i. e. 

(x)~i-(z-f--n+l-A)Q^ {y:)~AAQ^{}^) = 0 
and for formula (XII) we get the special form 

M-^( )Qrj ^77-J ^ 


'fliis recurrence relation is also similar to the one given for La- 
j^uerre polynomials. 

5. Turning now to the problem of obtaining a second order 
difference relation for the polynomials (x) , we proceed to 
difference formula (XI), i. e. 
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and get 

U) - (AN^ -AD^,„)<P^ M 

4 A ^AJ3^ )A 4 ?„ U) / ^I>,,,)A^Q„(^). 

Substituting for M the value 

(rif-J) [^Ai - iA^DT\ [<7^ (^)*AQ„ (>c.J^ 

found in formula (XIII), gives us 

(71*1) \AN^ - [<?„ (X) -7AQ^ . 

[aN^ J QJ.) * [Ai,, A(?„ M 

+ ga A4 *AD^~] A <?„ Ax) 7- ^5 V, . 

Collecting the coefficients of like terms and simplifying them, we 
finally get 

A^„Ax) 

(XIV) 

-r7[A/^^ - Q„ Ax) . O, 

a relation very similar in form to formula (IV) and consisting 
of the first and second differences of the polynomial (») 

This relation when applied to the Poisson exponential function 
gives 

an equation which can be checked by substituting the value of 
the general Poisson polynomial in it. 

The extension of formula (XIV) to the polynomials Q^Ci77,x.) 
and by making the proper substitutions for A/^ 
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and results in the following expressions: 

which may also be written as : 

* |}y:-77*y +(7T7-ml)AD^ - a" 

-r,\AN^ - {^,^) = 0 

In particular if -m^-n we have: 

(XIV„ ) .AD,-^ A^Ji'^AQ„ (n,.) 

- ■*■ ^--/— {-n^ x)- O. 

6 . The next set of relations we shall derive are recurrence 
relations for the polynomials ( 777 x) and { ri^ x) 

In the lemma proved in this chapter we found that 

Taking the 77 th difference of both sides of the equation gives : 

+ n(AN^-AD^-AD^_„,_j)A ^ 

the second difference of the trinomial ^ being 

equal to zero. Multiplying this last expression through by 
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. i “d substituting ior D/rrYIr.-! ^ 
the value we get 

-rrr-J 

^n(AN^ -AD^. ^ (^, 1) u , . 

Dividing through by we get a recurrence relation 

involving the polynomials y)j ^ttf^z) 

and (rr 7 ,z-f-l) , i. e. 

=/'■% -^x-m-l 

(XV^) 

+ ■!FAN^*(mJl)A\DF^ (?„,i ( f ) ■ 

For m~ T], this expression reduces to; 

Q.,.i (r,, ^) 

(XV„) 

r,\AN^ X fn*l)A^DT\ (N^ + DJQ„., (r,, ^,1). 

7. Another form of this relation is obtained by substitut- 
ing the value found in (XIII^^) for C'n^x^l) , i. e. 


Qry.i ( * 




AQ^fT7^ x) , 


in formula (XV>, ), which gives 
(XVI) 


AN^-^(n-hl)A^Dic, , 1 
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a relation very similar to formula (VI). 

8. There remains one more formula in Chapter II for which 
we have not yet found a parallel in this chapter, i. e. formula VIL 
To obtain this parallel expression, we difference formula (XVI), 
thereby obtaining; 

AN.+(n-hl)A^D^ r. 

In formula (XIV;^ ) we found a value for 


which when substituted in this last expression gives us; 




ANx-^(-n+i)A‘-D, 


AN^* 

AN^* 


\_AN^^AD,^ 


f77^j) ^ Z. 


^ Wv). 


Collecting coefficients we get 

AQ„^^(th-1^ x ) N^fnAN^*A£>^ -AD^.^.J* n(n^l)A^I^ Q„ (n,x) 


AN^*(rT^l)A^Dx_ \/iN-N ZllA^ A^D^A0„(r<,K) 

A N^* A^D, L -I 
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and by simplifying the coefficients this expression finally reduces 
to the formula 

rn, r:) 

vfvH) ^2^ 


(XVII) 


'an^ 




AN^^C^)A^P^ 


\yJ^>A 




a relation which is also similar in form to formula VII. 

Before concluding this chapter, we might examine the char- 
acter of the polynomials (n, x) when the original func- 

tion is the Poisson exponential function l/rfk)- — — — 

We find these polynomials to have the following form: 


} .xe A 


Wa 


A- 




1 3 (i) 

^ x)= 3A^x-f-3AK^^^-x 


(Z) 


— — ^ ^ -i-nA 77/77-1) ^7f^2 (Z) 

f(x) Xf ^ -tf-f) X ^ 


p fn'^ 




Substituting the proper values for and in formula 
(XIV^) we get 

>^A%„{v,x)+(A~X-Hrj-l)dO^('n,x)i. n(p^('n,x)= O 
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In the same way we find for formula (XI j^) the relation 


and for formula (XVII), the reduced relation 


which is somewhat like the relation obtained for (XIII ^). 

We might call attention to the fact that these polynomials are 
identical with the polynomials obtained by Charlier^ satisfying the 
relations 



xl 


= 0 for r? 
= 1 for 777 c 77 


9. Summarizing the results of this chapter, we have found 
that if the general solution 9(Ai) of the difference equation 


.^4 


^ a. 




is used as the generating function g {x) in the Charlier Type B 
series, that the successive differences give rise to two general 
types of polynomials which we defined as follows: 




and 

With the aid of the properties of the A operator, we derived 
a set of relations and equations for these polynomials of the fol- 
lowing form: 


^C. V. L. Charlier : “Ueber die Darstellung willkurlicher Funktionen,” p. 34. 
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K 0„ (x), 


(XIn) Q„^,C^Hx)‘CN^+AD^_^)Qj77+l,x)-i-CPI^*DjA(P^ (nx), 

(Ail) 

(XII ^) 

■>- 7,\aN^ - (Xfl). 

(XIII) AQ^fx). ■n\AN^- A , rx-tl^ 

(XIII^)/lp„Cw;r;= n\AN^ ■<■ ^ (r>,x^l), 

*^xxi)A’'(?„{x)-\_N^^^j -{r,-l)AD^AQ^ (x) 


(XIV) 

(XIV„) 

(XV„) 


- /y. - M - O, 

- Aa^x* ^ A^S>^](p^ 

^)cp^Azx) 

AaK * Cf^x-'-A^Pn-I Arj^x-hf)^ 


(XVI) 

t(N +D ) ^^x* ^x ) j,^ , . 
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(XVII) 


Z\ Q„ fn,z) 


' AN^*(-n4-l)A^D^ ~ 

L ^ £ ** 


N - 


X--V 





Each of these formulas corresponds and is similar to a for- 
mula found in Chapter II. In fact, it seems probable that if we 
developed the formulas in this present chapter from the equation 


A X 



and permitted the to approach zero as a limit, the formulas 
of Chapter II would result, the above formulas being the case 
where = 1. 





A NEW FORMULA FOR PREDICTING THE 
SHRINKAGE OF THE COEFFICIENT 
OF MULTIPLE CORRELATION 


By 

Dr. R. J. WriF.RRY 
Cumberland University, Lebanon, Tennessee 


With the perfection of the Doolittle Method for the solution 
of the constant values necessary for the multiple correlation and 
prediction technique, we may expect a constant increase in the 
use of this method in statistical practice. Theoretical sfatisticians 
have recognized for some time however that the multiple correla- 
tion coefficient, derived from a large numher of independent vari- 
ables, is apt to be deceptively large due to chance factors. When 
prediction equations derived in this manner are applied to sub- 
sey^uent sets of data, there is apt to be a rather large shrinkage 
in the resulting correlation coefficient obtained, as compared with 
the original observed multiple correlation coefficient. In order 
to avoid over optimism it is necessary to have some equation 
which will predict the most probable value of this shrinkage. The 
development of such a formula is the purpose of this paper. 

The most promising formula of this type so far developed 
is .the B. B. Smith formula, presented by M. J. B, Ezekial at the 
December, 1928, meeting of the American Mathematical Society 
held at Chicago. This formula is 
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where J? = the estimated correlation obtaining in the universe 
P = the observed multiple correlation coefficient 
M= the number of independent variables 
A/= the number of observations (the statistical popula- 
tion). 

This formula was evidently developed by B. B. Smith by an 
application of the method of least squares as follows (the deriva- 
tion is that of the author, since he could not find it given else- 
where) : 

The customary formula for the coefficient of multiple corre- 
lation may be written in the form 

( 2 ) 


where 

( 3 ) 

where 



The method of least squares, however, says that the most 
probable value of the standard error of estimate is not that given 
in equation (3) but 


Now, if we substitute the value of (5) in place of (3) in 
equation (2), we have at once 

iSee Merriman, Method of Least Squares, John Wiley & Sons, London, 
8th Edition, pp. 80-82. Also see derivation later in this paper. 
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( 6 ) 






/V 

/V- M 


and since , by (2) above, \vc have 3^^ 
we have ^ 


equal to (1 - ), 


(7) 


r=/- 


N- M 


- 1 - 


I 

1 


-12 


Z 


/V 


which is, exactly, the B. B. Smith formula (1). 

This formula has been widely used durin^j^ the last few years, 
but up until recently had not been subjected to much critical ex- 
amination. However, in a recent article in the Journal of Educu- 
tional Psychology , S. C. Larson actually tested the formula em- 
pirically on some data olitained from the Mississipjii Survey con- 
ducted by 1\I. V. O'Shea, ohtainin^^ the results indicated in the 
tables and graphs below, and on the liasis f)f which he reached 
the following conclusion : 

“The Smith Shrinkage-Reduction formula parallels all of 
the empirical finding.s Init quite consistently gives values whi*^" 
are in excess of those ol)tained under present experimental con- 
ditions." This meant that the Smith formula predicted shrinkages 
consistently greater than those actually obtained. 

It was in view of this reported empirical difference that the 
writer started his attempt to derive the Smith formula and hit on 
the method given above. The question at once arose in the writ- 
er's mind as to why, when the standard error of estimate had l>een 
corrected to corres];oiid to the most probable value by a least 
squares criterion, the standard deviation of the dependent varin ile 
had not been treated in the same fashion. 


t“The Shrinkage of the Coefficient of Multiple Correlation,” Jaa, 1931, 
pp. 45-55. 
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Alerrirnan, whose formula we used above in correcting the 
standard error of estimate (5), likewise, and by identical reasoning, 
shows that the most probable value of the standard deviation of the 
dependent variable existing in the universe, should really be rep- 
resented by the following relationships: 

Where 


( 8 ) 


z 




we find 

(9) 


■ A/-/ 





which reduces formula (6) to the form 


(10a) 


~z 

-Q ■ 


5 J±- 

/V- M 
— 


N- 


and when the same substitution is made as in step (7) above, we 
have 

(10b) !3 = /\J-M 

which is, by a more correctly applied criterion of least squares, 
the formula we have been seeking, and is a closer approximation 
than that given by the Smith formula. 

The reasons for the substitutions made above in our formulae 
may not be entirely clear to all readers, so we now present the der- 
ivations of the formulae given in (5) and (9) abo-ve. The deriva- 
tions given here are directly adapted from those of Merriman 
referred to above, but have been translated into the customary 
statistical notation whenever possible. 

First, let us consider the derivation of the value in (9). As 
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stated in (8) the most customary form ^f Sigma is 


( 8 ) 




2 

o 


N 


where 


( 11 ) 

Each value has a certain error, however, due to the 
fact that the value of the mean is merely the most probable value, 
not the true value. So for each value there is a small un- 
known error , so that if we take to be the true value 

of a deviation we have 

( 12 ) 

and, squaring and summating, disregarding the terms involving 
second power delta terms as small in comparison with the first 
power terms, we have 

( 13 ) 2 : 

Now, by the laws of probability, we know that the probabil- 
ity of the occurrence of an error , whose measure of pre- 
cision is "h,*’ is 

( 14 ) Ti^hdxn^e- 

multiplying both sides of thii equation by and summating 
between the limits plus and minus infinity, we have 
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and since is the same as —fq — , since in our work we 

assume the weight of each value x , for each of the N observa- 
tions, to be , we have 


(16) 


I 

N " 2h^ 


or 

(16a) 23 2 ^= ^ 


Likewise, if we let 


(17) 

the probability of the system of errors, is 

(18) E' ^hdun'^e'^^^^ 

and the mean of all of the possible values of is 


(19) 


TT^ J 


-h ll 


da 


-h^ 


and this must be taken as the best attainable value of But it 
was shown that the quantity is equal to (16). 

Hence 


( 20 ) 

from which 





( 9 ) 
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which was to he proved. 

To derive (5) we proceed in much the same manner. After 
our normal ecpiations have Iiclmi solved for the most probable 
values of 

we know that these aic not the tme values Jiiit that they err by 
small unknown corrections ^ 

the coiiespondiiifj true values for the universe being ^ 

(A ' )■ (A, 'd>s„ ), . . . ). 

Now, if we substitute the most probable values of the Betas 
in our oiiginal observation equations, they will not reduce to zero, 
bus will leave small residuals ^ > ■ ■ • • thus 


Oi r^oi s I f oz r^aa 3j 




^0^" '^^OZ "^ 2 ^ '*'^03 ^3^ 


^ ^Om ~ ^ 




Om N 


while if the corresponding true values be substituted, we obtain 




64/ ^4/ ^ ^(l^os ^ ^1^4 777 44 m '^■*' 777 ^ ^2 


(" 4 / 


‘ f om m ^ ^ 
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Subtracting each of the former equations from the latter, we obtain 




+ 33 X ^ i? 


N ^oJ ^oa a^ ^ yv 

Now the principle of least squares provides that T, v^ shall 
he made a minimum to give the most probable values of , 

, /^777 » solution of the normal 

equations by the Doolittle method its minimum value is found to 
be 7Z From the residual equations we may find the re- 

lationship existing between the values Hv^ and Z! , Thus, 
if we square each equation immediately above and then summate 
we have (if we neglect squares and products of the delta values 
as small in comparison with the first powers) . 


( 21 ) 


' ^?77 7n 


which we may write as 

( 2 ^ 2 ) ZLv^-t- u^-f -h - ' -h Ll ^ 

Now, by analogous reasoning to that in steps (14), (15), and 
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(16), we may set 
(23) 

Further, if Ihere he but one independent variable, there will 
be but one 26/0^^ process 

used in steps (18) and (19) can be shown to be 


(24) 



and since that is true whichever unknown quantity be considered, 
the values of each Value must be ; and as there 

are M of these values the above equation (22) becomes 


ZT 1/ 


2 


ri 


N 

Zb^ 


from which 
(25) 




W- A7 

2Z 


Therefore, from the constant relationship which exists be- 
tween the value h ” and the Probable Error, we have 


(26) 


PE =0 3745 


N-M 


gincl therefore, by the relationship existing between the probable 
error and the standard deviation we have at once 


(S) 


V A/' A7 


which was to be proved 

The next step was to test out the formula empirically. 
This was done by using Larson’s material, with the results in- 
dicated in the tables below, and in the graphs which show the same 
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set of facts, but which make the results much more apparent. 

An inspection of the tables and graphs will show at once 
that the new formula predicts what will actually happen much 
more accurately than the Smith formula did. In graph 1, for 
example, the agreement is so good that the results appear almost 
to have been a regression line fit to the particular set of data. 

It was to have been expected that if the formula actually 
predicted the most probable values of the correlations obtaining 
in the universe that the errors incurred by the use gf the formula 
would be normally distributed around zero as a mean value. Graph 
3 presents a comparison of the error curves obtained by use of 
the Smith and the Wherry prediction formulae, together with an 
approximation to the normal curve. As a further and more sci- 
entific check the criteria for a normal curve as set forth by Rietz^ 
were applied to the data. His criteria are 


The results for the two formulae are given below. 


(Results based on an expectancy of zero) 



1 Smith Formula 

1 Wherry Formula 

Ml 

.00138 

.00038 


223 

025 

/Sn 

3.004 

3.703 


iRietz, H. L Mathematical Statistics, Carus Mathematical Monograph 
No. 3, Mathematical Association of America, Chicago 1927, pp. 58-59. 
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It is apparent therefore that the Wherry formula gave much 
better results for both the first criterion (mean, error) and the 
second criterion (skewness), but that the excess was greater for 
the Wherry formula than for the Smith formula. However, one 
cannot quarrel too much with getting errors actually smaller than 
would be expected by assuming normality. Even this superiority 
IS seen to be fictitious if the distributions are measured from 
their own means rather than from an expected mean of zero. 
When this is done, which is the manner in which the criteria are 
customarily used, we have 


(Results based on means of distributions) 



Smith Formula 

Wherry Formula 

Orj 

,000 

,000 


1.712 

.025 


5,524 

3,753 


Thus, we find that the Smith distribution has, in reality, even 
a greater excess than does the Wherry formula, but has it at a 
point farther removed from the desired value. 


SUMMARY AND CONCLUSIONS 

1. Larson has shown that the theoretically expected shrink- 
age IS an empirical fact 

2. Larson has shown that the Smith formula, when tested 
empirically, consistently over-estimates this shrinkage as deter- 
mined empirically. 

3. It has been demonstrated that the new Wherry formula, 










R. J WHERRY 


451 


l)Oth by a least squares criterion and by actual application^ is more 
nearly true than the corresponding Smith formula. 

A The correct formula for the shrunken coefficient of mul- 
Mple correlation is 

( N- 1 ) (M-1) 

JP 

A/- M 


whei e 

- 

the 



the 


/V7 = 

the 

'ind 


the 


estimated correlation obtaining in the universe 
observed coefficient of multiple correlation 
number of indepcmleyit variables 
numlier of observations (statistical population) 
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GRAPH 1. 


Shrinkage as Obtained by Use of the Formulae and Also as 



Number of Variables 



Shrinkage in R 
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GRAPH 2 

Shrinkage as Obtained by Use of the Formulae and Also as 
Obtained Experimentally 

(Data from Table II) 



Humber of Fom'oWm 
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GRAPH 3 


Ogive Showing the Distribution of Error in Predicting Shrinkage 






Showing the Actual Shrinkage in P Found When the Prediction Kquation Found on One Group of Sub- 
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’^The article by Larson reported the values for the Smith formula errone- 
ously, due fo a misconception of the meaning of rrr. Those in the present 
tables are the correct values. 























TABLE II 



Wherry fonnula .0000 .0013 .0026 .0038 .0051 .0063 .0076 .0089 .0105 
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TABLE HI 


Showing the Mean Error Attained by the Use of the Smith and 
Wherry Shrinkage Foinuilae. 


Foriniila 

Tablet 

Table II 

Tables I and 11 

Smith 



00138 

Wherry 

HQIII 

|||||Rg 

00038 

N 

10 

10 

20 













THE USE OF THE RELATIVE RESIDUAL IN 
THE APPLICATION OF THE METHOD 
OF LEAST SQUARES 


By 

Walter A‘ Hendricks 

Jiniior Pwlofjut, Bureau of Ammal Industry, 
U. S Department of Agncullufc. 


The method of least squares offers a precise tnethod of fitting 
a cuive descnbing the relation between two or more related, meas- 
urable vanables^ but certain criteria must be fulfilled to justify its 
application First, the type of equation selected for fitting must 
be the true mathematical expression of the law governing the rela- 
tionship of the variables Secondly, all error*' of measurement, 
made in obtaining the observed values of the variables when the 
data were collected, must be distributed according to the well- 
known laws of probability ^ 

This paper is concerned with the latter of these two criteria. 
The fundamental theory upon which the method of least squares 
is based can be found m any text-book on the subject and need 
not be elalxirated upon here. However, it may be well to point 
out a veiy pertinent, if somewhat elementary, aspect of the theory 
which facilitates the leady visualization of the fundamental con- 
cepts involved 


iSteinmetz, C, P Engineering Mathematics, McGraw-Hill Book Co., 
New York (J917). 
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The ai)plication of the toethod of least squares to curve fit- 
ting, as f)rdiniLuly debcnbed in woiks on the subject, is perfectly 
anahif^ons to the caloulatinn of the arithmetic mean of a numbei 
of measurements made upon a single, constant quantity This 
may easdy demonstrated as follows' 

Let f (X) describe the relation existing between an 

indcj)endent variable, X , and a dependent variable^ Y If it is 
desired to find the mast probable value of the dependent vaiiable 
when X has some definite value, X^, the most dnect method of 
proctHime would be to make a number of measurements of Y 
at this value of X and calculate their aut'itnetic mean, provided, 
of com sc, that the eriors of measurement were distributed accord- 
ing to the laws of piobabihty in a noimal fiequency 'distribution 
According to the elementary theory of statistics, the most prob- 
able value of the clc[K;iiclcnt vaiiable, f ( X i) , would be such 
llial the sum of the squares of the deviations of the actual meas- 
urements from tins value would be a minimum. 

If is conceived to be varying in value so rapidly that it 
IS irn[) 0 .ssible to make more than one measurement of Y at any 
value uf X , this direct method can not be employed. However, 
the most probable I'alue of f f X^) can still be deternimed. 
Let y) , , Yj , ■ Yr? represent a measured value 

of r'at values X,, , respectively, of 

the independent variable Since the errors of measurement are 
assumed to be distributed according to the law of chance, an 
error of a given magnitude is equally likely to occur at any value 
of X . In other words, exactly the same errors would be made 
m obtaining one measurement of each of the quantities Yi, Y^, 
Y* 'f i) were measured 77 times. These 

errors may, therefore, be cmisideied as having been made m meas- 
uring a .single, constant quantity, Therefore, if f fY) toiotes 

the most probable value of Y at any value of X and r de- 
notes the corresponding observed value, the most probable va ues 
of the dependent variable which can be calculated from any set o 
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data are such that the sum of the squares of the differences, 
f(yi)-Y y a minimum. 

It is important to bear in mind that this conception of the 
distribution of errors of measurement is justified only when an 
error of a given magnitude is equally likely to occur at any value 
of X . In actual practice it often happens that this ideal condition 
is not realized The magnitude of the eirors of measurement is 
often influenced by the magnitude of the quantity which is being 
measured. In obtaining the live weights of animals at different 
ages, for example, it is common practice to use a less delicate 
balance in making the weighings as the animals become larger, and 
the magnitude of the errors of measurement increases as the 
sensitivity of the balance decreases. Other factors which tend to 
increase the magnitude of the eirors may also be in opeiation. 
The error, or rather the unreliability, of the weight of a 1,000 
pound steer would be greater than that of a 100 pound calf, even 
though an equally sensitive balance were used in making both 
weighings, because of a greater content of material in the digestive 
tract and excretory organs and the increased effect of the move- 
ments of the animal, 

It is highly probable that in many fields of investigation such 
disturbing influences are encountered more frequently than the 
ideal conditions which justify the application of the method of 
least squares as ordinarily described. 

Pearl and Reed recognized the need for modifying the ap- 
plication of the method of least squares to compensate for changes 
in the probability of the occurrence of an error of any given mag- 
nitude and suggested, as stated by Pearl, ^ that it would be more 
logical in many instances to employ residuals of the type , 

The use of such residuals was based on the assumption that if 
the errors of measurement were expressed as percentages of the 


iPearl, Raymond. Studies in Human Biology. Williams & Wilkins, Bal- 
timore (1924) 
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magnitude of the quantities measured, the percentage errors would 
be di.stnbuted at landom according to the law of probability. In 
many practical problems this assumption appears to be justifiable. 

The study herein reported was made to determine the extent 
of the error made when the method of least squares as ordinarily 
described is applied to data in which the percentage, rather than 
the absolute errors of measurement are distributed according to 
the law of chance. 

The writer desired a hypothetical set of errors of measure- 
ment which, when expressed as percentages of the quantities meas- 
ured, would come as near as possible to forming a normal fre- 
quency distribution. 


TABLE I 

Ideal Frequency Distribution of 41 Throws of 12 Dice in Which 
a Throw of 4, 5, or 6 Points Is Considered a Success, 


SUCCESSES 

FREQUENCY 

2 

1 

3 

2 

4 

5 

5 

8 

6 

9 

7 

8 

8 

5 

9 

2 

10 

1 

Total 

41 
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Mills^ gives the results of fitting a normal frequency curve 
to Weldon’s distribution of 4096 throws of 12 dice, described by 
Yule,^ in which a throw of 4, 5, or 6 points was consideied a 
success. If each frequency, calculated from the fitted curve, is 
divided by 100 and the results rounded off to whole numbers, 
the frequency distribution given in Table I is obtained* 

If hypothetical errors of measurement are substituted for 


TABLE II 

Ideal Frequency Distribution of 41 Hypothetical Percentage 
Errors of Measurement. 


ERROR 

(Per cent of quan- 
tity measured) 

FREQUENCY 

+ 8 

1 

+ 6 

2 

4 

5 

4- 2 

8 

0 

9 

- 2 

8 

- 4 

S 

- 6 

2 

- 8 

1 

Total 

41 


^Mills, F. C Statistical Methods Applied to Hconomics and Businc*^s. 
Henry Holt & Co., New York (1924). 

2Yule, G. Udny. Introduction to the Theory of Statistics. Charles Griffin 
& Co., Ltd., London (1927). 
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.successes in this frequency table, the resulting distribution may be 
consi<lcred to teprcsent a distribution of random errors of meas- 
uieinent which nnglit lie made in obtaining a seiies of 41 meas- 
iirenunits of n vauahle. The most probable error should obviously 
be zero. If the total range in magnitude of the errors is assumed 
to he fiom -f 8 i>er cent to -8 i)er cent and the precision of meas- 
urement is such that each error differs from the next larger or 
smaller enor by 2 i>cr cent, the distribution of these hypothetical 
errors of measureiiient should lie as given in Table II 

From the simple equation, Y=100X^, 41 values of Y were 
calculated, using values of X from 1 to 41, inclusive. Each 
calculated value of Y was then changed by algebraically sub- 
tracting the hypothetical enors of measurement given m Table 11. 
All the jieicentage enors of each magnitude were arbitrarily dis- 
trihuted as uniformly as [Kissihle throughout the data. These altered 
values of Y will heicaftcr be termed the “observed” values and 
the oiiginal values, from which they were calculated, the “true” 
values. The fihserved values of Y, together with the true values 
an<l the assumed errois of measurement from which they were 
calculated, are given in Table III, 

In ordei to he certain that the errors were actually distributed 
in such a manner that tlie probability of the occurrence of a per- 
centage error of any given magnitude was the same at all values 
of X , the writer employed Pearson’s method of square contin- 
gency as described by Yule/ A 16-cell contingency table was 
constructed in which the percentage errors were classified accord- 
ing to the values of X at which they occurred The chi-square 
test for contingency was applied to this table. 

Table IV shows the actual distribution of the percentage 
errors, together with liie corresponding theoretical frequencies. 
Since there are 4 rows and 4 columns of cells m the table, the 
number of algebraically independent differences between theoret 


^Loc. cit. 
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TABLE III 

rr>1r„1^+inT. nf the. Observed Values of Y' from the TrueValues. 

'h 


44528 
52900 
59904 
63750 
67600 
7435S 
73666 
8241 R 
86400 
99944 
100352 
10S900 
1132RR 
124950 
IT'IOOO 
131424 
153064 
155142 
160000 

174S24 

o 

Actual 

Units 

CO coc^i rtt^'O'OcOQ ts^ 

(VJ »-<‘i-r-icOrori lOOOf^ \0 

+ II l+l'+l'h *1"! +ll 1 

p4 

W 

Per 

cent 

00 O -i- O M VO C^l -t t(- M O M e.) O n- VO O 'vt 

+ 11 1 + f+ ll- bl ill 1 



48400 

52900 

57600 

62500 

67600 

72900 

78400 

84100 

90000 

96100 

102400 

108900 

115600 

122500 

129600 

136900 

144400 

152100 

leaxx) 

168100 



CM rr> -i* lO K CO p^ C M r^j ^ in is. CO O' O *-* 

CN CM C^l C^J CM fO ro r^; fO fo fO rn m Tj- -d- 



102 
384 
900 
1664 
2350 
3816 
4802 
6400 
8262 
9800 
11616 
14976 1 

18252 1 

1920S ! 

22950 
25600 
28322 
31104 
36822 
40000 
42318 

ERROR 

Actual 

Units 

(MvOO'^OviD<X)OtMQ'i:'OcMCMOOcOSPCviOfM| 
i-H ^oooKmoNtn rs(5\cN col 

*-HCM »— 'CMM'LOrOrO'^ vnC^JN. OOi 

1+ ltl+ 14411+1 +41 + 

Per 

cent 

CMM'O^i-VOvOCvlOMOvl'-t-^i-COC^lCNlOCMM'CMOCM 
1+ 1+1+ I++II+I ++I + 

0 

5 
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ical and obseived frequencies is (4 - 1) (4 - 1) 1 or 10 The 
value of calculated from the data in Table IV, is 1 3171. The 
corresponding value of P , which is the probability that as bad, 
or worse, an agreement between observed and theoretical fre- 
quencies could occur from the fluctuations of random sainjiling 
is, according to PeatsoiTs Tables/' 0 996911 or almost certainty 
The percentage errors were, therefore, distributed m such a man- 
nei as to be uncoi related with the values of X at which they 
were used 

The equation, Y=AX , was fitted to the hypothetical set 
of data in Table HI by the method of least squares as ordinarily 
described. If represents a calculated value of the depem 

dent vaiiable and Y represents the corresponding observed value, 
the difference between these two values is AX^- Y and the 
squate of the cliffeience is A^X^~ ^AX^Y^ The sum 
of the squares of all the dilTerences is 

The value of this expiession will be a minimum when its deiiva- 
tive with respect to A is equal to zero. Differentiating and 
«iuating to zeio yields the following equations foi the determina- 
tion of A ; 


( 1 ) 

( 2 ) 


2AZ:X^-21X^Y= o 


A - 

The value of A calculated from the data m Table 111 by 


means of equation (2) is 1006250. 

If residuals of the type suggested by Pearl and Reed are 
eniplovcd, A is calculated as follows Let AX represent 
a calculated value of the dependent variable, as before, and let Y 
represent the corresponding observed value Then the 
between the two values, expressed as a fraction of i-ic o>serAK 


iPearson, Karl Tables for Statisticians and Biometricians. Cambridge 
University Press, London (1924), 
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TABLE IV 


Chi-square test foi contingency applied to the distiibution of the 
percentage errois of measmement, Tire theoretical frequencies 
for each compartment aie given in parentheses. 


Value ofX 


Magnilucle 

; (.jf Error (Per cent) 



0.0 to +10 

±20tni39 

14,010 + 59 

160 and over 

Total 

1 to 10 

2 




10 


(21951) 





11 to 20 ' 

2 

4 

3 

1 

10 


(21951) 

(3,9024) 

(2 4390) 

(1.4634) 


21 to 30 



2 

2 

10 





(1.4634) 


31 to 41 

3 

4 

3 

1 

11 


(2.4146) 


(2.6829) 

(1.6097) 


Total 

9 

16 

10 

6 

41 


1.3171 
7?' = 10 
P = 0.996911 
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value, IS niff- - 1. The square of this relatm 

(leviatii)ii IS + 1 and the sum of the squares of the 

41 iclalive deviations is ^ 41. This exprcb 

bioii Will IiUlw ibL litLvti itb iiiiiiiniuni value when its derivative with 
lespcet to A IS equal to zero. Differentiating and equating tc 
/eiu, as hefore, leads to the following equations foi the deter 
nil nation : 


( 3 ) -o 

( 4 ) A-^ 

A[)plyin^ efiualion (4) to the given set of data gives a value 
uf for j/i , This value of is* closei to the true value 

J(H), than ihc value which was calculated by means of equation 
(2) hut the iiiijucn'cmonl was not as great as might be expected 
I( occuuccl to the writer that if the deviations of the cal- 
culated, fuun the ol’iherved, values of the dependent variable were 
cxpicbst'd as ft actions of the calculated values, a more atcuratf 
value c^f could be obtained. ■ 

'I'he I dative deviation expressed in this manner is 


/ 2A'W A~^Y^ 

ui 1 *’ ‘ "I he square of this deviation is J ^ 

and the sum of the squares of the 41 relative deviations is 

41 Differentiating this expression with 

ius[iccl to ^ and equating to zero yields the following equations 
foi the detorminaiiou of A : 

( 5 ) 


r* '--jr 
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The value of A, calculated from the data liy means of c(jua*' 
tion (6), IS 100.1210 which is nearer to the true value than cither 
of the values calculated hy the two precediiif^ metliods. However, 
It is evident that equation (6) failed to give results as precise as 
one would exjxict, in view of the method liy which the ohserved 
values of Y were obtained. 

The reason for this discrepancy can be made most apparent by 
returning to the analogy existing between the application of the 
method of least squaies to curve fitting and tlie calculation of the 
arithmetic mean of a number of measurements of a single, con- 
stant quantity 

Let rUj. 177^. 777 ^ , , . lepiesent measured values 

of the same constant quantity and let then arithmetic mean he 
represented by A/ If each measuicnicnt is divided by the aiith- 
melic mean of all the measuremenl.s, the icsulting distribution of 
these relative values will be normal if the original measurements 
were distnbuted normally. The arithmetic mean of these relative 
values will obviously be unity. 

Let . . ^^represent the relative values of 

the measurements. The arithmetic mean of these values is unity. 
Therefore, the deviation of any relative value, , from the 
mean is 1 - ^ . 

Let it be assumed that the value of the arithmetic mean of 
the original measurement, A/ , is unknown and is represented 
by Z . Then any measurement, m , expressed as a fraction of 
Z , IS . According to the discussion in the two preceding 
paragraphs, it might api>ear that Z must have such a value that 
the sum of the squares of the deviations, 1 , is a minimum. 

However, this is not the case. It may be demonstrated that the 
value of the expression iZ is a minimtiin when 

Z has some other value than the arithmetic mean of the original 
measurements. The sum of the squares of the residuals may be 
written, 77--2Z ^ 717 ^. Differentiating this expres- 
sion with respect to Z and equating to zero yields the following 
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( 7 ) 771^=0 


(8) 



The value of Z , calculated by means of equation (8), is 
obviously not the arithmetic mean of the original measuicments. 
The fallacy in the deduction of this equation is readily apparent 
Instead of using residuals of the type, 1" ^ i ^nd differ- 
entiating the sum of the squares of the residuals with respect to 
2 , one should use residuals of the type, V ' ^ , in which V 
represents the arithmetic mean of the relative values, ^ , of the 
measurements The sum of the squares of the residuals should 
be differentiated with lespect to V . The square of the residual, 

, is ^2 and the sum of the squaies of all 

^ ^ ^ ^ i ^ 

the residuals may be written vV - rrj -i' m 

Differentiating with respect to V and equating to' zero yields 

the following equations for the determination of V . 


( 9 ) ZrjV-^ 21 111=0 

no:) 2 ^'^ 

n 

Since the value of V is known to be unity, equation (10) 
may be written : 

( 11 ) r? = ^21rn 

from which 2 may be readily calculated as follows 
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( 12 ) 


Z! m 
ri 


Equation (12) is obviously nolhini^^ more than the vSimple 
formula for the calculation of the arithmetic mean of the orig- 
inal measurements, which is sufficient evidence that the reasoning 
involved in its deduction is sound. 

It is now readily apparent why equation (6) did not yield 
results which were consistent with the data in Table III. The 
ratio, , is analogous to the ratio, and lesicluals of the 

type, j should have Iicen used in fitting the equation 

instead' of residuals of the type, 1 ^ The square of the 

residual, -is ^ The sum of the 

squares of the 41 residuals is ^ ^ v- ^ Z 

Diffeientiating this expiession with respect to V and equating 
to zero yields the following equations for the determination of V : 


( 13 ) azv-^z:'^z=o 

(14) . = 

4.1 


Substituting the known value, unity, for V in equation (14) 
yields the following equations for the determination of A . 


(15) 


(16) 



4J 


^Residuals of the type, - 1, are analogous to those of the type, 
^ 1, which also lead to incorrect results. 
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Applying equation (16) to the data in Table III gives A a 
value of 100.0000, which coincides exactly with the true value from- 
which the data were originally calculated. Equation (16) was, 
theiefore, the correct equation to use in interpreting the data given 
111 Table III Although the use of residuals of the types, 1 

and 1 - , gave better approximations to the true values of 

A than the use of the simple residuals, A.X ' / , neither of 
the two gave lesults which weie entirely in accord with the deriva- 
tion of the data 

Yule^ suggested that the geometric mean might often prove 
useful in comparing the frequency distributions ot different sets 
of data, in which the dispersion of the individual measures about 
their means was influenced by the magnitude of the means It 
appeared to the writer that the use of residuals of the type, 
log AX- logy, might give a good approximation to the true value 
of A m fitting the given equation. It is evident that the ratio, 

, approaches unity as the residual, log log y , ap- 
proaches zero. 

This logarithmic residual may be written, log /I -^2 log 
log Y , and its square is (log A ) ^(logJ?^) -h (log Y ) 

^ A{\ogA) (log X ) - 2 (log A ) (log r ) - 4(log X ) (log Y ^ 
The sum of the squares of the 41 residuals is 41 (log >1 ) 

^ 4 z: (logX f ■>- X (log Y f ^ 4(iog^ ) zr (logX ) 

- 2(log ^ ) z (log y ) - 4 z: (log X . )■ Differentiat- 

ing this expression with respect to log A and equating to zero 
yields the following equations for the determination of^ : 

( 17 ) 6£(\ogA) 4Z(\ogX)~2Z Hog Y) =0 

(\og Y) ~£ZC^ogX) 

(18) log^=“ 


iLoc. cit. 
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The value of logA , calculated from the ^;iveu set of data by 
means of equation ( 18 ), is 1 . 999736 ^, whicli gives a value 
of 99,9394. This value of comes closer to the true value than 

those calculated by means of residuals of the types, 1- 

AX^ , 

and - 1. However, since the use of the geometric mean 

is not rigorously justified when the distribution of the measures 
about the arithmetic mean is symmetrical, the use of logarithmic 
residuals in curve fitting can not give precise results when the 
errors of measurement aie distributed as they were in the given 
set of data. 

In any application of the method of least squaies to a prac- 
tical problem, the procedure of the investigators should be gov- 
erned by the nature of the data to which it is being applied. In 
many instances the correct procedure can l>e deduced by a careful 
consideration and evaluation of the accuracy of the methods of 
measurement used in obtaining the data. Unfortunately, however, 
some sources of error are not always readily apparent at the time 
the data are collected, and occasionally can not l>e quantitatively 
estimated even though they are known to exist. If the nature of 
the mathematical relationship existing between the dependent and 
independent variables is known, all that remains is to find the 
most probable values of the constants in the equation 

A statistical study of the deviations of the observed values 
of the dependent variable from the corresponding calculated val- 
ues, obtained after fitting the equation by several different meth- 
ods, may be of much help in deciding which method of fitting was 
most consistent with the nature of the data. For example, Table 
V gives the results of applying the chi-square test for contingency 
to the distribution of the deviations of the observed values of Y 
from the calculated values obtained when residuals of the type, 
Y , were used in fitting the equation, Y to the 
data in Table III, The value of ^ is only 0.005061 and a mere 
inspection of the table itself shows that large deviations tend to 
occur more frequently, and small deviations less frequently, as 
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TABLE V 


Chi-square test for contingency applied to the distnbution of the 
deviations of the type, The theoretical frequencies 

for each compartment are given in parentheses. 


Value of 

v* 


Magnitude of Deviation 



10 to 

± 1990 

±2000 to 

± 3999 

± 4000 to 

± 5999 

± 6000 and 

ovci 

Total 

1 to 10 

10 

(73171) 

0 

(1.2197) 

0 

(0.9756) 


10 

11 to 20 

10 

(7,3171) 

0 

1 (1.2197) 

0 

(0.9756) 

0 

(0.4878) 

10 

21 to 30 

6 

(7.3171) 

1 

(1.2197) 

3 

(0.9756) 

0 

(04878) 

10 

31 to 41 

4 

(8.0488) 

4 

(1.3415) 

1 

(1.0732) 

2 

(0,5366) 

11 

Total 

30 

5 

4 

2 

41 


= 23.5989 
n' = 10 
p - 0 005061 
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the values of inciease. If the true nature of the values of 
Y In Table III weie not known ni advance, this clistilbution of 
the deviations would lie siihicient evidence that the method of 
fitting the equation was nt)t consistent with the uccuiacy uf the 
measurements made vvlien the data weie collected. 

Tables VI, Vll, and \'III give, lesiiectively, the distributions 
of the deviations of the tyjies, - 1, 1 “ 

, when the coi lesponding icsidiials were used 
in fitting the eqiiatiiin ^ The value f)f is high in each case, in- 
dicating that, althougli tlie use of lesicluals nt these types did not 
give results which were piccisoly acciiiatc, uevei thelc^^s, ihcy 
yielded values of A which were w-ell within the limits of the 
probable enor to be exjiectecl m any pia('tieal investigation 

As a inaitei o£ fact, tins is a rathci foiuinate circumstance, 
since the only nietluid of fimng the cfiuation given above which 
yielded exactly tlie correct value of A cannot be aiipiied to 
fitting an equation containing mfire than one undetermined con- 
stant. The applicaliility of residuals of the types, 1 ^x) 

log frxj- log r is also somewhat htniteeb However, any 
equation which can be fitted by the method of least squares at 

all can still be fitted when residuals of the tyt>e, 1, are 

employed. 

SUMMARY AND CONCLUSIONS 

The method of least squares can be a more valuable tool in 
statistical work when the fundamental theory upon which the 
method is based is taken into considotalion The use of residuals 
of the type, ~f(X)'-Y, IS probably justified in fewer i>racti''al 

^The distribution of the deviation*! obtained when the equation was fitted 
to the data by means of equation (16) is identical with the distribution of 
the errors given in Table IV. 
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problems than the use oi residuals of some other form The type 
of residual to be employed should be governed by the nature of 
the data to which the method of least squares is being applied, 

The use of relative residuals of the type suggested by Pearl 
and Reed may be of much value in many instances but will not 
give results which are precisely accurate, even though the dis- 
tiibution of the percentage errors of measurement is strictly nor- 
mal. The results can be improved by expressing the deviations 
of the obseived from the calculated values of the dependent vari- 
able as fractions of the calculated, rather than the observed, value * 
The use of logarithmic residuals may give more accurate 
results than the use of residuals of the type suggested by Pearl 
and Reed, even though the distribution of the peicentage errors 
of measurement is normal. 

The chi-square test for contingency may be of much help in 

) 

selecting the type of residual most consistent with the errois of 
measurement made m obtaining the data when sufficient Informa- 
tion regarding the accuracy of the measurements is not available* 


iResifluals of this type have been used by Hendiicks, Lee, and Titus at the 
U. S Animal Husbandry Experiment Farm, Beltsville, Maryland, m the 
iilLinii of growth curves 

Hendricks, W. A , A R Lee, and H W Titus Early growth of White 
Leghorns, Poultry Sci. 8 (6); pp 315-327 0^29). 

Titus, H, W., and W A Hendricks The Early Growth of Chickens as a 
Function of Feed Consumption Rather Than of Time. Conference Papers 
of the Fourth World's Poultry Congress, Section B (Nutrition and Rear- 
ing) ; pp 28S-293 (1930). 

The use of such residuals leads to results which appear to give a better 
description of the data than when simple residuals of the type, f(X)-Y ^ 
arc employed. 



476 


USB OF THE Rh! A I iris RESIDUAL 


TABLE VI 


Chi-squaie test for contingency it()p]ied to the distnluition of the 
deviations of the type, -y ■ - - 1. The tlieoietica! frecpiencies 
for each coinpaitnient arc* given in parentlieses. 


Value of 

Mafi-nitudc of Deviation 


OOOO to 

± 0 019 

i 0,020 to 

± 0.0.39 

± 0 010 to 

± 00.S9 

± 0 060 and 

over 

Total 

1 to 10 

4 

3 

2 

1 

10 


(4.1463) 

(3.1707) 

(1,7073) 

(0,9756) 


11 to 20 


4 

1 


10 



(3,1707) 

(1,7073) ’ 



21 to 31 

4 ' 

3 

1 

2 

10 


(4 1463) 

(3.1707) 

(1.7073) 

(0,9756) 


31 to 41 

5 

3 

3 

0 

11 


(4.5610) 

(3.4878) 

(1,8780) 

(1,0732) 


Total 

B 

13 

7 

4 

41 


3.8182 
r?' = 10 
P = 0,921027 
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TABLE VII 


Chi-square test for contingency applied to the distribution of the 
deviations of the type, 1 ■ The theoretical frequencies 

for each compartment are given in parentheses. 


Value of 

Magnitude of Deviation 

X 

0 000 to 
±0.019 

±0.020 to 
± 0.039 

± 0.040 to 
±0,059 

± 0.060 and 
over 

Total 

1 to 10 

3 

4 

2 

B 

10 


(3.9024) 

(3.4146) 




11 to 20 

4 

3 

2 


10 


(3.9024) 

(3.4146) 




21 to 30 

4 

3 

1 

2 

10 


(3 9024) 

(3.4146) 

(1 7073) 

(0.9756) 


31 to 41 

S 

4 

2 

0 

11 


(4.2927) 

(3.7561) 

(1 8780) 

(1.0732) 


Total 

16 

14 

7 

4 

41 


= 3.0984 

77 ' = 10 

p = 0.9S9091 
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TAHLK VIU 


Chi-squaro tesl for conLiiip^eiK'y ai)i)lic*(l to the (listrihiition of the 
deviations of the type, Y" , The theoielical fre- 

quencies for each conqiai Inient aie given in paientheses. 


Value of 

^faf^llUlI(lL‘ of Deviation 

X ■ 

0,000 to 
^0 009 

± 0 Old to 
iooiy 

i 0 020 to 
±0 02'^ 

* 0 030 anci 
over 

Total 

1 to 10 

(') 

2 

2 

0 

10 


(6,0976) 

(2 4,390) 

(0.975O) 

(0 4878) 


11 to 20 

6 

3 

0 

1 

10 


(6.0976) 

(2.43%) 

(0,9756) 

(0,4878) 


21 to 30 

6 

2 


1 

10 


(6 0976) 

(2 4390) 


(0 4878) 


31 to 41 

7 

3 

1 

0 

11 


(6 7073) 

(2,6829) 

(1.0732) 

(0.5366) 


Total 

25 

10 

4 

2 

41 


4 4989 
= 10 

P = 0.872945 





























EDITOR’S NOTE 


It is with great pleasure that the Annals brings to its readers 
information concerning the Nordic Statistical Journal, edited by 
Dr. Thor Andersson. Tnis publication is of great merit, and the 
work ‘of its contributors compares very favorably with that found 
in Biometrika and Metron. Americans will do well to study care- 
fully the contiibutions which Scandinavians are making to statis- 
tical methodology. 



TIordu 

Statistical Journal 

EDITED BY 

THOR ANDERSSON 


VOLUME 1 

PAGE 

INBEX: 6 

BTATISTIC3 OR CHAOS THE EDITOR 18 

STATISTICS AND LABOUR MOVEMENT A. THORBERQ 33 

CORRELATION AND SCATTER IN STATISTICAL VARIABLES 

R. FRISOH 36 

INTERPOLATION IN STATISTICS H. 0. NYB0LLE 103 

BOMB REMARKS ON TIU5 MEAN ERROR OF THE PERCENTAGE 

OF CORRELATION J. W. LINDEBERQ 137 

SAMPLING TOR JERNEMAN 142 

SOME REMARKS ON THE INCOME STATISTICS OF THE CEN- 
SUS IN SWEDEN IN 1020 F. J. LINDERS 149 

THE AMPLITUDE OF INDUSTRIAL FLUCTUATIONS 

E. OJERMOE 1G5 

STATISTICS AND METEOROLOGY A. ANGSTROM 228 

STATISTICS AND INSURANCE THE EDITOR 235 

PEHR WILHELM WARGENTIN 1717—1783 N. V. E. NORDENMARK 241 

EELERT SUNDT 1817-1876 N. BYQQ 263 

nPERVIKEN AND RUSELOKBAKKEN EILERT SUNDT 2GB 

T. N. THIELE 1838— 1010 0. BURRAU 340 

W, JOHANNSEN 1867—1027 THE EDITOR 849 

STATISTICS AND BIOLOGY W. JOHANNSEN 361 

THE CENSUS OF ICELAND IN 1703 T. THORSTEINSSON 362 

THE CENSUS OF POPULATION IN NORWAY IN 1769 

H. PALM8TR0M 371 

POPULATION REGISTRATION 0, AMNEUS 381 

POPULATION BiBGISTRATION IN DENMARIK 

K. DALQAARD, OHR. BONDE 400 

POPULATION REGISTRATION IN FINLAND M. KOVERO 486 

POPULATION REGISTRATION IN SWEDEN .... THE EDITOR 442 

agriculture in the NORDIC STATES THE EDITOR 449 

FORESTS AND FORESTRY IN SUOMI (FINLAND) 

A. K. OAJANDER 629 

FORESTS AND FORESTRY IN SWEDEN F. AM IN OFF 686 

FORESTS AND FORESTRY IN NORWAY J. K. SANDMO 647 

NORDIC STATES AAGE J. 0. JENSEN 664 

MENEEAL HESOUROES IN THE NORDIC STATES . P. GEIJER 581 

WAHER POWER IN THE NORDIC STATES S. VELANDER 687 

SmPPING IN THE NORDIC STATES A. 8K0IEN 601 

U^G COSTS IN THE NORDIO CAPITALS ... E. STORSTEEN 606 
THE NORDIC PEOPLES THE EDITOR 621 

400 



ARTICLES IN NORDISK STATISTISK TIDSKRIPT. 

Vol 1 

BTATIBTIKTBB 3 R 1 INQ, BreT till John BnruB irftn 

OTATISTlOIZiTlOH, Letter to John Burne trom ... V..,.,,.;,.", 

DIB VAB.IATIONSBKB1TE1 BBI^ GA0SSBOHEN FEHLiBRClBSBTzV'l ' 

DAfl GBSBTZ BBR GEOSBBN ZAHLEJN END DEB STOOHASTTflfm.flTA^^JS5?^S 

arATiSTias and PBEHieToaio soibnoh ... - •• • au a. 

BIOLOGI OG STATiaTlHl 

STATISTIK OG HISTOBIB V 

DHN ISLANDSKE STATISTIKS OMFANG OG VIDKAAE '* THOBHTffliv 
BHFOLXNINQBSTATIBTIKBN I FINLAND REOEGAKiai^rWNQPLAlS 

NORDMXNNBN I VXRLDBN Tnot' AiiDl3o5 

JORDBRUKJDTB UTYEOKLING I YIBBA DBLAR AV SKIN BO OH DANM^K 

DIB ALLRUSaiaOHBN LANDWIRrt-SOHAFTSZAHLENGBN VON 19ia%ND^*^SI? 

IN'ORSKANDINAVISK HANDELSSTATISTIK 1012—1618 Jona^DA^M^ 

DIB VARTATIONSBRBITB BBIM GAtJSSSOHEN PEHLEBoisET^il 

BTATISTISKA BAMF0NDBT I FINLAND 

DBN NORSKB OVBRSJOIBKB UTVANDHING B SToaHTBaii 

aVBNSKA JOBDBNS AGARB OOH BBUKA3B PAnt nAww 

LBHHBOOHER DEB BTATISTIK Aii' A TannnPMw 

8TABILITAT EMPIBISOH NAOHWBIflBAR aI.’ a! TflOHurBQV 

ON THE EPEBOTIVITY OF WBAfTHBR WARNINGS A ANdfiTEttii 

RIKSSTATISTIKBNS OENTBAL I BERING I AilBRlKAS EORENTA OTATER 

BT FOLKEBEGISTER I DANMARK l.f.. Joira Dalhotp 

DBR BINPLDSS DBS KRIEGES AUE DIE GEBURTEN .... . ... E Cwbm 

Vol 2 

WARSOHEINLIOHKEIT UND BTATIBTISOHE EOBSOHUNQ NAGH KEYNES 

L "V. BOUTKLB'WIQI 

AUPGABEN UND VORAUBSBTZUNGEN DER KORBELATIONBMBSBDNG 

All A TaoHtIPROW 

BOOIALBTATIBTIKENB GBNTBALIBERING OOH SOaiAIjBTYRELSENB INDRAG- 

NING I FINLAND Troii AKBsnaaoM 

FORHOLDET MELLEM KJONNENB I DEN STABNDE BEFOLKNINO OG SBKBUAL- 

PROPORBJONBN FOR DE F0TTH .. ,..t. .. Inovab Wedzsvavo 

DBT BYENBEL^ FODBLSBOVERSKOTTETS UTKOMSTMtiJLIGHBTEE I BQET LAND 

FB BXMDBBBa 

BIN BDRGERLIOHER HAUBHALTUNGSAUFWAND E. OzuBlB 

BYBRGE8 HANDELSSTATISTIK OOH DE BTATIBTIKSAKKUNNIGA Thob AKDKBBBOM 

SAMFABDSELNB PERIODIOITET T, NTliAimBB 

BUSINESS STATISTIGB AL. A TflaHTTPBOW 

FOLKREGISTREBINGBN I NORGE G. AwuAua 

FOLKOMROSTNINGEN DEN AUGUSTI 1022 ANQAENDB BU8DRY0KSFURBUD 

Otto OBtiirijTrini 

BIKBBTATlSTlKENa OENTRALI BERING I FINLAND A. B. Ttosib 

RIKSSTA/TISTIKENa CENTRAL I SB BING I CANADA Tbob ANDsnasoM 

ZWEOK UND STBUKTUR EINBR PREISINDEKZAHL, I L. v. Boetmviob 

ARDEIDSBB3PARENDE METODER I BTATIBTIKKEN Adouh JaKraw 

OM MIDDBLPEJLBN YBD PABTIBLLB UNDERSpGELSBR .. . Hans Oi.. NYBjiLM 

FORSLAG TIL 01 VIL STAND SBEGISTRERING I NORGE G. AnNiua 

K0BENHAYNS FOLKEREGISTER Bbbtsi. Dahmaabd 

VAFITODLINGEN I BVERGB Ebvbt H5iJa» 

INTER BKAND IN AVI SK HANDELSSTATISTIK 1912—1923 Jons DAiiHOM 

Vol B 

DET INTERNATIONALE QTATISTISKE INBTITUTS 1£0DB I BRUXELLES I OK- 

TQBER 1028 .. . Auou»h Jbkmk 

DANSKE STATISTIKERES . H. H0ST 

STANDSREQI9TRERINQBN 1 v ' Xiiirtna 

JBRNKONTORET OOH BERG ! „ i 

8TUDIBB 1 SVBNBK ALKO HOLS TATI BTIK 1. 2 Hanb GahV 

GRUNDBEORIPFE UND GRUNDPROBLHMB DEB KORBBLATIONSTHEORIB 

All. A. Tbohupkow 

ZWEOK UND STRUKTUB BINEB PRBISINDEXZAHL, II L. V. BoRTZiawtOl 

THE FOREST REBOUROBS OF SWEDEN Toa Jonbom 

THE ORB RHSOUBOEB AT THE KIIBUNAVAAEA AND GBLLIYABE MINES 

Walts, PaTaasBOV 

BYERGEQ POBTVAHEN 1620—1924 Y. NTLANvaa 

BTATIflTIOS OF INDUSTRIAL PBODUOTION Adolph jHNsaif 

BN BOK OM KOOPBRArriONEN - Otot Rothlm 

ZIBLB UND WBGB DEB BT OOH ASTI SOHBN GBUNDLBGUNG DEB 8TATIS- 

TIBOHEN THEORIE Al A Tsohupbow 

ZWBOK UND BTRUKJTUR EINBR PRBISINDEXZAHL, III L v. BottTKiHWiOi 

PEIL I DET DBFOLKNINGSSTATISTISKB MATERIALS Hbkbtk PalmsmOM 

UNDERBtJKNING B^RANDE DBN ANIMALISKA PRODUKTIONENS STORLEK I 

BVERGB, I BaKAP Httuam 

THB PROSPBOTB OF THE PAPER INDUSTRY HanS Anbtbiw 

STATS- OG KOMMUNBBBGNSKABBRNB I DB NORDISEB LANDS Ohmstiak OLaiT 
Vol 4 „ . 

BVENSKA FORSaKRINGSFOBBNINGEN OOH BTATISTIKBN 

WILHELM LEXIS UND SEINE BEDBUTUNQ FUR DIB VBRSrOHBBUNGSWISSBN- 
eOHAPT w. Lobby 



4ac 


TIL BEIiYBNUlQ W POnHOLDlST MELMM IAQTTAQEI,8ffiSLJBnE 


BINGOTEOW 


BVENBKAUKAaVrBBiiiiNiNQ I KQBDAMBRIIU. 

K™b ■ • . . . ■ ■ 

OOOrfATIONa ANU __INOaBTME8_ 

CAS°OE|o|jE0HXBT^Hkw PER GEBORBNEN ALB QEOENBTAND^ ME 

... K, OAja^idrk 
.. A K OAJANDBm 
Jo^eoxT 
A>feTBxtr 


■ I 

UlIUiaTXAX Olabh 
Al,, a. Tbohoteow 
... AD<ii;^n JanaaBT 
, . Ai>oi<pn; Jsi7BE)if 


STATIST! SOHEN FOHS 

DEN BOIIDIQA MAKKENS 
THE DISTRIBUTION 1 
RT K aSKO 0 ST AXE R HJOEl 
I* AT T ERSM ASSEIN DUST 
NOTES ON PINANOIAD 

ntrsiNBsa poreoastino 
THE representative • 

THE REPRE0ENTATIVB »■ ‘ 

Vol .‘i 

SANNOLIKHETSKADKYLEN I DEN VBTENBKAPUOA LITTrERATHREK 

Hailalu OsavAb 

KOMITEEN TIO ANSTILDELSE AV DNDEBaOKELSKR YBDEtJRENDE NORQES 

OKONOMIHKE 00 PINAN0IBDLB POEEOLD ... K Btoo 

EOONOMIO AND EINANOIAL CONDITIONB IN NORWAY N, Etoo 

THE NORWEGIAN HARVEST STATISTIOS AND THEIR RK-ARRANQBMHNT 

B, 0KAPt>B]j 

DB SVEN0KA POLKSKOLEBEMINARIERNA PatjI. DAKw 

THE WOOD PRODUOTS OP THE SWEDISH EXPORT TRADE HanU Ai^a-nuif 

DE NORSKS LIVPORSIKRINGBSELSKAPBRB KAPlTALANBElNQEDaE 

Hrr^ik PAiiMaTattjdc 

A. A TSOHIJPROW t 

ALEXANDER ALEXANDROVITJ • r, BOttTKTawicra 

A, A, TSOHUPROW. PBRSONLI ' * -■. K. GyUcaviT/ 

ALEXANDER A TSOHUPROW Al ' . ■' akisUlijb Kohs 

TEOniEN P«B BTATISTISKA RaOICORS STABILITET Ajj A, Tflo«iTPiu)W 

BTATISTIKPROPEQSURERNA 1 KVEROE Tmor Anpi8t*fliM)« 

ON THE ANTHROPOLOOt OP THE ISLAND OP BORNHOLM I. MKAHUREMBNT0 

L. Rrsurn** 

PASBODVBSENET 00 S2STERJ3RUKET I SVEHOE 00 NORGE 8. 8kA)?p»X- 

SKOLSTATlSTIK AXUt, Anl$trOm, PAirt. DAWjf 

SJOPORBIKRINGEN I NORGE UNDER HtJIKONJDNICTUBEN K. Lorakot 

NORQES BIKSSTATISTIK 1 7 1B70— 1 7, 1026 Tho» Andbhboon 

DANMARKS aTATISTISKA PEPARTEMENT OOH ADMINIBTRATI0NBK0MWT8> 

SIONEN THOH AKPKBgBOIfr 

NAOBA PRAKTISKA EEBULTAT PRAN BVERGBB BTKBSKOGBTAXERIKQ 

Tok JoKaoif 

B08TADSSTATISTIKEN I SVEBOE TiiPB AKPHRasoN 

STATieTISKA PR OVNI NOS ANBT ALTER Tnoa AHPTtRBBOJf 

STATISTIKBN I ITALIBN OOH DESS OENTRALISERINO Thob AKPKB8B0K 

JORDBRUKS- OOH OYRIOA LANDSKOMMUNER I ayBBGE Tob JiBirattAir 

NOBDBNS POLKRAKNINGAR 1020, 1 Thob A>rpaM»Ojr 

REGISTER TILD BAND 1^6 
INDEX TO VOL 1-^5 

Vol 6 

FOLKEREGISTER OG BEFOLKNINGSSTATIBTIK IdaauK Pbdbbbkk 

PENSIONSSTYRELaENB STORA AVQIPT3K0KT0RBQIBTBR Tob JbbkbMAk 

OMPLYTTNINGEN I SVERQE Tob JbBnbmak 

THE TREND OP THE SWEDISH WOOD WORKING INDUSTRY,.., Hans Ahiwhi:^ 

VaRLDSBEPOLKNINGSUNIONEN 1 ,, TnOB AKPiRSaotf 

BTATISTIOa OP THE UNIVERSITY OP ABEL TkOr AkPBBiHWM 

STATISTIKEN VID LINNiliS UNIVERSITET Thou Awssaaow 

iNNTEKTaSTATlSTTKKBNS METODEOMRADE. Paroloa Iot l.WaDaavAHO 

RESKRIVEL3B AV HBDMARK FYLKE 0, Biurpari 

GEMENSAM NORDlSK OLYOKB- OOH SJUKPORSXKRINQBBTAH^IBTIK 

PATTIQVARDSSTATISTIKEN OOH SOOIALFttRSAKRINGBN ToT*J»aHBkSJ 

RESTAURATIONSVIRK.SOMIIEDERNB I DANMARK OG DEUEB OMSiETNiNa 
^ ^ O, Pr<, BTBrfwaTRIH* 

W. lOIIANNSEN t 

DANMARKS, NOROES OG SVEROES INp- OG UDVAKPRING,... 

BE0KRIVELSB AV OSLO BY 

MttDRE OG BARNEHYGTBNH I OSLO BY 

MATERIALET FRAN RIKSSKOGSTAXERINGEN OOH DEBB BBARBETNING 

JOSES' dSTUkD 

NORDENB POLKRAKNINGAR 1220, 2 ,, .... Thob AifpBBaSOH 

Vol 7 

DETERMINATION OP THE DEGREE Op ORBDIBILITY OF NOBMAi SERIES 

^ BriiiE QjBBMoa 

STATISTIK OOH 1 -ILITIK ThOR ANPERSaoN 

SEKSUALPBOPORTION BEI DBR GBBURT GaoRQ H M. WAALim 

D5DELIGIIETEN AV TUBERKULOS OG KR.aiET I NORGE BIDBN 1890 

... H PalmbfrOm 

I NORGE GhNnaR TAhk 

NORDISKE HANDELSPORBINDELSBR MED PRANKRIKB UNDER L'ANOIEN RB 
0. A JOHRSaH 


AdOLFH JUKHflK 
o AuRftita 
BORGHIXiD HW >9 





463 


Nordisk Stotlstlsk.Tidskrlft started in 1922. It is chiefly written 
in Nordic tongues. There are also published articles in English 
and Qernian. To some articles in Nordic there are fiuinmaries 
in English or German. Now the chance is taken to realize the 
original schomo of publishing two editions, one in Nordic tongues 
Uiut the other in. English. The edition in non-Nordic tongues 
ia published in English also because of the fact that the millions 
oi (lescendantB of the Nordic peoples, now living beyond the 
h^'iundaries of the Nordic states, are mainly working in English- 
spruking countries. 


Nnrdio Statistical Journal has five departments, arcicles, reviews 
1 looks, minor communications, bibliographical lists of Nordic 
utSitibticB, and recent periodicals and new books. In general, all 
dL'pai'tmexits will be represented in every number. 

Nordic Statistical Journal is published quarterley, the four 
iiuriiljcrs making a volume of about 640 pages. The subscription 
Will lor a volume — post free — is 30 Swedish crowns 

t*JubticriptiouB may be sent to Nordic Statistical Journal, Stock- 
holm, Sweden. 

1 lie subscription rate- through booksellers is 35 Swedish crowns, 
tlditm'ial commimications and all publications should be adressed 
III ‘I'iiOK Andersson, Dr. Ph., Stockholm, Sweden. 


Aitontl. tr , Stblin 1929. 
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Nordic Statistical Journal, Volume 1. Edited by THOR Andeks- 
0ON. Stockholm 1929. Pp. 639. Reviewed by Dr. phil. Carl 
Bukrau 


We, the inhabitants of the Nordic countries, are perhaps 
somewhat inclined to take a certain inner pride in our — 
as it seems to us — high civilization and to attach still more 
importance to ourselves in this respect during the later years, 
when the ’’Ragnarok” of the great war had devastated most 
of the other civilized countries and handicapped them in their 
competition with us. Let us hope that there are some good 
grounds for our selfsatisficd opinion 1 It is not difficult to 
find some facts indicatmg that we are right in this self-respect, 
even if we go to the very summits of civilization — let us 
think of the "Acta matematica", for instance. But if we 
ai’0 right, it may be very necessary for us to be on our 
guard against the danger of stagnation, of the standstill, 
whore we begin to lull ourselves into the pleasant dream that 


our position is unshakeable, and that we may now repose on 
our laurels. Therefore, we must honour the persona who do not 
allow us to go to rest, the persons who spur us on to do our 
very best 

Thoi Andersson is one of those whom we must honour for 
such an influence In the field of statistics he seeks to be our 
scientific conscience. He swings his whip over our heads 
mercilessly and drives to activity everybody who is able to 
produce something, however small or great, within the field 
of statistics. But he is not content with that I He is not con- 
tent with the achievement of having 
posing row of volumes of the "Nordisk Statistisk Tidskrift 
with valuable essays and treatises written by Scandinavian 
as well as by leading foreign authors - all the i^ojj^^scandn 
navian countries are now to see and feel the warmth of the 
light from the North, His journal is now to become an inter- 
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national publication, but still with an indication of its Nordic 
origin m its title. The first volume of the ’’Nordic Statustical 
Journal” — simultaneously forming the 8th volume of the 
original ^ouraal — has appeared. And it is not a trifling thing, 
this volume of 639 pages in great octavo I It is gimt in its 
composition, still more soaidng in its purpos(\s and ends for the 
future, and promising, when we consider wliat ”Lho man at 
the wheel" has collected in these 639 pages by means of an 
unusual perseverance in unfailing love for the task and in 
spite of many — too many — external adversities 
The leading thought of the work is the same as, now soon 
a decennium ago, led Thor Andersson to found the Nordvsh 
Siatutish TidshHft. It is a chald of the Greeks’ idea of 
chaos and cosmos, or rather a consequent, modern oontmua- 
tion of this idea. Statistics is the most imimrtant means for 
bringing our existence over fixim chaos to cosmos. Statistics 
acquaints us with the real ciroumstances, and the knowledge, 
the real knowledge of the things, will then show how to 
bring things m thoir right places, so that the entirety be(>omes 
the arranged cosmos, But there is still much bo do I Wo have 
not yet been able to elevate staListias to the rank of an observ- 
ing natural science it should have, to bo able to give us 
the real science of the things, alluded to above. In 1922 the 
thought was to be in the front-rank in the work for this pur- 
pose. And we have to be obliged to Thor Andersson for the 
strenuous work he has performed for his idea during the post 
years, and now it will be done on a still broader basis, i. e. 
for an international public, yet under iNordic leadership. 

Let us study a little more closely how this new volume 
I seeks to perform its work in the service of the mtoti-oned 
idea. 

With, in a good meaning, a journalistic feeling for actualities 
the volume appears as a sort of jubilee-gift to Bortkiewic^ 
on his sixtieth anniversary and it is thei'cfore opened by a 
good full-page picture of this scientist who has given so 
valuable oontributions to the original journal. To the reader, 
the foUowmg essays seem to arrange themselves into three 
groups which — just in order to gpve a name to the ej>6Cial 
groups — could be designated as olden times, present timesy and 
fxdure times. 
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In the group belonging to the olden times, the editor seeks 
to show how deeply rooted the statistical scienoe is in the 
Nordic peoples by introducmg a number of great men of 
Nordic origin, eacli in hia way, a pioneer. These men are 
represented partly in full page pictures, partly in the text 
It may not surprise us that none of them is a "professional 
statistician'', for the profession is only now being created. 
But they belong, each in his way, to the founders of this 
branch. In the eightteenth century WargenUn, the astronomer, 
founded population statistics which is of fundamental im- 
portance to demographics. The essay on him is particularly 
well written by No 7 ^tknmarJc 

The memory of the now nearly forgotten Eilert Sundt^ who, 
by his activity as a clergyman, was brought to make scienti- 
ficai investigations of the society where he lives, and who 
gradually becomes a social-statistician of high rank, is re- 
vived both by a reprint of his peculiar essay of 1858. "On 
Piperviken and Euselokbakken (Investigations of the condi- 
tions and morals of the working-class in Christiania) and 


liy a scientific estimation of him ("Eilert Sundt s law ) by 
Jtggg wlio also givGS an instructive account of how Sundt 
was disfavoured by his contemporaries, naturally in the first 
place by the politicians who had to do with the granting of 
money for his investigations! Unfortunately the politicians 
of the present times are not better; about that Thor Andersson 
himself could write a sad chapter 1 

Then follows Thiele, whose principal scientific passion, "the 
theory of observations", is simply the foundation of what is 
now more generally called mathematical statistics, and finally 
Johannsen, the investigator of heredity, who is oommemorat^ 
by a picture as well as by a reprint and a translation mto 
English of his contribution to the first volume of the original 

jouimal: "Biology and statistics". . , ^ i . 

Several other essays like those mentioned, also belong 
iho oldou times. Thus S. TalmtMs essay on the first census 
in Norway in 1769 and that of Thorsteimson on the census of 
Iceland in 1703 


Tlio essays which the reader naturally refers to the "present 
limes” are evidently caused by the editor ffl order to 
show the non-Scendmavian world the conditions la the 
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Nordic countries in two respects, both extremely important 
from a statistical point of view: the population repstration 
and tlie industries, thus, firatly, tiow we gain our knowledge 
about the number and tlie composition of tlie population, 
and, secondly, how these people supiwrt themselves. 

The editor could not have found any person more lit to 
write the "general" article about population registration than 
Amn&us, the director of the Oslo population register, whose 
institution is up to the standard and also has served as a 
model ui many places, among others in Denmark. The condi- 
tion of these matters in the -different countries is further 
treated by the editor os far as Sweden is concerned, and as to 
Denmark by not less than two authors, Bonde and Balgaard, 
and with regal’d to Finland by Eovero. Theso are very 
instructive essays which illustrate the importance of these 
things in the right way. One learns how even the "torso" 
(a not unjustified epithet for the arrangement imroduced 
in Denmark, which was originally excellently planned, 
but which has been more than half-way broken to pieoes by 
emallminded and short-sighted politicians, of course under the 
pretext of economy) of a population register, as that of Den- 
mark, thanks to tire fact that it is obligatory, gives on ex- 
cellent support m monj'- ways, among others for the B-year 
censuses. One learns how deplorably far behind matters are in 
"Wargentin’s native country, where it was naturally necessary 
to perform registration in the large towns, but how the 
acclomphshment of the work is hazarded by the rather an- 
tiquated and burdensome obligatory collaboration with the 
clergy — and by still many other things. A survey like this, 
presented to an international audience is perhaps more than 
anything else suited to advance the population register mo- 
vement, which shall, however, once triumph by its inner 
necessity. 

Next the editor has intended to give a picture of the 
industrial statistics of the Nordic states. He has himself 
undertaken to treat the most important part; "the mother 
industry", agriculture. 

Aage I, C. Jensen treats fishery, STcSien shipping, Oeijer the 
ore resources of the Nordic countries, Velander the water 
powers of the Nordic countries, and, forestry, finally, is treated 
by Aminoff (Sweden), Sandmo (Norway), and Gajander (Finland). 
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To the "present times" we may also count Storsteen’s, to us, 
the inhabitants of the Nordic capitals very interesting article 
on "The expenses of livm^ in the Nordic capitals”, a subject 
full of pitfalls for a less experienced statistician, but here 
treated with excellent fineness and with a clear prescience of 
the difficulties. 

To the same group belongs Thorherg- Statistics and trade- 
union movement”, a rather short but extremely interesting 
essay, not least on account of the author's position as 
president of the national organisation of the Swedish trade- 
unions. Here fall the weighty words about the social-political 
institution erected by the League of Nations for internatio- 
nal labour organisation, that "the work of this orgamzation 
is rendered extremely difficult by the fact that it has hitherto 
been almost impossible to arrive at any comparability between 
the statistics of the different countries” 

Finally there is Linder’s. "Some remarks on the inoonfe 
statistics of the census in 1920”, which, according to its title, 
seems to belong to the present times, but which, acrording to 
its contents, is in the first place, a soientifical arithmetical 
example for the illustration of the applicability of Pareto’s law, 
concluding in some wishes with regard to the future official 
investigations of income. This essay can therefore be said 
to form the transition to the last group. 


When I have permitted myself to designate the third group 
of essays as "future”, there may thereby, as a matter of fact, 
not be understood any paradoxical possibihty of prophesying 
the statistics of the future. I have only wished to emphasize 
the editor’s desire that his journal may also be one of the 
laboratories where the instruments for the treatment of the 
future statistics are created. This side of the matter has a - 
ways had the editor’s supreme mterest; you may think only 
of the contributions to the previous volumes, which Bortoe- 
wicz, Tschuprow and others have brought. We can call this 
side the theoretical or perhaps the mathematic-statistioal one 
It has been an urgent need in this volume I to show, that 
also we, in the Nordic countries think of this side of the 
matter, and among the authors of the six essays of which 
this group consists (besides the above mentioned oontnbution 
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by Lindcivsj we also find all Ibe, fwiir Nordic coiuitne.s repre 
sented. 

Although ihe cbiei unportancc, of Ir^satisis ol (Iu.n kind 
would Rceiu lo fall witluu the roalitis fif still one- uf 

thia eaaaya, luuucly NyhoUo's "Irilcrpolalion in stalistirs” us 
of rather onuiient praeliral in)]K)rlau(‘c and us(‘ hcsuhi 
or rather because of Ins eloar and Hharp iliffercnluilion hei- 
wceii the purely uuitlieuiatical and the statistical irieauing’ oi 
the word mLeipolatiori and Uio very near (^oimeadion of the 
last mentioned notion wiih that of adjn^Uiumt, lie liort*, gives 
exclusively praoLieal advieu and instnietions Useful in eir- 
cumstances whicli, so to ^ay, belong to (he every dav Ido 
of the statistician, This li'eatisc will he. vt*ry \\<‘hxnno to 
many colleagues. In some opposiuon liereto stainls liofninr 
Fiisch. '’CoiTelalion and scatter lu slatisfieal variahles‘k in 
size as well avS in importance, onii of tiie treatises of 

the volume which will prick tlie cHuiscienee of many an it 
will inalce them idearly hud Uie ohligatum to pemdraUt more 
deeply into its couleuLs tlm aulhor himself namely tells us 
that ho has come ’’to various rcsidls, soim‘ of whicli are 
known, and others which am luiw, m) fur as I am aware*' - 
but will easily feel frightcueil hy the aulhov's imposing niatlue 
matical apparatus, wliicli is notlniig h\s.s than n dimensional 
vectors and appertaining inal rices and ortliogoiuii transforina* 
tions. Bui one ought not to he fnghtemed hy these heavy im- 
plements. And this so inuch the Ims as the author presupposes 
no elementary knowledge in the field of vector caloulatitm 
On the comrary, he explains his whole aiiparatus thor- 
oughly. There is no need of having heard words as vector or 
orthogonal before, and one will atilJ be able to study this 
work, which, on this account has naturally lioc^ome .somewhat 
extensive (67 pages). It may be grectecl with great satis- 
faction that one thus begins to attack the problems of 
theoretical sLatistiew with tsuch wcapon.s. d^'rina such as 
scatter and correlation arc so fundamental bo scimuxi that we 
cannot take into use an apparatus precious enough to attiudc 
the problems oontamed in these terms, Hero tUo best Is 
not too good, 

Further we meet */e?newan: "To the method of sampling” 
and Lindebei'g: ’’Same remarlcB on the mean error of the per- 
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ceiitage ol oorr elation”, essays well suited to waken respect 
lor Nordic science abroad. 

Tlio contact with the kindred science, social economics, is 
in the volume attended to by Gjermoe ’’The amplitude of 
industrial fluctuations”, an es.say covering 63 pages, which 
struggles with the difficult and not yet very well defined 
notions; times of ascent and descent, crises, fluctuations, and 
so on. The notion of ’’trend”, so prominent in all the ultra 
modern investigations, belongs to the here used apparatus, 
and in a quotation — this essay is very abundant in quota- 
tions, which will be praiseworthy — we learn that it was 
already found by Hooker in 1901 and was defined by him as 
”tlie direction in which the variable is really movmg when 
Dig oscillations arc disregarded” 

As rather specially belonging to the "future” we meet fi- 
nally Angstrom's brilliant essay on meteorology and statistics 
and have a prcsentimient that the latter is destined to play 
once the principal role before the former. 

Wo will not end this review without another congratulation 
U> Tlmr Andersson for having brought forth this volume I, 
followed by the wish and hope that his ideal struggle for the 
liighent aims will meet with the wished for success before he 
grows too tii'Gd to fight against adversity It is sadly known 
lhat. the Swedish Ihksdag has not granted him the necessary 
subsidy in spite of the fact that such recommendations as the 
roll owing one could be appended to the petition 

”Jly the way in which Dr. Thor And eras on has edited Nor 
dl^iv Bbatistisk Tidslcnft, he has, according to our opinion, 
ronderecl gix?at services towards the advancement of scienti- 
l'u‘al statistics and towards the spread of the knowledge of 
iLr oxtraordmary iniporLance, not only for other scion oes, 
])ul also, and not least, for the obtaining of a real know- 
ledge of the social and economical structure of society, a 
Icnowlcdgo that is necessary if the public measures of correct- 
ing social evils and of furthering industry will have the 
\vishf‘fl for affect. His name guarantees that the ;)Ournal 
Will, also m the future, hold the sara-e pi^mment position as 
1 1 now holds among publications of this kind 

SLockholm January 17th, 1929. 

K PhragirKhi 


P G, Laurm '' 



